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Abstract

In this article, a variable-fidelity aerodynamic model is presented based on proper orthogonal decomposition
(POD) of an ensemble of computational fluid dynamics (CFD) solutions at different combinations of a set of
parameters. The ensemble of CFD solutions consists of two subsets of numerical solutions, or snapshots, that
are computed on two different computational meshes. These are inviscid and viscous flow solutions, which
are referred to as low-fidelity and high-fidelity data, respectively. In this model, the relatively inexpensive
low-fidelity data and the more accurate but expensive high-fidelity data are considered altogether to devise
an efficient prediction methodology involving as few high-fidelity analyses as possible while obtaining the
desired level of detail and accuracy. The POD of this set of variable-fidelity data produces an optimal linear
set of orthogonal basis vectors that best describes the ensemble of numerical solutions. These solutions are
projected onto this set of basis vectors to provide a finite set of scalar coefficients that represent either the
low-fidelity or high-fidelity solutions. Subsequently, a global response surface is constructed through this set
of projection coefficients for each basis vector, which allows predictions to be made at values of parameters
not in the original set of observations. This approach is used to predict the aerodynamically distributed load
over an airfoil and a complete aircraft configuration. The numerical examples show that the proposed model is
efficient and reasonably accurate. Apart from providing a way to integrate variable-fidelity computational data
and a complete surface pressure distribution, this technique significantly reduces the inevitable up-front cost of
surrogate modeling based on POD.
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Variable-fidelity modeling, Surrogate modeling, Proper orthogonal decomposition, Radial basis function,
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Introduction

Due to the large number of computations that are required to determine the loads imposed on an
aircraft during the initial stages of a design process, an efficient computational tool for making rapid
but reasonably accurate predictions of the aerodynamic loads acting on an aircraft throughout its flight
envelope is sought after. One approach to achieving this is through variable-fidelity modeling (VFM),
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wherein a combination of several inexpensive to compute low-fidelity analyses and a small number of
more accurate but expensive to compute high-fidelity analyses is considered. The basic idea behind VFM
is that global trends are captured by the low-fidelity data, while the high-fidelity data is used to correct
the global trends, resulting in a response that is close to the high-fidelity response. This combination is
commonly used to create efficient prediction approaches that require as few high-fidelity analyses as
possible while still achieving the desired level of accuracy.

The variable-fidelity modeling concept has been used by a number of researchers to solve design
optimization problems. In their work, various strategies for the reduction of the number of high-fidelity
analyses were suggested. For example, Haftka [1] introduced the concept of applying a scaling factor
between the variable-fidelity data. In this strategy, a large number of data points are selected for the
relatively inexpensive low-fidelity analyses, and from these data points, a subset is chosen where high-
fidelity analyses are generated. The low-fidelity results are used to fit a response surface, while the high-
fidelity analyses are used to fit a linear correction response surface. For a common design point between
the two datasets, the ratio of the responses is evaluated, and this is used for establishing the variable-
fidelity approximation. Subsequently, the notion of correction response surfaces was applied by others,
such as Hutchinson, et al. [2]. Another strategy presented by Kaufmann, et al. [3] entails the use of low-
fidelity models to reduce the region in the design space. Once this is reduced, a high-fidelity response
surface is constructed over this reduced space. A slightly different strategy, particularly of interest in
optimisation problems, uses a model of low-fidelity to conduct the optimization. Then, occasionally and
systematically, one uses information from high-fidelity solutions to check and recalibrate the designs
generated. In order to manage the approximations, various ways to decide when the fidelity is increased
or decreased were suggested by Alexandrov, et al. [4-8]. An approach related to the one proposed by
Haftka uses an additive correction method in which the difference between low- and high-fidelity data
is evaluated. This correction is subsequently added to the low-fidelity response surface. A comparison
between multiplicative and additive correction surfaces was conducted by Toropov and Markine [9], who
suggested that the multiplicative correction leads to better approximations. Another method proposed
by Knill, et al. [10] is to use low-fidelity data to identify unimportant response surface terms or to identify
insignificant variables that reduce the problem dimensionality.

An autoregressive cokriging approach suggested by Kennedy and O’Hagan [11] was utilized by Huang, et
al. [12] and Forrester, et al. [13]. The method has the advantage of being applicable to a dataset with more
than two levels of fidelity. In that approach, an autoregressive model was used to calculate the covariances
and the cross-covariances in the covariance matrix, and a Bayesian approach was used to predict the
output from an expensive high-fidelity simulation code with the assistance of lower-fidelity simulation
codes. This Bayesian approach is essentially like cokriging for computer experiments. In the same method,
a multiplicative constant scale change and an additive random function were utilized as an adjustment
between high- and low-fidelity simulation data. Leary, et al. [14] presented a knowledge-based variable-
fidelity approach, where low-fidelity data are dealt with as a priori knowledge in the training process of
artificial neural networks and kriging interpolation. This latter approach could achieve a significant reduction
in the computational cost with sufficient accuracy. A space-mapping model between low-fidelity and high-
fidelity data using POD was suggested by Robinson, et al. [15,16]. This model is based on the gappy POD
method for the reconstruction of incomplete datasets developed by Everson and Sirovich [17]. A completely
different approach, which utilises radial basis functions to fuse experimental and computational integrated
data for a missile configuration, was proposed by Reisenthel, et al. [18] and to fuse surface pressure
experimental and computational data for an aircraft wing by Rendall and Allen [19].

In [20] and [21], Han, et al. presented an efficient and accurate aerodynamic data modeling strategy
to construct approximation models of aerodynamic force and moment coefficients in a multi-dimensional
parameter space based on sampled data. In that approach, a set of CFD methods with varying degrees
of fidelity and computational expense was exercised to reduce the number of expensive high-fidelity
computations. A low-fidelity CFD method was used to automatically compute hundreds or thousands of
solutions at points in the parameter space selected with design of experiments (DOE) techniques. The
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remainder of the parameter space was "filled in" using interpolation procedures. A few points in the
parameter space were selected using DOE methods and computed using a high-fidelity CFD method.
Subsequently, the VFM was conducted with low-cost data, indicating trends and a small number of high-
cost simulations, correcting the absolute values. This was done using either the so-called bridge functions
or cokriging interpolation [22]. The model was then adaptively refined by inserting additional samples
based on different refinement criteria. In [23], Keane addresses the problem of robust design optimization
using surrogate modelling based on cokriging to avoid sensitive designs that fail to meet the objectives
when inevitable uncertainties of manufacture, operating conditions, and degradation are considered.
Also, a weighted gradient enhanced kriging is proposed in [24] to address the problem associated with
the large cost of training a gradient-enhanced kriging for high-dimensional design optimization problems.
Also, Fernandez-Godino, et al. discussed in [25] when it is useful to create and use multi-fidelity surrogates
and if there are any indications that a substantial cost reduction is realized with multi-fidelity surrogates
when compared to surrogate models using high-fidelity samples only and at the same accuracy.

