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Abstract

This article is devoted to investigate the unsteady natural convection flow in a tube inspired by ramped
surface heating. The governing momentum and energy equations are presented under relevant boundary
conditions. Using the Laplace transform technique, exact solutions are obtained for both the clear fluid
and the fluid filled with a porous material in Laplace domain. The Riemann-sum approximation procedure
is used to invert numerically from Laplace domain to time domain. During the course of numerical
computations, it is found that the role of ramped surface heating is to decrease fluid temperature, velocity
and skin-friction. In addition, the presence of porous material eliminates the occurrence of discontinuity of
flow formation for unity Prandtl number.
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Nomenclature

a: Radius of the tube (m); Da: Darcy Number; g: Gravitational Acceleration (m/s?); | : Modified Bessel
function of the first kind of order n; K: Permeability; Pr: Prandtl Number; r: Dimensional Radial Coordinate
(m); R: Dimensionless radial coordinate; RSA: Riemann-Sum Approximation; SS: Steady State; 77:
Dimensionaltime(s); 77, : Dimensional ramped time(s); t: Dimensionless time; T: Dimensional temperature
(K); T,: Fluid ambient temperature (K); T_: Temperature of the surface of the tube (K); u : Dimensional axial
velocity (m/s); U: Dimensionless axial velocity

Greek Letters

p . Density; T : Skin-friction; @ : Dimensionless temperature; ¢ : Thermal diffusivity (m?/s); ,B:
Coefficient of thermal expansion (K?); k: Thermal conductivity Wn;l Kﬁl); ¥ : Ratio of radiuses; p:
Fluid density (Kg/m?); v : kinematic viscosity (m?/s); Vor: Effective kinematic viscosity (m?/s); T : Skin-
friction (dimensionless)

Introduction

Over the years, in an attempt to strike the balance between theoretical studies and real-life situations,
several mathematical models have been developed to reduce this imbalance. The study of natural
convection flow in different geometries continue to gain pronounced attention due to its daily cooling
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applications, heat exchanger and need for innovations in radiators. In many physical situations, there
exists situations which may require non-uniform or arbitrary thermal conditions at a wall. Practical
problems most times require non-similar conditions at the wall. When a fluid is heating, temperature
gradually increases, but after boiling point, temperature becomes constant. This phenomena is commonly
seen in thermostats, refrigerators and air-conditioners. In view of this fact, several researchers examined
free convection flow in a vertical plate with ramped wall temperature. One of the earliest study is the
work of Schetz [1], who developed an approximate analytical model for problems with discontinuous wall
temperature conditions. Later, experimental justification was carried out by Schetz and Eichhorn [2]. Since
then, different articles have been devoted to the study of flow formation and temperature distribution in
vertical plate subject to ramped temperature [3-11].

Few articles have been dedicated to understanding flow formation and heat transfer with non-
similar wall thermal conditions in cylindrical geometries. Jha and Oni [12] theoretically analysed natural
convection flow in a vertical tube inspired by time-periodic heating. They found that flow formation, heat
transfer and mass flow rate are appreciably influenced by Prandtl number and Strouhal number. In other
work [13], they investigated the transient natural convection flow between vertical concentric cylinders
heated/cooled asymmetrically. Other related literature in cylindrical geometric are [14-18].

The applications of flow in porous medium cannot be over-emphasized, as it ranges from oil exploration
to bio-mechanical devices. Different studies in the recent time have considered role of porous material on
natural convection flow in vertical annuli [19-21].

The aim of this present work is to study the unsteady natural convection flow in a vertical tube, inspired
by ramped surface temperature. This work can be seen as a redefinition of [11] when the flow formation
and heat transfer is in a vertical tube. In addition, the role of porous material on natural convection flow
formation which has significant application in heat transfer and heat exchanger is also investigated.

Mathematical Analysis

Consider an unsteady incompressible natural convection flow formation in a vertical tube of radius
a as shown in Figure 1. The flow is assumed to be fully developed both thermally and hydrodynamically
and the viscous dissipation term in the energy equation is also assumed to be negligible. Two different
physical situations are considered:

A
r=a
5 (0]
0] o O u=0
0%0 0 n
00 o O T=0+(T,-T,)—~ for 0<n<mn;,
o °06 o un
o o o| T=Lforn>n,
u © o o)
09 oo
o0© o
(o} ®) o ©
o O o)
Figure 1: Schematic diagram of the problem.
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Flow in a vertical pipe with ramped surface temperature

