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Abstract
Lattice size dependency of critical temperature of Ising nanofilms and nanotubes on the square 
lattice have been investigated Using Cellular Automata simulation approach. The obtained val-
ues of critical temperature for single-layer nanofilm on the infinite size of lattice is equal to 
2.36, the corresponding value for single-layer nanofilm on the honeycomb lattice was 1.45. The 
effects of length and diameter of nanotube on the critical temperature were also studied. For 
equal size lattices, the critical temperature values of nanotube are larger than those for nano-
film. The critical temperature of a single-layer nanotube on the infinite size lattice was calculat-
ed as 2.37. The proximity of the values for the critical temperature of nanofilm and nanotube 
in the infinite size of lattice reflects the fact that by increasing the length and diameter of the 
nanotube, its magnetic behavior tends to be as nanofilm. Such studies seems to be of particular 
importance in providing tabulated data on the effect of lattice size on critical temperature and 
magnetic behavior of magnetic nanomaterials.
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Introduction
Multiple researches have been devoted to the 

investigation of magnetic nanomaterials, due to the 
potential applications of these materials in a variety 
areas such as magnetic recording media, chemical 
separation, medical diagnosis, and so on [1-3].

Size dependency of phase diagrams and mag-
netic properties of magnetic nanoparticles have 
been investigated experimentally [4-9]. Results of 
these studies show that these materials exhibit 
some interesting properties for sizes smaller than 

a certain limit. Research in this field show that a 
new attitude emerged on the study of nanoscale 
magnetic materials.

Different theoretical and numerical approaches 
such as Effective Field Theory (EFT), Monte Car-
lo, and Cellular Automata (CA) have been used to 
provide well-tabulated data concerning magnet-
ic properties of magnetic nanostructures [10-19]. 
Ising model is one of the best methods for mod-
eling and theoretical study of magnetic materials. 
Here, the effect of the size and shape on the critical 
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temperature of the Ising nanofilm and nanotube 
on the square lattice have been investigated by the 
CA method. The result of the CA method for crit-
ical temperature of two-dimensional nanofilm at 
infinite size of lattice (  = 2.36cK ) is in accordance 
with the result of accurate solution by the Onsag-
er (  = 2.27cK ) [20], which implies the accuracy and 
reliability of the CA method. So far, this subject, 
the effect of the size and shape on the critical tem-
perature of the Ising nanofilm and nanotube on the 
square lattice, from the perspective in our work has 
not been studied, and these results are reported 
for the first time. The CA method is a simple, fast, 
and precise method which have used in many cases 
for studying the Ising model [17,19].

In a recent paper [18], the size and shape de-
pendencies of phase diagram for Ising nanofilm 
and nanotube on the honeycomb lattice are in-
vestigated. In this work, attempt has been made 
to obtain the accurate tabulated data for size and 
shape dependencies of critical temperature of Ising 
nanofilm and nanotube on the square lattice, and 
also comparing the obtained data with the results 
of honeycomb lattice.

Model and Formalism
In this work the magnetic nanofilms and nano-

tubes on the square lattice have been investigated. 
The number of spins on the length and width (di-
ameter) directions of the lattice are shown by lx and 
ly, respectively. lx*ly representing the total number 
of spins in the lattice. Spin variable ( , ) = 1,s i j ±  
where  = 1,..., xi l  and  = 1,..., yj l , represents the 
spin state of (i, j) site in the lattice. Figure 1, rep-
resents the nanofilm on the square lattice. In or-
der to study the magnetic properties of nanotube, 
the boundary conditions as ( ,0) = ( , )ys i s i l  and 

( , 1) = ( ,1)ys i l s i+  are applied along the ly axis of 
Figure 1. A square lattice in isotropic case was in-
vestigated,  = x yJ J , where xJ  and yJ  represent-
ing the nearest-neighbor coupling in the lx and ly di-
rections. To updating the lattice sites, the Glauber 
algorithm with checkerboard techniques are used 
[17,18]. For this purpose, the sites of lattice were 
presented by black and white colors, and at each 
step of the simulation, the white sites will be up-
dated firstly, before the black sites. For each lattice 
site, the probability that the spin state is up (+1), 

,i jP+ , is calculated as follows:

,
,

, ,

exp( )
 = 

exp( ) exp( )
i j

i j
i j i j

H
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Where  = 1/ Bk Tβ , Bk  and T are Boltzmann 
constant and absolute temperature, respectively. 
The Hamilton for each lattice site is presented as 
follows:

{ },  = [ ( , 1) ( 1, ) ( 1, ) ( , 1)]i j xH J s i j s i j s i j s i j± ± − − + − + + + +
It is obvious that for each lattice site, the 

probability that a given spin to be down is i j
. The average magnetization of the lattice is 
calculated as follows [17,18]:

1 1
( , )y yl l

i j
M s i j

= =
< >=< >∑ ∑
The average of magnetization per site is calcu-

lated as /m M N< >=< > . In order to increase of 
accuracy of calculations, in each time step of simu-
lation, the average of magnetization per site is cal-
culated over 200 different samples, as independent 
computer experiment. In this stage the standard 
error of mean magnetization is in the order of 10-6.