Since industry is interested in very efficiently predicting the surface pressure distribution over an
aerodynamic surface, say a complete aircraft configuration, a model that relates the surface pressure at a
large number of grid points with respect to a number of independent variables such as the aerodynamic
state and control variables is required. Moreover, it is necessary that the model be sufficiently accurate
and of low computational cost, both in terms of online and offline costs. The offline computational cost
refers to the up-front computational cost necessary to generate the ensemble of observations for VFM.
Towards this end, the author embarked on the development of a model by which it is possible to model
the pressure distribution Cp on the surface of an aircraft based on proper orthogonal decomposition (POD)
of two sets of CFD methods of varying fidelity and hence computational cost, such as the Euler and Navier-
Stokes equations. The POD methodology is considered because it provides the aerodynamic model with the
desired additional efficiency since, instead of evaluating all of the surface data points, a very small number
of coefficients are evaluated for each prediction, hence reducing the number of unknowns. The variable-
fidelity ensemble of observations is considered because it further alleviates the up-front computational
cost associated with modeling based on POD. In this article, two different variable-fidelity models are
proposed. In one of these, the parametric space is augmented by an auxiliary parameter that is binary
in nature and is used to denote whether the data is of low-fidelity or high-fidelity. Radial basis functions
are used to model the variable-fidelity data while predictions are generated by interrogating the created
model for parameter combinations not available in the dataset of observations. Essentially, this method
is the same as that presented in [26] and [27], but in this article it is applied to a different flow regime. In
the other approach, cokriging interpolation is used to model the cross-correlation between the low- and
high-fidelity data and also used to predict the high-fidelity response again at parameter combinations not
available in the dataset of observations. In both cases, the low-fidelity data was derived from solutions
to the Euler equations, while the high-fidelity data was derived from solutions to the Reynolds Averaged
Navier-Stokes equations.

The outline of this article is as follows: In Section 2, a description of the various numerical methods
employed is presented. In particular, a description of POD and a detailed description of the two different
variable-fidelity models based on POD are made. In Section 3, the results obtained from application
of the POD based variable-fidelity aerodynamic model on an RAE 2822 airfoil and a complete aircraft
configuration are presented. In Section 4, a conclusion is drawn.

Numerical Methods

In this section, a description of the various numerical methods employed in this work is presented.
These include the CFD tool, the POD, which is in effect a dimensionality reduction technique, as well as
the variable-fidelity model.

CFD method

In this work, the TAU flow solver [28,29] was used to generate the low- and high-fidelity dataset of
observations.
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Surrogate modelling based on proper orthogonal decomposition

Generally, surrogate modelling based on POD comprises three main elements; a technique for
sampling the parameter space using a design-of-experiment (DoE) approach, the POD of the snapshots set
generated, and the fitting of a response surface model through the set of projection coefficients derived
from the POD and for each POD mode. Below is a detailed description of the latter two elements.

Proper orthogonal decomposition: In fluid mechanics, POD was first introduced by Lumley [30] in
the context of stochastic turbulence. The same procedure is commonly referred to as Karhunen-Loéve
expansion and principal component analysis. POD is also very closely related to the singular value
decomposition. The POD provides a basis for the modal decomposition of a dataset, usually obtained from
experiments or numerical simulations. The resulting basis vectors are called proper orthogonal modes
and are the best possible uncorrelated and data-dependent linear set of basis vectors that describe the
initial observations.

The POD method has been used extensively in various fields. In the field of fluid dynamics, it has been
used in unsteady flow problems such as aeroelasticity and stochastic turbulence to capture the temporal
variation of the flow. It was also used in steady flow problems to capture parametric variations [31-
34]. The POD is usually described using the calculus of variations applied to a multi-dimensional spatio-
temporal dataset. In such problems, the dataset is produced from solution vectors obtained at a particular
instant of time. In this article, the POD is described for steady flow problems in terms of the singular value
decomposition (SVD). Although these two approaches are equivalent, the SVD approach is preferred as it
is more straightforward.

Let A€ R™ denote the matrix whose rows are the snapshots with data centered about the origin,
where m is the number of snapshots and n is the number of grid points. Each snapshot is constructed
by placing in order the solution at each grid point for the complete grid. This order can be determined
arbitrarily, but it must be consistent throughout the whole set of snapshots.

5 M

a, . . . a
n
@) I ®)]
a, - - -oa,
_ 50 N E)]
A=|a® ... 4 (1)
5 my 5 (m)

1 n

The SVD of A can be written as U X V" where U € R™ and ¥ € R™ orthogonal matrices and these
feature the left and right singular vectors as columns, respectively. >, € R™" is a diagonal matrix whose
diagonal elements consist of ¢ = min (mn) non-negative real numbers o, arranged in decreasing order,
thatis, 0, 20, 20, 2.....2 0, where o, are referred to as the singular values of A. Since Z is a diagonal
m x n matrix, then the above matrix decomposition can be written in reduced or thin form as follows if
we assume that m <n,

Amxn — Umxm zmxm Vmen (2)

where the matrices X and V" are reduced in size. The columns of V and hence the rows of V' are the
proper orthogonal modes of the system. Writing the product of U and X as a matrix [al.]}, Eq. (2) can be

written as @\ = Z% v, - The scalar coefficients o, are also referred to as projection coefficients because
j=1

these are obtained by projecting the CFD solution onto the basis vectors. A complete reconstruction of

the snapshots can be obtained from

a = <a>+d (3)

Where <a> is the mean vector by which the snapshots were centered. Now, a may represent a vector
of scalar physical properties such as the primitive or conservative variables and therefore the method
described can be applied to each variable in turn to form a distinct basis for each variable. However,
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an improvement in the ability of the basis to represent the system may be achieved by considering not
only how the individual variables vary from one snapshot to another but also how variables change
relative to one another. Hence a is developed from state variable vectors consisting of all the primitive
or conservative variables simultaneously [32]. In this case, the POD modes are sensitive to the scaling of
the flow variables as these are in different units and have significantly varying magnitudes. Consequently,
appropriate scaling factors are necessary for each fluctuating flow variable which makes their magnitude
of the same order [35].

When a problem is represented by a number of snapshots from which a suitably rich set of basis vectors
is available, the singular values rapidly become small and a few basis vectors are adequate to reconstruct
and approximate the snapshots. Assuming that p modes corresponding to the p largest singular values
are dominant, then the relative energy E or variance in the data captured by the first p modes can be
computed as

i
~

E(p)=1 (a)

If this relative energy is sufficiently high enough, say over 99.99% of the total relative energy, then p
modes are adequate to capture the principal features and approximately reconstruct the dataset. Thus, a
reduced subspace is formed which is only spanned by p modes.