In this case, initially (77<0), the temperature of the surface of the tube and the fluid assumes
ambient temperature of T . At time >0, the temperature of the surface of the tube is raised/lowered

to T,+(T,-T,) "1/ when 5<n, and thereafter maintained a constant temperature T for n>n,. This
0
unequal temperature distribution at the surface of the tube leads to density difference and as such, natural

convection is setup. Using the usual Boussinesq approximation, the momentum and energy equations in
dimensional form are given as:

ou o*u 1 ou
—=V|—+— |+ T-T, 1
677 |:a]"2 7 a}":| gﬂ( 0) ( )
oT o°’T 10T
o _g| 2T, 10T )
on or® ror
Subject to the following boundary conditions:
n<0: u=0 T=T,; for 0<r<a
8_u: finite ,a—T: finite at =0
or or
n>0u=0 T=7})+(Ta—To)l forO<n <n,, atr=a (3)
T
T'=T, forp>n,atr=a

Using the following dimensionless parameters, equations (1-3) become:

C _
r=_ U=$2, pr=r ) },zvei, Da=£2, QZM’ :77_;)’
a gB(T,~Ta k v a (T,-T)
v
t, =1~ (4)
a
2
a_U: a_lf+la_U +6 (5)
ot | OR° R OR
00 100 106
90_1129,100 (6)
ot Pr{OoR° ROR
Subject to the following boundary conditions:
t<0: U=0 6=0; for 0<R<1
a—u:ﬁnite ,%:ﬁnite at R=0
OR OR
t>0 (7)
U=0, O0=f(@) atR=1
where
t 1
F(0)=H ()5~ H (1-1,) ®
0 0
where H (t) is the Heaviside step function defined by:
0if t<0
H() (9)
1if t>0
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L[F(Y,0)]=F(¥,S)= j:F(Y, Hexp(=St)dt, S>0 (10)

Using the Laplace transform technique defined in equation (9) on equations (5-7), the governing partial
momentum and energy equations are transformed to ordinary different equations as:

-

0 L2]+ 10U -SU=-6 (11)
| OR” R OR
-

66:+1 00 ~SPro=0 (12)
| OR”™ R OR
Subject to the following boundary conditions:
g—(é:ﬁnite ,g—izﬁnite at R=0

(13)
U=0, 0=£(S) at R=1
where
1-exp(=St,)

§)=— 0 14
/(S) s (14)
Equations (11-12) are then solved exactly with boundary conditions (13) in Laplace domain as:
§(R,S)=(l_eXp(;St°)) I,(RVSPr) (15)

1S 1,({/Spr)
S U GATY) L,(RVS) 1,(RVSPr (16)

t,S°(Pr=1) | I,(\S) I,(\NSPr)
Using equations (15) and (16) respectively, the rate of heat transfer represented by Nusselt number as
well as the skin-friction at the surface of the tube are defined as:

— dO(R,S)| _ (1—exp(=St,)VPr L (JSpr)

Nu = dR |, B 1,87 1, («/Spr) 4

___dUR,S)| _(1-exp(=St,)) \/EII(VSPr)_Il («/5) 18)
dR |z l‘OSS/2 (Pl‘—l) I, (\/SPI‘) I, (\/g)

Special Cases
Unity Prandtl number

From equation (16), a discontinuity is observed when the magnitude of fluid kinematic viscosity equals
its thermal diffusivity i.e. (unity Prandtl number). A closed form expression in Laplace domain is obtained
for fluid velocity to overcome this discontinuity as:

U(R.S)= (th ;jff; (it—)))[ N(S) 1, (RVS) - R1, (RVS )1, (RVS ) | (19)

Clearly, equation (19) satisfies boundary condition (13), hence, the skin-friction for unity Prandtl
number can be obtained from equation (19) as:

___dUR,S)| _(1=exp(=St,))[ o
e %S]%Jg)p(JE)IAJ§ﬂ (20)
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Isothermal case

To clearly understand the role of ramped surface temperature of the tube, it is significant to present
exact solution for the case of constant (isothermal) surface heating of the tube. Hence, setting T=T_ for all
values of t, and solving equations (1 and 2) using the Laplace transform technique, we have the following
closed form expressions for temperature, velocity, Nusselt number and skin-friction in Laplace domain:

- 11, (RVSPr)

ORS)=¢ 1, (JSPr)
1| L(R(VS) 1,(RVSPr)

S@-D| 1,(Js)  1,(VsPr) |

U(R,S)= (22)

L SV (R5) 0 145) 5] e

Pr>0 (21)

Pr#1

o _dOR, 9)| ( SPr) (23)
R, S'” 1,(SPr)
1| VPro(VsPr) 1(VS)
7 - , Pr=l
SP@r-D| f(Jspr) 1,(Vs)
-__dUR.S) (24)
dR

R=1 1

251 (VS

where [, and I, are the modified Bessel’s function of first kind of order zero and one respectively and

are defined as:
%) 5
WR=3 S LR=AY (25)

(k) 0 ke )(k +1)!