Results
In this paper, for calculation of critical tempera-

ture, the described method in references [17,18] 
is used. In this method, which uses the graph of 
mean magnetization per site as a function of time 
for a given temperature, the temperature at which 

ly

lx

Figure 1: Representation of single-layer Ising nanofilm on 
the square lattice.
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increasing lattice size, the cK  value also increased, 
following a steep slope, close to *  = 200x yl l . Com-
parison of Figure 2 with Figure 3 of reference [18] 
shows that the increasing trend of cK  for honey-
comb lattice up to the size of 500 has been steep. In 
order to calculate the critical temperature value at 
infinite size of single-layer nanofilms on the square 
lattice and also compare the obtained result with 

the ordered magnetic moments (ferromagnetic), 
change and become disordered (paramagnetic), 
will be considered as critical temperature.

Figure 2 shows the critical temperature varia-
tion in terms of lattice size for a single layer nano-
film on the square lattice. The size of the lattice 
increases simultaneously with the increase in the 
length and width of the lattice. As can be seen, with 

lx*ly
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Figure 2: The values of critical temperature versus size of single layer nanofilm on the square lattice.
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Figure 3: The effect of diameter on the critical temperature of single-layer nanotube on the square lattice.

https://en.wikipedia.org/wiki/Ferromagnetism
https://en.wikipedia.org/wiki/Paramagnetism
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the corresponding value for single-layer nanotube, 
using cure fitting module of Sigma Plot software, 
the data extrapolation technique was used. To cal-
culate the cK  value in infinite size of a single-lay-
er nanofilm, the graph of cK  was plotted versus 
1/ ( * )x yl l , and this graph was fitted to a third-or-
der equation (Figure 4), as follow:

2 3
0 1 2 3 = cK b b x b x b x+ + +

Where 0  = 2.36b , 1  = 57.59b − , 2  = 736.26b , 
3  = 3080.61b − , and  = 1/ ( * )x yx l l . Obviously, by 

increasing the size of the lattice, the value of the 
x  is decreased so that for lattice with very large 
sizes, it can be ignored. Therefore, the value of 0b  
is considered as a cK  for single-layer nanofilm with 
infinite lattice size. The corresponding value of cK  
for single layer nanofilm on the honeycomb lattice 
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Figure 4: The values of critical temperature versus ( ) = 1 x yx l l∗  of single layer nanofilm on the square lattice.
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Figure 5: The effect of length on the critical temperature of single-layer nanotube on the square lattice.
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square lattice like the honeycomb, it is expected 
that in infinite lattice size, the values of cK  for two 
nanosystems are equal. In order to calculate the 
critical temperature of single-layer nanotube in in-
finite size of lattice, the curve of cK  was plotted 
versus 1/ yl , at  = 24xl . Then using extrapolation 
technique, the value of cK  is obtained as 2.37. The 
proximity of cK  for nanofilm and nanotube in in-
finite size of lattice reflects the fact that by increas-
ing the length and diameter of nanotube, its mag-
netic behavior tends to be as nanofilm.

Conclusion
The effect of lattice size on the critical tem-

perature of Ising nanofilms and nanotubes on the 
square lattice using Cellular Automata approach 
have been investigated. Thus, the lattice size depen-
dency of critical temperature for single layer nano-
film on the square lattice was evaluated. Using the 
curve fitting module of SigmaPlot software, the val-
ues of cK  for single layer nanofilm with infinite size 
of lattice on the square lattice is obtained as 2.36. 
The corresponding value of cK  for honeycomb lat-
tice is 1.54. For single-layer nanotube on the square 
lattice, the effects of length and diameter of nano-
tube on the critical temperature were studied. For 
square lattice in same lattice sizes, the values of cK  
for nanotube are larger than the nanofilm. The val-
ues of cK  for single-layer nanotube in infinite size 

is 1.54.

Figure 3 shows the variation trend of cK  versus 
diameter for single-layer nanotube on the square 
lattice. It can be seen that by increasing the diame-
ter of nanotube, the values of cK  is increased and 
this increasing trend was accentuated for small 
sizes of lengths. In fact at large lengths, by more 
increasing of yl , the values of cK  has few change. 
Figure 5 shows the effect of length on the critical 
temperature for single-layer nanotube in different 
diameter values. Here it is also seen that the val-
ues of cK  are increased by increasing xl . The note-
worthy matter of Figure 5 in comparison to Figure 
3 is that the variation slope of cK  versus length for 
larger diameters is more. The variation trend of the 

cK  versus yl  for single-layer nanofilm and nano-
tube on the square lattice in equal length  = 20xl
, is shown in Figure 6. As seen from Figure 6, the 
values of cK  for single layer nanofilm and nano-
tube on the square lattice are larger than the corre-
sponding values on the honeycomb lattice [18]. In 
honeycomb lattice, the values of cK  for nanotube 
are greater than those for the nanofilm, but in large 
sizes of lattice, this difference disappears. Also in 
square lattice, the values of cK  for nanotube are 
initially greater than those for the nanofilm, but 
with size increasing up to 36, this difference is 
not diminished and remains almost constant. For 
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Figure 6: The values of critical temperature versus ly for single layer nanofilm and nanotube on the square lattice.
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of lattice was calculated as 2.37. The proximity of 
cK  for nanofilm and nanotube in infinite size of lat-

tice reflects this fact that by increasing the length 
and diameter of nanotube, its magnetic behavior 
tends to be as nanofilm. It seems that such studies 
are of particular importance to providing tabulated 
data on the effects of lattice size on the critical tem-
perature and the magnetic behavior of magnetic 
nanomaterials.
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