Fitting a response surface model and snapshots prediction: To predict the projection coefficients
for snapshots at intermediate parametric values not included in the original data ensemble, a response
surface model can be fitted through the set of projection coefficients for each basis vector, as long as ¢,
varies as a smooth function with the change in parameters. In this work, radial basis functions namely
thin-plate splines [36] and cokriging [37] that produce an interpolative fit through all of the sample points
were considered.

The predicted solution vector a(,B) for any variable 8 within the parametric space is then given by,

a(f) = (a)+ $a (), s)

i=1
where p’ is normally greater than p and the weighting coefficients «, (ﬂ) are found by interrogating
the response surface.

The variable-fidelity surrogate model based on POD: Consider a two-fidelity dataset comprising of
low-fidelity and high-fidelity CFD solutions. If these low-fidelity and high-fidelity solutions significantly
correlate with one another, a variable-fidelity model based on POD can possibly be set up. In this article,
two VFM methods based on POD are presented. In both methods, proper orthogonal decomposition is
performed on the set of observations. In one method, the parametric space is augmented with an auxiliary
parameter that is binary in nature and denotes whether the snapshot is either of low- or high-fidelity.
From the resulting POD scalar coefficients, a multi-dimensional global response surface is generated,
which is subsequently interrogated to generate solutions at parameter values not available in the dataset
of observations. The second method is that of applying the cokriging technique to the low- and high-
fidelity sets of POD coefficients from which high-fidelity coefficient predictions are generated. In contrast
with the previous methodology, this technique inherently models the cross-correlation between the low-
and high-fidelity POD coefficients rather than augments the parametric space using an additional variable.
In both cases, the predicted coefficients are subsequently used together with the POD modes to obtain
the required high-fidelity solution. In the next two sections, a detailed description of these two methods
is presented.

Augmenting the parametric space with an auxiliary parameter: Considering an ordered ensemble of
variable-fidelity data A, where A € R™ is obtained from solution vectors of the Euler and the Reynolds
averaged Navier-Stokes equations at various parameter values with the total number of realizations or
parameters combination m = m, +m,, where m, is the number of snapshots obtained from the high-
fidelity CFD method and m, is the number of snapshots obtained from the low-fidelity CFD method.
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It is assumed that m, <m, and n is the number of grid points over which the computational domain is
sampled.

It is assumed that the rows of the matrix A are centered snapshots where the primed entries denote
the high-fidelity solution vectors, from row 1 to row m, . The non-primed entries represent the low-fidelity
solution vectors, from row m, +1+ 1 to m. In this variable-fidelity model, the parameter combinations
between the low and high-fidelity CFD solutions can be different and it is not necessary to have common
snapshots between the variable-fidelities.

r(1) 1 (1)

a, -
a;(’"l) L. a:l(ml) (6)
A =
(m+1) (m;+1)
a, -
(m, +m,) a (ml+m2)

n

By evaluating the SVD of  in reduced form and multiplying the left hand singular vectors with the
singular values of A to obtain the projection coefficient matrix | o, | then,

! ! ! !

o, - Ay, Ay, +1) -y, Vi, .V,
! ! ! !
A= amll © Pmym, aml(ml+l) : amlm . m1 . mn 7)
Ay 1)1 Xy + 1)y Fom +1)(my +1) * Fomy +1)m (m+ 11 * Y (my +1)n
aml . amml aml(m1+1) . amm le . an

Note that the rows of the RHS matrix (equivalent to V') in Eq. (7) represent the proper orthogonal

modes of the system. From this matrix, the set of scalar coefficients o/ and ¢, ,_,,,, are considered

i,] =const

together to develop multi-dimensional response surfaces for variable-fidelity data representation. Note

that the high-fidelity response surface is formed by the projection coefficients «' . for 1<i<m, while

i,] = const

the low-fidelity response surface is formed by the projection coefficients «.

i,] = const

for m +1<i<m,.
This is achieved by the introduction of an auxiliary variable ¢ =x,,, to the d-dimensional problem with
variables (x,,x,,......,x, ) . This auxiliary variable simply denotes whether the data is of low-fidelity (¢=0)

or high-fidelity (5:1). From this, a global response surface is then computed in the d + 1 dimensions
using thin-plate splines. By interrogating the newly developed response surface projected along =1
at any arbitrary parameter value not in the original set of observations, predictions can be made. The
resulting model representation respects the accuracy of the high-fidelity data while following the features
of the low-fidelity data. In this model, the introduction of the low-fidelity sub-space by making use of
an additional variable, allows an interpolation-based extrapolation to be performed. In other words, an
extrapolation at high-fidelity based on interpolation at low-fidelity is conducted.

Following this, the predicted solution vector a is determined by
A q
a=<a>+zk:1a,:vk (8)

Where g < mand <a> is the mean vector Since m_ is normally a small number, all of the high-fidelity POD modes
are considered. This model offers the advantage that it gives access to the full flow-field data in contrast with other
variable-fidelity models reported in the literature which deal with integrated quantities only.

In this work, the values of the POD coefficients were normalised between 0 and 1 before conducting the
interpolation process because these projected coefficients varied significantly between the low- and high-fidelity
data. This normalization procedure provided an improved match between the predicted solutions and the high-
fidelity solutions at the same parameter values, when a comparison was made. If &/ is the i"" projection coefficient
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along POD mode p of the two-fidelity set of snapshots, where i varies between 1 and the number of used modes,
then all of the coefficients along the POD mode p were normalized using

aip = (a - amm )/(amax - amm ) (9)
where . is the minimum projection coefficient value amongst the set o and «?  is the maximum

max
projection coefficient value amongst the set «/ . Ultimately, the mterpolated scaled coefficients are de-
scaled before generating the predicted solution. Another technique by which cross-correlation can be

modelled is through the use of cokriging, which is the theme of the next section.

Cokriging model: Both kriging and cokriging are statistical interpolation methods for determining
the so-called best linear unbiased estimator for a given set of sample points with corresponding sample
values. The kriging estimator depends on information about the spatial correlation between the given
sample points. For cokriging interpolation, the correlations and cross correlations between both the
sample points for a primary variable and those for one or more secondary variables are considered. The
estimator is modeled as arandom function, and the spatial correlations are determined by the co-variances
between the function values at different sample points, which are then thought of as realizations of the
random function at those specific points. In practice, the co-variances are unknown and therefore must
be approximated. In most applications, the correlations are estimated via standard functions, such as the
Gaussian or cubic spline correlation functions, to model spatial dependencies. In general, these functions
are weighted distance functions, and optimization of the model is conducted to choose the distance
weights such that the statistical model likelihood is maximized. Once the appropriate best linear unbiased
estimator model is chosen, the optimization procedure is analogous to kriging and cokriging even when
more sophisticated regression models are considered. Various cokriging models were considered, such as
in [11,13,22]. The implementation follows the one in [37].