The solutions obtained are in Laplace domain and need to be transform to time domain. Due to the
complexity of the expressions obtained in Laplace domain, we employed a numerical technique used in
[22-24] which is based on the Riemann-sum approximation (RSA). In this method, any function in the
Laplace domain can be inverted to the time domain as follows:

&t

U(R,t):et inz

BU(R,g)+Rer;(7(R,g — },031&31 (26)

where Re denotes to the real part of i=—1 the imaginary number. M is the number of terms used
in the Riemann-sum approximation and & is the real part of the Bromwich contour that is used in
inverting Laplace transforms. The Riemann-sum approximation for the Laplace inversion involves a single
summation for the numerical process. Its correctness depends on the value of £ and the truncation error
dictated by M. According to Tzou [25], the value of &t that best satisfied the result is 4.7.

Steady state solution

Another important solution to the current analysis is the steady state (time independent) solution, due
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to the fact that it helps to checkmate the accuracy of the solution method of the transient state. This is

obtained by taking %:0 in equations (1) and (2) which on solving gives the following exact solutions:
6.(R)=1 (27)
2
U, (R=F (28)
4
L __du®) 1 (29)

’ dR |, 2
Flow in a vertical pipe filled with porous material with ramped surface temperature

This part is concern with studying the role of porous material on unsteady natural convection flow
formation in a vertical tube. It has been shown that fluid flowing in a vertical tube subject to either ramped
temperature or constant surface heating has a discontinuous point for unity Prandtl number. To solve this
problem, we tend to consider a more physical scenario where the fluid flows in vertical tubes filled with
homogeneous porous materials. Considering the fully developed natural convection flow in a vertical pipe
filled with homogeneous porous material, the governing equations (1 and 2) on adding the porosity term
in dimensionless form become:

oU |d0°U 1aU U 6

— = = += (30)
ot |OR* ROR| yDa vy

00_1[2% 100 (1)
ot Pr|oR* ROR

Clearly, the energy equation (31) is exactly as those presented in equation (6) and hence will not be
discussed. Solving equation (30) with boundary conditions (7), the following closed form expressions for
fluid velocity as well as skin-friction in Laplace domain are obtained:

I{R SDa+lj
T(R.S)= (1-exp(=St,))Da yDa _]O(R“SPr) (32)
7 1,87 (yDaS Pr—SDa +1) I( SDaHj I,(\/SPr
0 yDa

(33)

T=—

I ]( /SDa+1J
dU(R,S)|  (1—exp(=St,)Da | JSPri(/SPr \/SDa+1 "\ yDa

dR | t,S*(yDaSPr—SDa+1)| I, (-/SPr) yDa [ SDa+1]
0
yDa

Isothermal case

Considering the situation where t =t consequently yields T =T for all values of t. Since the energy
equation is independent on porous material, hence the temperature profile for this case is exactly the
same with equation (21). Hence the solution to equation (30) for constant surface heating of the tube is:

SDa +1
LR |/
Da yDa ) 1,(RVSPr)

" S(yDaS Pr—SDa+1) L ([sDav1)  1(sPD
‘ yDa

U(R,S) (34)
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S
F:_arU(R,S)| _ Da \/SPrII(\/SPr_\/SDaH "\ yDa (35)
dR |, S(yDaPr—SDa+1)| I (JSPr »Da [( SD“HJ
° yDa
Steady state

The steady state solution for flow formation in the vertical tube is also obtained in similar way as those
of previous section as:

- [( . j

|__\vyDa) (36)
I, b

(WDCJ_
1 yDa

Rel yDa 1
IO
\yDa

Results and Discussion

U,(R)=Da

dU(R)
STTTAR

(37)

A semi-analytical solution is carried out to investigate the unsteady natural convection flow in a
vertical tube inspired by surface ramped temperature. The case when the fluid is filled with homogeneous

T T
t=1.0,0.5,0.1

Pr=0.71
0.8 — Pr=7.0 .

-

06 | _

04 | _

02 L 3

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: Temperature profiles at different time at t; = 0.5.
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porous material is also considered for different physical situations. The solutions obtained both for non-
porous case and porous case are depicted graphically in order to achieve a deeper understanding on flow
formation and rate of heat transfer. The basic dimensionless parameters governing the flow are Prandtl
number (Pr), Darcy number (Da), ratio of viscosities () and time (t). Throughout this article, we have
considered 0.5 < Pr £ 100 to capture from gases to higher hydrocarbons, 0.01<Da<1.0and 0.5<y<1.5.

Figure 2 depicts temperature distribution in the tube for different values of Pr at different time
with ramped temperature. It is obvious form this figure that fluid temperature increases with time and
decreases with increase in Pr. This an expected result since the continual heating of the surface of the
tube leads to corresponding increase temperature distribution in the tube until steady state is reached. It
is good to state that there exists unchanging temperature profile for clear case and porous medium case.
This could be attributed to the fact that this current article is restricted to fully developed region and as
such the Darcy number only appears in the momentum equation.

Figure 3 and Figure 4 portray velocity profiles of different physical situations at different time in a
vertical tube for air and water respectively. It is clear from these figures that velocity profiles increase
with time regardless of the physical situation considered. In addition, the peak magnitude of velocity
in the tube is found for the case of isothermal surface heating of the tube compared to ramped wall
temperature. Also, the role of porous material is to retard fluid motion. This is physically true since the
presence of homogeneous porous material hinders free motion of flow. Further, it is found that at steady
state, the thermal boundary conditions (ramped temperature or isothermal heating) have no influence
on velocity profile. This is can be seen in Figure 4 where fluid velocity for ramped and isothermal cases
corresponds for both and non-porous material respectively for t = 7.0.

Figure 5 illustrates velocity profiles for porous case as a function of ratio of viscosity for ramped surface
heating and isothermal surface heating. It is observed that fluid velocity is maximum when the effective
kinematic viscosity of the porous medium is lower than the kinematic viscosity of the fluid. In addition, it
is further seen that the role of ramped surface temperature is to reduce fluid velocity in the vertical tube.

Ramped (No porous material)
025 L —e— Isothermal (No porous material)

—¥— Ramped (porous material)
— — Isothermal (porous material)

0.2 ]
t=1.0,0.5,0.1

Figure 3: Velocity profiles for different physical situations and time at Pr=0.71, Da=0.1and t, = 0.5.
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0.25 Ramped (No porous material)
—e— Isothermal (No porous material)

—¥— Ramped (porous material)
— — Isothermal (No porous material)

02 [

t=7.0,1.0,0.5, 0.1

015 | ]

01 T T T T T
—3¥— Ramped case
—_e— lIsothermal case
q
0.08 i
L
L
0.06 i
-]
0.04 i
002 %3 -4_0-«_0)&_0-4'. -
'i
v =1.5,1.0,05
0 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5: Velocity profiles for porous case with different values y ofatt =1.0,t=0.5,Pr=0.7, Da=0.1.
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—e— Ramped case

—k— Isothermal case

0.18 ¢

0.16 |

Da=1.0,0.1,0.01

0.14

0.12

0.1

0.08

0.06

0.04

0.02

Figure 6: Velocity profiles for porous case with different values of Daatt =1.0,t=0.5,Pr=0.71, 7 =1.0.

Figure 6 on the other hand exhibits the significance of porous medium on flow formation in the
vertical tube. It is obvious from this graph that fluid velocity is an increasing function of Da regardless of
the thermal imposed condition. This could be attributed to the fact that Darcy number (Da) is directly
proportional to permeability of the porous material, therefore increase in permeability leads to enhances
of flow formation. A critical look at the figure suggests that as Da—0, there will be stoppage of flow
formation regardless of the thermal conditions.

Figure 7 shows the rate of heat transfer between the surface of the tube and the fluid (represented by
Nusselt number) at different time for different values of Pr for the case of ramped surface temperature
of the fluid. It is established from this figure that heat transfer increases with time for #<¢;, and then
decreases for t > 0. This could be attributed to the ramped nature of heat supplied. Also, fluids with
higher Pr tends to have higher Nusselt number compared to fluid with relatively low Pr A critical look at
this figure confirms that Nusselt number is zero at steady state and is independent on fluid considered.
It is good to state that, heat transfer for both porous and non-porous case are exactly the same, since
thus current analysis is concern with fully developed region, hence, fluid temperature is independent on
porous material.