Let y: RY > R, x—)y(x) be a function representlng the high-fidelity POD projection coefficients
associated with a partlcular POD mode. Also let z:R? - R, x—>y(x) be a function representlng the

low-fidelity POD projection coefficients associated with the same POD mode. Hence, z is a low fidelity
representation of y.

Suppose that y and z are sampled at certain locations in the parametric space

xeR%iefl,...... ,m}and x eR’, jell,...... , m,} respectivelyand with corresponding responses

y, = y(xi) eRiefl,.... m,},and z, = z( ) €R, je{l,.....,m,}, obtained from the projection matrix
of Eq. (7). Considering the POD coefficients associated with the j*" POD mode in a vector as follows
’ ’ r my + m,
(YT,ZT)=(0(U,...,0¢ A alj,...,amzj) e R*m) (10)

mlj>

Let 1, =(1,...,1)T eR™ and 1, =(1,...,1)T € R™ be the vectors with all entries equal to one of
suitable dimensions and let

F= lml 0 ER((ml+m2)><(m]+m2))
0 1

The cokriging best linear unbiased predictor becomes
)= e[ ]-F 2 ]|+ p (12)
Z ﬁ

Where c(x) is the auto- and cross-variance vector and C is the auto- and cross-covariance matrix and
P, B are the regression constants, all of which are explained below. Covariances are modeled by spatial
correlation functions of the form

r(B,xi,xj)ZHLl scf, (B,xi,xj) (12)

Where 0= (91, ...... , Hd) e R is a vector of hyper-parameters called distance weights. For example,
the Gaussian correlation is

scfy (O,xi,x-’) :exp(—é?k |x; —x,{r), F(O,xi,x"): CXp(—ZHk |x,‘{ _x£|2j
k
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Following the simplified covariance fitting scheme proposed in [32], the auto- and cross-covariance
matrix is modelled using
r(@, x",x")

y

yr(@,xi,x'k )l X
=o’p(0.7) (13)

C(6,y)=0"
( 7) (o3 }/r(egx,k,xj)kj r(@,x'k,x”)kl

fori,j=1,..,m k,I=1,... m, Hence, the covariance matrix C and the correlation matrix p are
symmetric matrices of dimensions (m +m.) by (m +m.). The covariance vector at an untried location x is

c(x) 2 r(@,xi,x)
yr(@,x’k,x)

The value o denotes the simplified process variance and 0 < y <1 is an additional hyper-parameter,
which controls the correlation between the primary and secondary variables, for details, see [37]. The
simplified process variance depends on the hyper-parameters as follows

ERm]erz:i:l,.......-, ml;kzla """"" 7m2 (14)

T
1[(Y-1, 7@, Y-1, B'(0.y)
o’ (0.7)=— . p ' (0.7) . (15)
m\Z-1, B (0.y) Z-1, B (0.y)
where m =m, +m,. In Egs. (11) and (15), the regression constants 5’ and S~ are
76, - Y
ﬁz( 7) =(FTC‘1(0,7)F) 1FTC‘I(«S’,J/)[ J (16)
B (6.7) zZ
Note that o cancels in both equations (11) and (16). The cokriging model’s hyper-parameters
0= (91, ey aees Hd), and y are determined by optimizing the associated maximum likelihood estimation
max,  MLE(0,y)= —(mln(0'2 (9,7)) +1n det(p(@,y)) + m) (17)

Maximizing the likelihood is a multidimensional nonlinear optimization problem. In [37,38], this
problem is solved by using the modified direct search algorithm of Hooke and Jeeves [39]. The cokriging

predictor of Eq. (11) interpolates the high-fidelity sample points x',i=1,........, m, and follows the trend
indicated by the low-fidelity sample points x"/,i=1,.........m,.

So, in a variable-fidelity modeling context, the low- and high-fidelity sets of POD coefficients are used in
the aforementioned cokriging model, from which a new set of high-fidelity POD coefficients is calculated.
These are then used together with the POD modes to predict the high-fidelity solutions. In contrast with
the previous methodology, this technique inherently models the cross-correlation between the low- and
high-fidelity POD coefficients rather than augments the parametric space using an additional variable.

Mapping the low-fidelity data onto the high-fidelity grid: Grids for viscous and inviscid computations
are typically very different in terms of surface discretization, point count, and element type. Since the
suggested POD-based variable fidelity model requires that the evaluation of the flow-field variables be
made at common grid points for both low- and high-fidelity data so that the POD modes are evaluated
at a common location, an interpolation method to map the inviscid grid results onto the viscous grid is
necessary. Therefore, the mesh2mesh tool for interpolating between surface grids, which was developed
at DLR as an add-on to the TAU flow solver, was used. In this code, various interpolation techniques
are available, including linear interpolation, radial basis function interpolation, nearest point search, and
inverse distance weighting of n nearest points, where n is specified by the user. It should be noted that if
only surface pressure distributions are of interest, a shared surface grid between the inviscid and viscous
flow computations would suffice.

Results

This article contains results obtained in the subsonic flow regime using either the parameter
augmentation methodology or cokriging to model the low- and high-fidelity POD coefficients. In this
work, viscous flow solutions were considered as the high-fidelity data, while inviscid flow solutions were
considered as the low-fidelity data. Moreover, all variable-fidelity modeling was performed to predict the
surface pressure distribution over an RAE 2822 airfoil and a DLR F12 aircraft configuration.
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Two-dimensional case

In the first example, two-dimensional aerodynamic flow around an RAE 2822 airfoil is considered.
Inviscid and viscous flow solutions were computed using the TAU flow solver. Figure 1 shows (a) The
grid with 13124 points on which the inviscid flow computations were made and (b) The grid with 27874
points on which the viscous flow computations were made. The flow conditions considered in this case
were a freestream Mach number of 0.3, a Reynolds number of 100,000, and a temperature of 288.15 K.
All inviscid snapshots were computed at the corresponding viscous reference pressure and density. In
this particular case, one or two aerodynamic parameters, namely, the angle of attack and Mach number,
were considered. From Figure 1, it is evident that the surface discretization of the two grids is different.
Since the POD-based VFM models as described in section 2.2.3 require that the field evaluations for both
low- and high-fidelity be made at common grid points, an interpolation method to map the inviscid results
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Figure 1: Computational grids for the RAE 2822 airfoil. (a) Unstructured grid for inviscid computations; (b)
Hybrid unstructured grid for viscous computations.
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onto the viscous grid is necessary. It is suggested that the inviscid solution be mapped onto the viscous
flow grid rather than the other way round, since more sampling points are taken into account and hence
better results are obtained. Consequently, the mesh2mesh interpolation tool described previously was
utilized. In particular, the linear interpolation technique was used, which resulted in a very fast mapping
process. Once the mapping was achieved, the interpolated inviscid flow solutions, or snapshots, were
used together with the computed viscous flow solutions.
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Figure 2: Cp plots at different angles of attack with a free stream condition of M=0.3, Re=100,000 and a
temperature of 288.15 K. (a) Angle of Attack of 0°; (b) Angle of Attack of 2°; (c) Angle of Attack of 3°; (d) Angle
of Attack of 4°; (e) Angle of Attack of 5°.
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Modeling the surface pressure distribution over an RAE 2822 airfoil using the POD-based variable-
fidelity model: Eleven inviscid and viscous flow snapshots were generated with the angle of attack varying
from 0° to 10° in steps of 1°. Out of this set of CFD solutions, six inviscid flow snapshots from 0° to 5° in
steps of 1° were considered together with one viscous flow snapshot at an angle of attack of 1°. Thus,
seven snapshots were considered in total to build the model, and the variable-fidelity modeling was
conducted by cokriging. By considering a variable-fidelity model, the problem was transformed from an
extrapolatory problem into an interpolation-based extrapolation setting, and hence reasonably accurate
estimates were possible. Figure 2 shows the resulting Cp distribution plots at different angles of attack.
It must be emphasized that the Navier-Stokes (N-S) solution was included for verification purposes only.
From this figure, it can be noticed that the predictions are accurate at angles of attack of 2°, 3°, and 4°.
At an angle of attack of 0°, the surface pressure distribution at x/c less than 0.2 is reasonably accurate.
However, it is not as accurate as the surface pressure distribution over the remaining part of the airfoil.
Also, at an angle of attack of 5°, the peak suction pressure is slightly overestimated. It is expected that as
one gets further away from the viscous flow solution at an angle of attack of 1°, the predictions will get
less and less accurate. To this end, when considering five inviscid flow snapshots from 6° to 10° in steps of
1° and one viscous flow solution at 10°, the predicted results from the variable-fidelity model at an angle
of attack of 8° and 9°, are not as good as in the previous example at lower angles of attack. See Figure
3. While on the pressure side, the predictions are reasonably good, on the suction side the prediction is
unsatisfactory, because the two pressure distributions on the suction side do not correlate. In particular,
the suction pressure immediately after stagnation of the inviscid flow solution is considerably different
from the viscous flow solution. Also, the pressure distributions on the upper surface are quite different.
Specifically, at the trailing edge some viscous flow separation is apparent.

When a variable-fidelity model was set up taking into consideration the set of snapshots as specified
in Figure 4a and two parameters, namely, the angle of attack and Mach number, the results obtained are
shown in Figure 4b, Figure 4c, Figure 4d and Figure 4e.

In this work, only variable-fidelity modeling of subsonic flow is presented because, in the transonic
flow regime, there are quite large differences between inviscid and viscous flow solutions. Consequently,
it is suggested that this methodology is not applied to transonic flow problems with inviscid and viscous
flow solutions as the low- and high-fidelity data, respectively. However, it would be interesting to apply
this methodology in the transonic flow regime when considering coarse and fine domain discretizations
of viscous flow solutions, for example. Obviously, due to the highly nonlinear features in the transonic
flow regime, such as shock waves moving over a surface, a large number of snapshots are necessary for
effective POD modeling.

Three-dimensional case

In this case, three-dimensional aerodynamic flow around a DLR F12 aircraft is considered. Inviscid
flow (low-fidelity) and viscous flow (high-fidelity) snapshots were computed using the TAU flow solver.
Figure 5 shows (a) The grid on which the inviscid flow computations were conducted and (b) The grid
on which the viscous flow computations were made. Note that both grids were adaptively refined, but
this is not strictly necessary. The inviscid flow grid has 1.9 million grid points, while the viscous flow grid
has 9.6 million grid points. The flow conditions considered in this case were a freestream Mach number
of 0.21, a Reynolds number of 1.2 million, and a temperature of 288.15 K. As in the previous case, the
inviscid snapshots were computed at the corresponding viscous reference pressure and density. In this
case, one single aerodynamic parameter, the angle of attack, was considered. Since the inviscid flow
and viscous flow grids are significantly different at the surface, and since the POD-based VFM models as
described in section 2.2.3 require that the evaluations for both low- and high-fidelity solutions be made at
common grid points, a linear interpolation method to map the inviscid results onto the viscous grid was
adopted. Once the mapping was achieved, the interpolated inviscid flow solutions, were used together
with a selection of the computed viscous flow solutions in a variable-fidelity context to model the surface
pressure distribution over the aircraft.
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Figure 3: Cp plots at different angles of attack with a free stream condition of M = 0.3, Re = 100,000 and a
temperature of 288.15 K. (a) Angle of Attack of 8°; (b) Angle of Attack of 9°.
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Figure 4: Cp plots at different angles of attack and Mach number with a free stream condition of Re = 100,000
and a temperature of 288.15 K. (a) Samples location; (b) Mach No. 0.4 Angle of Attack 3°; (c) Mach No. 0.4
Angle of Attack 7°; (d) Mach No. 0.5 Angle of Attack 3°; (e) Mach No. 0.5 Angle of Attack 7°.

Modeling the surface pressure distribution over a DLR F12 aircraft using the POD-based variable-
fidelity model: Nine inviscid and viscous snapshots were generated with the angle of attack varying from
1° to 9° in steps of 1°. Out of this set of CFD solutions, six inviscid snapshots were considered at an angle
of attack of 2°, 4°, 5°, 6°, 7° and 9°, together with two viscous snapshots at an angle of attack of 3° and 8°.
Thus, 8 snapshots were considered in total, and the variable-fidelity modeling was conducted by either
augmenting the parametric space with an auxiliary parameter or else by cokriging. In this case, it was
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observed that there were very small differences between using either radial basis functions or kriging
interpolation methods to construct the response surface, and consequently only the results from one
interpolation method are shown. Moreover, the Cp distributions at different section locations along the
wing were compared. Figure 6 shows the section locations where the Cp distribution plots were taken into
consideration.
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Figure 9: Comparison between the POD-based
VFM methodology, the high-fidelity solution and
the low- fidelity solution at an angle of attack of 5°.
Figure 8: Comparison between the POD-based (a) eta=0.2; (b) eta =0.5; (c) eta=0.8.