Figure 8 depicts skin-friction for different physical situations and different values of Pr at different time.
It is found that skin-friction is independent of thermal boundary conditions imposed at steady state, but
only depend on the porous or non-porous case. It can also be observed that the non-porous case has a
higher drag that the porous case. In addition, it is obvious that the role of ramped surface heating is to
reduce the skin-friction at this surface.

Table 1 presents a numerical comparison of RSA and steady state solution for different values of time.
As expected, it is found that at sufficiently large time, RSA corresponds the steady state solution and
thereby justifying the accuracy and reliability of RSA. In all cases considered, fluid velocity is found to
increase with time.

Table 2 on the other hand illustrates the role of time on temperature and velocity for ramped and
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1"

10 | ]

6 | Pr= 50, 20, 7, 10, 071, 0.5 N

Nu

0.5

0.45

0.4

0.35

0.3

& 0.25

02 ] Pr=7.0,0.71

0.15

0.1

Ramped (No porous material)
—e— Isothermal (No porous material)

—3¥— Ramped (porous material)
—— Isothermal (porous material)

0.05

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
t

Figure 8: Skin-friction for different Prand tatt = 0.5, Da=1.0, 7 =1.0 (R=1.0).
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Table 1: Numerical justification of velocity profile steady state solution with RSA computations for different values
oftat Pr=0.71,7,=0.5,Da=0.1,y =1.0.

No porous material (U) Porous material (U)
/ R Isothermal (RSA) Isothermal Steady Isothermal (RSA) Isothermal Steady
state state
0.1 0.0 0.0192 0.0136
0.2 0.0231 0.0152
0.4 0.0265 0.0192
0.6 0.0305 0.0228
0.8 0.0254 0.0200
1.0 0.0000 0.0000
0.6 0.0 0.2254 0.0805
0.2 0.2168 0.0787
0.4 0.1908 0.0729
0.6 0.1466 0.0610
0.8 0.0834 0.0392
1.0 0.0000 0.0000
1.8 0.0 0.2500 0.2500 0.0821 0.0821
0.2 0.2400 0.2400 0.0802 0.0802
0.4 0.2100 0.2100 0.0741 0.0741
0.6 0.1600 0.1600 0.0619 0.0619
0.8 0.0900 0.0900 0.0396 0.0396
1.0 0.0000 0.0000 0.0000 0.0000

Table 2: Numerical computation of temperature and velocity for different values of t at
Pr=0.71,y=1.0,¢,=0.5,R=0.5, Da=0.1.

Temperature Velocity (No porous material) | Velocity (Porous material)
t Ramped Isothermal Ramped Isothermal Ramped Isothermal
0.01 0.0000 0.0041 0.0000 0.0000 0.0000 0.0000
0.1 0.0506 0.5224 0.0021 0.0291 0.0016 0.0213
0.3 0.3567 0.9069 0.0317 0.1141 0.0187 0.0574
0.5 0.7383 0.9818 0.0877 0.1597 0.0440 0.0666
0.7 0.9493 0.9965 0.1433 0.1779 0.0627 0.0685
0.9 0.9901 0.9994 0.1711 0.1843 0.0677 0.0689
1.2 0.9992 1.0000 0.1842 0.1869 0.0688 0.0690
1.5 1.0000 1.0000 0.1869 0.1874 0.0690 0.0690
Sip 0.7318 0.4813 0.1457 0.1211 0.0524 0.0384

isothermal cases. It shows the degree of responsiveness of temperature and velocity with change in time.
It is found that the ramped boundary conditions respond speedily than the isothermal case. In addition,
the case of fluid flow filled with porous material exhibits sluggish respond to time compared to clear fluid.

Conclusion

A semi-analytical study is carried out on unsteady natural convection flow in a tube inspired by ramped
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surface heating. The governing momentum and energy equations are presented with relevant boundary
conditions. Using the Laplace transform technique, exact solutions are obtained for both the clear fluid
and the fluid filled with porous material. Based on the solutions obtained and graphical representations,
the following conclusions can be drawn:

1. Fluid temperature, velocity and skin-friction increases with time regardless of the case considered.

2. The existence of homogeneous porous material eliminates the discontinuity of flow velocity for
unity Prandtl number.

3. Ramped surface temperature leads to decrease in temperature, velocity and skin-friction.
4. Flow formation can be enhanced by eliminating porous materials.

5. Nusselt number increasing with Prandtl number until steady state is attained.
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