VFM methodology, the reference solution (Hi-Fi)
and the low-fidelity solution at an angle of attack
of 5°. (@) VFM; N-S (Hi-Fi); (c) Euler (Lo-Fi).
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Figure 7 and Figure 8 show a comparison of the surface Cp distribution at an angle of attack of 4° and
5°, respectively, between that obtained from the POD-based VFM, the Euler solution, and the Navier-
Stokes solution. It is important to note that the Navier-Stokes solution is only included as a reference here
and was not used to derive the POD-based VFM result. From a glance at the various Cp distributions, one
would observe that the difference between the high- and low-fidelities is small. However, a closer look
at the pictures reveals that there is significant resemblance between the VFM predicted solution and the
Navier-Stokes one, most especially over the vertical and horizontal stabilizers.
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Figure 10: Comparison between the POD-based the parameter augmentation method and the
VFM methodology, the high-fidelity solution and reference solution (Hi-Fi) at an angle of attack
the low- fidelity solution at an angle of attack of 6°. of 7°. (a) cokriging; (b) N-S (Hi-Fi); (c) Parameter
(a) eta=0.2; (b) eta=0.5; (c) eta = 0.8. augmentation method.
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On having a further detailed inspection of the
predicted solution by looking at the Cp distribution
at different section locations along the wing
as shown in Figure 6, it can be observed that, in
general, the POD-based VFM methodology corrects
the difference between the Euler and Navier-Stokes
solutions. See Figure 9 and Figure 10, which show
the Cp distribution at different section locations
and at an angle of attack of 5° and 6°, respectively.
The difference between the low- and high-fidelity
is at its maximum at the outboard part of the wing,
i.e., etais equal to 0.8.

A comparison between the POD-based VFM
predictions using different response surface
construction methods is also shown in Figure 11.
In this figure, the surface pressure distribution over
the complete aircraft at an angle of attack of 7° is
considered. From this figure, it is evident that the
two different response surface techniques produce
similar results, though one can still come across
regions where one is superior to the other one. For
example, the cokriging technology produced better
results over the fuselage and the leading half of the
wing, while the parameter augmentation technique
produced better results over the trailing edge of the
wing and the tail plane. Some of these features are
conspicuous in Figure 11. However, a more detailed
and quantitative comparison is presented in Figure
12, where plots of the coefficient of pressure at
different wing sections are shown. This latter figure
shows that the accuracy of the approach depends
to a certain extent on the interpolation method of
the projection coefficients, but it was also observed
that on further increasing the range between the
high-fidelity snapshots, the quality of the results
deteriorates.

Conclusions

In this article, a POD-based variable-fidelity
model was applied to predict the surface pressure
distribution over an RAE 2822 airfoil and a DLR
F12 aircraft configuration. An aerodynamic flow
at subsonic speed was considered. In this model, a
POD of a set of snapshots made up of two different
levels of fidelity was performed, from which
the resulting low- and high-fidelity projection
coefficients along each significant POD mode were
mathematically modeled using a variable-fidelity
model. Two different variable-fidelity models were
considered, and a comparison was made between
the two. In this work, the low-fidelity data was
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Figure 12: Comparison between the VFM with
different response surface technologies and the
high-fidelity solution at an angle of attack of 7°. (a)
eta=0.2; (b) eta=0.5; (c) eta=0.8.

derived from inviscid flow computations while the
high-fidelity data was derived from viscous flow
computations. High-fidelity predictions were made
for the projection coefficients at parameter values
that were not available in the training dataset for
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each POD mode. The POD coefficients were modeled using a multi-dimensional global response surface,
which is interrogated to generate solutions at the parameter values of interest. The model was applied
to correct the low-fidelity surface pressure distribution over an airfoil and a complete aircraft, and good
agreement was found between the model predictions and the viscous flow CFD solutions at the same
parametric values, as long as there was correlation. Also, it was found that the model is sensitive to the
ensemble of observations, and the accuracy of the approach depends to a certain extent on the continuous
representation of the projection coefficients. Apart from offering a means to fuse computational data of
variable-fidelity, this model also alleviates the inevitable up-front cost necessary for surrogate modeling
based on POD.

Acknowledgements

The work presented in this article used and extended the Surrogate Modeling for Aero-data Toolbox
(SMART), a code package developed by the Aero-Loads Prediction Group, Institute of Aerodynamics
and Flow Technology of the German Aerospace Center (DLR), with contributions from the Institute
‘Computational Mathematics’ of Technische Universitdt Braunschweig. The work was co-funded by
Airbus, DLR and the German Federal State of Niedersachsen as part of the C?A2S%E project, which in turn
was sponsored by the European Regional Development Fund and Economic Development Fund of the
Federal German State of Niedersachsen Contract/Grant no. W3-80026826. Also, the author would like to
thank his ex-colleagues at DLR, Braunschweig, for assistance.

References
1. Haftka RT (1991) Combining global and local approximations. AIAA Journal 29: 1523-1525.

2. Hucthinson MG, Unger ER, Mason WH, Grossmann B, Haftka RT (1994) Variable-complexity aerodynamic
optimization of a high-speed civil transport wing. Journal of Aircraft 31: 110-116.

3. Kaufmann M, Balabanov V, Burgee SL, Giunta AA, Grossman B, et al. (1996) Variable-complexity response surface
approximations for wing structural weight in HSCT design. Computational Mechanics 18: 112-126.

4. Alexandrov NM (1996) Robustness properties of a trust region framework for managing approximations in
engineering optimization. 6th AIAA/NASA/ISSMO symposium on multidisciplinary analysis and optimization,
AlAA-96-4102-CP, Bellevue, WA, 2: 1056-1059.

5. Alexandrov NM, Dennis JE, Lewis RM, Torczon V (1997) A trust region framework for managing the use of
approximation models in optimization. NASA/CR-201745, ICASE Report N. 97-50.

6. Alexandrov NM, Lewis RM, Gumbert CR, Green LL, Newman PA (2000) Optimization with variable-fidelity models
applied to wing design. AIAA Paper 2000-0841.

7. Alexandrov NM, Nielsen EJ, Lewis RM, Anderson WK (2000) First-order model management with variable-
fidelity physics applied to multi-element airfoil optimization. 8th AIAA/USAF/NASA/ISSMO symposium on
multidisciplinary analysis and optimization. AIAA-2000-4886, Long Beach, CA.

8. Alexandrov NM, Lewis RM, Gumbert CR, Green LL, Newman PA (2001) Approximation and model management
in aerodynamic optimization with variable fidelity models. Journal of Aircraft 38: 1093-1101.

9. Toropov VV, Markine VL (1998) Use of simplified numerical models as approximations: Application to a dynamical
optimal design problem. In: ISSMO/NASA First Internet Conference on Approximation and Fast Reanalysis
Techniques in Engineering Optimization.

10.Knill DL, Giunta AA, Baker CA, Grossman B, Mason WH, et al. (1999) Response surface methods combining linear
and euler aerodynamics for supersonic transport design. Journal of Aircraft 36: 75-86.

11.Kennedy MC, O’Hagan A (2000) Predicting the output from a complex computer code when fast approximations
are available. Biometrika 87: 1-13.

12.Huang D, Allen TT, Notz WI, Miller RA (2006) Sequential kriging optimization using multiple-fidelity evaluations.
Structural and Multidisciplinary Optimization 32: 369-382.

13.Forrester AlJ, Sobester A, Keane AJ (2007) Multi-fidelity optimization via surrogate modelling. Proceedings of the

Mifsud M (2023) Modeling the Aerodynamic Load Using a Variable-Fidelity Model Based on Proper Orthogonal Decomposition

of a Two-Fidelity Set of Data. Int J Astronaut Aeronautical Eng 8:063



https://arc.aiaa.org/doi/10.2514/3.10768
https://arc.aiaa.org/doi/10.2514/3.46462
https://arc.aiaa.org/doi/10.2514/3.46462
https://link.springer.com/article/10.1007/BF00350530
https://link.springer.com/article/10.1007/BF00350530
https://arc.aiaa.org/doi/10.2514/6.1996-4102
https://arc.aiaa.org/doi/10.2514/6.1996-4102
https://arc.aiaa.org/doi/10.2514/6.1996-4102
https://apps.dtic.mil/sti/pdfs/ADA331090.pdf
https://apps.dtic.mil/sti/pdfs/ADA331090.pdf
https://arc.aiaa.org/doi/10.2514/6.2000-841
https://arc.aiaa.org/doi/10.2514/6.2000-841
https://arc.aiaa.org/doi/abs/10.2514/6.2000-4886
https://arc.aiaa.org/doi/abs/10.2514/6.2000-4886
https://arc.aiaa.org/doi/abs/10.2514/6.2000-4886
https://arc.aiaa.org/doi/10.2514/2.2415
https://arc.aiaa.org/doi/10.2514/2.2415
https://www.jstor.org/stable/2673557
https://www.jstor.org/stable/2673557
https://link.springer.com/article/10.1007/s00158-005-0587-0
https://link.springer.com/article/10.1007/s00158-005-0587-0
https://royalsocietypublishing.org/doi/10.1098/rspa.2007.1900

Mifsud. Int J Astronaut Aeronautical Eng 2023, 8:063 ISSN: 2631-5009 | e Page 19 of 7 e

Royal Society of London, series A: Mathematical and Physical Sciences 463: 3251-3269.

14.Leary SJ, Bhaskar A, Keane AJ (2003) A knowledge-based approach to response surface modelling in multifidelity
optimization. Journal of Global Optimization 26: 297-319.

15.Robinson TD, Eldred MS, Willcox KE, Haimes R (2006) Strategies for multifidelity optimization with variable
dimensional hierarchical models. In: 47th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and
Materials Conference, Newport, Rhode Island.

16.Robinson TD, Willcox KE, Eldred MS, Haimes R (2006) Multifidelity optimization for variable-complexity design.
In: 11th AIAA/ISSMO/ Multidisciplinary Analysis and Optimization Conference, Portsmouth, Virginia.

17.Everson R, Sirovich L (1995) The Karhunen-Loeve procedure for gappy data. ] Opt Soc Am 12: 1657-1664.

18.Reisenthel PH, Love JF, Lesieutre DJ, Dillenius MFE (2006) Innovative fusion of experiment and analysis for missile
design and flight simulation. RTO Symposium on Innovative Missile Systems, Amsterdam, 15-18.

19.Rendall TCS, Allen CB (2007) Multidimensional aircraft data interpolation using radial basis functions. 25th AIAA
Applied Aerodynamics Conference, Miami, FL.

20.Han ZH, Gortz S, Zimmermann R (2009) On improving efficiency and accuracy of variable-fidelity modeling in
aero-data for loads context. Proceedings of CEAS 2009 European Air and Space Conference, Manchester, UK,
26-29 October.

21.HanZH, Gortz S, Hain R (2010) A variable-fidelity modeling method for aero-loads prediction. In: Dillmann A, Heller
G, Klaas M, Kreplin HP, Nitsche W, Schroder W, New results in numerical and experimental fluid mechanics VI,
Contributions to the 16th STAB/DGLR Symposium Aachen, Germany 2008, Notes on Numerical Fluid Mechanics
and Multidisciplinary Design 112: 17-25.

22.Han ZH, Zimmermann R, Gortz S (2010) A new cokriging method for variable- fidelity surrogate modeling of
aerodynamic data. AIAA Paper 2010-1225, 48th AIAA Aerospace Sciences Meeting, Orlando, Florida.

23.Keane AJ (2012) Cokriging for robust design optimization. AIAA Journal 50: 2351-2364.

24.Han ZH, Zhang Y, Song CX, Zhang KS (2017) Weighted gradient-enhanced kriging for high-dimensional surrogate
modeling and design optimization. AIAA Journal 55: 4330-4346.

25.Fernandez-Godino MG, Park C, Kim NH, Haftka R (2019) Issues in deciding whether to use multi-fidelity surrogates.
AIAA Journal 57.

26.Mifsud M (2008) Reduced-order modelling for high-speed aerial weapons aerodynamics. Ph.D. Thesis, Cranfield
University.

27.Mifsud MJ, Macmanus DG, Shaw ST (2016) A variable-fidelity aerodynamic model using proper orthogonal
decomposition. Int. Journal of Numerical Methods in Fluids 82: 646-663.

28.Gerhold T, Friedrich O, Evans J, Galle M (1997) Calculation of complex three-dimensional configurations
employing the DLR-TAU-Code. AIAA-Paper 97-0167.

29.Galle M, Gerhold T, Evans J (1999) Parallel computation of turbulent flows around complex geometries on
hybrid grids with the DLR-TAU Code. In: A Ecer, DR Emerson, Proc. 11th Parallel CFD Conf., 23-26 May 1999,
Williamsburg, VA, North Holland.

30.Lumley JL (1967) The structure of inhomogenous turbulence. In: Yaglom AM, Tatarski VI, Atmospheric Turbulence
and Wave Propagation. Nauka, Moscow, 166-177.

31.Epureanu BI, Dowell EH, Hall K (2001) A parametric analysis of reduced order models of potential flows in
turbomachinery using proper orthogonal decomposition. 2001-GT-0434, Proceedings of ASME TURBO EXPO
2001, New Orleans, Louisiana.

32.LeGresley P, Alonso J (2001) Investigation of non-linear projection for POD based reduced order models for
aerodynamics. AIAA 2001-0926, 39th Aerospace Sciences Meeting and Exhibit, Reno, NV.

33.Bui-Thanh T, Damodaran M, Willcox K (2003) Proper orthogonal decomposition extensions for parametric
applications in compressible aerodynamics. AIAA 2003-4213, 21st Applied Aerodynamics Conference, Orlando,
FL.

Mifsud M (2023) Modeling the Aerodynamic Load Using a Variable-Fidelity Model Based on Proper Orthogonal Decomposition

of a Two-Fidelity Set of Data. Int J Astronaut Aeronautical Eng 8:063



https://royalsocietypublishing.org/doi/10.1098/rspa.2007.1900
https://link.springer.com/article/10.1023/A:1023283917997
https://link.springer.com/article/10.1023/A:1023283917997
https://arc.aiaa.org/doi/10.2514/6.2006-1819
https://arc.aiaa.org/doi/10.2514/6.2006-1819
https://arc.aiaa.org/doi/10.2514/6.2006-1819
https://arc.aiaa.org/doi/10.2514/6.2006-7114
https://arc.aiaa.org/doi/10.2514/6.2006-7114
https://opg.optica.org/josaa/abstract.cfm?uri=josaa-12-8-1657
http://www.nearinc.com/pubs/avt135_paper23_presentation_web.pdf
http://www.nearinc.com/pubs/avt135_paper23_presentation_web.pdf
https://arc.aiaa.org/doi/10.2514/6.2007-4058
https://arc.aiaa.org/doi/10.2514/6.2007-4058
https://elib.dlr.de/60864/1/Pages_from_fullpaper1_CEAS2009_v8.pdf
https://elib.dlr.de/60864/1/Pages_from_fullpaper1_CEAS2009_v8.pdf
https://elib.dlr.de/60864/1/Pages_from_fullpaper1_CEAS2009_v8.pdf
https://www.semanticscholar.org/paper/A-Variable-Fidelity-Modeling-Method-for-Aero-Loads-Han-G%C3%B6rtz/691b057aac731acc3570d7ced05d2ce5212ff352
https://www.semanticscholar.org/paper/A-Variable-Fidelity-Modeling-Method-for-Aero-Loads-Han-G%C3%B6rtz/691b057aac731acc3570d7ced05d2ce5212ff352
https://www.semanticscholar.org/paper/A-Variable-Fidelity-Modeling-Method-for-Aero-Loads-Han-G%C3%B6rtz/691b057aac731acc3570d7ced05d2ce5212ff352
https://www.semanticscholar.org/paper/A-Variable-Fidelity-Modeling-Method-for-Aero-Loads-Han-G%C3%B6rtz/691b057aac731acc3570d7ced05d2ce5212ff352
https://arc.aiaa.org/doi/10.2514/6.2010-1225
https://arc.aiaa.org/doi/10.2514/6.2010-1225
https://arc.aiaa.org/doi/10.2514/1.J051391
https://arc.aiaa.org/doi/10.2514/1.J055842
https://arc.aiaa.org/doi/10.2514/1.J055842
https://arc.aiaa.org/doi/10.2514/1.J057750
https://arc.aiaa.org/doi/10.2514/1.J057750
https://dspace.lib.cranfield.ac.uk/handle/1826/3511
https://dspace.lib.cranfield.ac.uk/handle/1826/3511
https://arc.aiaa.org/doi/abs/10.2514/6.1997-167/
https://arc.aiaa.org/doi/abs/10.2514/6.1997-167/
https://elib.dlr.de/13178/
https://elib.dlr.de/13178/
https://elib.dlr.de/13178/
https://scirp.org/reference/ReferencesPapers.aspx?ReferenceID=2169725
https://scirp.org/reference/ReferencesPapers.aspx?ReferenceID=2169725
https://asmedigitalcollection.asme.org/GT/proceedings-abstract/GT2001/78507/V001T03A056/249380
https://asmedigitalcollection.asme.org/GT/proceedings-abstract/GT2001/78507/V001T03A056/249380
https://asmedigitalcollection.asme.org/GT/proceedings-abstract/GT2001/78507/V001T03A056/249380
https://arc.aiaa.org/doi/10.2514/6.2001-926
https://arc.aiaa.org/doi/10.2514/6.2001-926
https://arc.aiaa.org/doi/10.2514/6.2003-4213
https://arc.aiaa.org/doi/10.2514/6.2003-4213
https://arc.aiaa.org/doi/10.2514/6.2003-4213

Mifsud. Int J Astronaut Aeronautical Eng 2023, 8:063 ISSN: 2631-5009 | e Page 20 of 7 e

34.Mifsud MJ, Shaw ST, MacManus, DG (2009) A high-fidelity low-cost aerodynamic model using proper orthogonal
decomposition. Int. Journal for Numerical Methods in Fluids.

35.Kirby M, Boris JP, Sirovich L (1990) A proper orthogonal decomposition of a simulated supersonic shear layer.
Inter. Journal for Numerical Methods in Fluids 10: 411-428.

36.Buhmann MD (2003) Radial basis functions: Theory and implementations. Cambridge Monographs on Applied
and Computational Mathematics.

37.Zimmermann R, Han ZH (2010) Simplified cross-correlation estimation for multi-fidelity surrogate cokriging
models. Advances and Applications in Mathematical Sciences 7: 181-202.

38.Lophaven SN, Nielsen HB, Sgndergaard J (2002) Aspects of the Matlab Toolbox DACE. Technical Report IMM-
REP-2002-13, Informatics and Mathematical Modelling, Technical University of Denmark.

39.Hooke R, Jeeves TA (1960) “Direct search” solution of numerical and statistical problems. Assoc Computing
Machinery J 8: 212-229.

DOI: 10.35840/2631-5009/7563

Mifsud M (2023) Modeling the Aerodynamic Load Using a Variable-Fidelity Model Based on Proper Orthogonal Decomposition

of a Two-Fidelity Set of Data. Int J Astronaut Aeronautical Eng 8:063



https://onlinelibrary.wiley.com/doi/abs/10.1002/fld.2085
https://onlinelibrary.wiley.com/doi/abs/10.1002/fld.2085
https://catdir.loc.gov/catdir/samples/cam033/2002034983.pdf
https://catdir.loc.gov/catdir/samples/cam033/2002034983.pdf
https://portal.findresearcher.sdu.dk/en/publications/simplified-cross-correlation-estimation-for-multi-fidelity-surrog
https://portal.findresearcher.sdu.dk/en/publications/simplified-cross-correlation-estimation-for-multi-fidelity-surrog
https://citeseerx.ist.psu.edu/document?repid=rep1&type=pdf&doi=e5c90260e22bd4dc6651c43367a7d360a9279e46
https://citeseerx.ist.psu.edu/document?repid=rep1&type=pdf&doi=e5c90260e22bd4dc6651c43367a7d360a9279e46
http://www2.udec.cl/~rmaripan/files/p212-hooke.pdf
http://www2.udec.cl/~rmaripan/files/p212-hooke.pdf

	Title
	Abstract
	Keywords
	Introduction
	Numerical Methods 
	CFD method 
	Surrogate modelling based on proper orthogonal decomposition 

	Results
	Two-dimensional case 
	Three-dimensional case 

	Conclusions
	Acknowledgements
	Figure 1
	Figure 2
	Figure 3
	Figure 4
	Figure 5
	Figure 6
	Figure 7
	Figure 8
	Figure 9
	Figure 10
	Figure 11
	Figure 12
	References

