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Abstract

A new calculation confirms the presence of spin radiation along the axis of rotation of a dipole.
This is further proof of the need to introduce the spin tensor into classical electrodynamics,

along with the energy-momentum tensor.
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Introduction

Circularly polarized electromagnetic radiation
contains angular momentum in the form of the an-
gular momentum density [1,2].

JH Poynting [2]: “If we put E for the energy in
unit volume and G for the torque per unit area, we
have G=FEA/2x".

This means that such radiation is Weyssenhoff’s
spin-fluid [3].

J Weyssenhoff: “By spin-fluid we mean a fluid
each element of which possesses besides energy
and linear momentum also a certain amount of
angular momentum, proportional - just as energy
and the linear momentum - to the volume of the
element”.

This is recorded in textbooks [4,5]. Since Emma

Noether, this angular momentum has been de-
scribed by the spin tensor density [6-8].

1Ok pgpme (1)
a(0,4,)

Where L =-F, F* /4 is the free electromag-

netic field Lagrangian, 4” is the vector potential,
and F,, is the field-strength tensor. The local sense
of a spin tensor is as follows. Y™ [J,s/m?] is spin
volume density, Y*' [J/m? is spin flux density, i.e.
torque per unit area (cf. J. H. Poynting). The spin
tensor is used in the publications [9-20]. However,
the spin tensor is ignored in works expressing the
common point of view, e.g. [21-25].

Yﬂ,y\/: /15/4
c

Besides spin, any electromagnetic field contains
mass-energy and momentum, which are described
by the energy-momentum tensor [26,27].

T =—g"F, ,F" +g" F, F" |4 (2)

The local sense of the energy-momentum ten-

*Corresponding author: Radi | Khrapko, Moscow Aviation Institute, Volokolamskoe Shosse 4, 125993,

Moscow, Russia
Accepted: September 24, 2020; Published: September 26, 2020

Copyright: © 2020 Khrapko RI. This is an open-access article distributed under the terms of the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the

original author and source are credited.
Khrapko. Int J Magnetics Electromagnetism 2020, 6:026

T

Khrapko RI (2020) Angular Momentum Emission by a Rotating Dipole. Int J Magnetics Electromagnetism 6:026



https://orcid.org/0000-0002-2830-7499

Khrapko. Int J Magnetics Electromagnetism 2020, 6:026

ISSN: 2631-5068 | e Page 2 of 4

soris as follows. 7" [N,s/m?] is momentum volume
density, T [kg/m?,s] is mass-energy flux density. It

means, e.g., dp* =T"dV is the momentum in the
volume dV .

Moment of momentum, e.g.,
dL” = (xT”" —yT™)dV is the orbital angular mo-
mentum of the momentum contained in the vol-
ume dV . So, the total angular momentum pos-
sessed by the volume dV is

dJ* =dS™ +dL* = (Y™ +2/'T")dV (3)

The total torque per the area da,, i.e. angular
momentum flux, is

dt* =d " +dl* | dt = (Y™ + 2" T""Yda (4)
S 1

It is important that spin is not associated with a
moment of a linear momentum, or even with a mo-
tion of matter. Hehl writes about spin of an elec-
tron [28]:

“The current density in Dirac’s theory can be
split into a convective part and a polarization part.
The polarization part is determined by the spin
distribution of the electron field. It should lead to
no energy flux in the rest system of the electron
because the genuine spin ‘motion’ take place only
within a region of the order of the Compton wave-
length of the electron”.

Electromagnetic Field of a Rotating Dipole

Electromagnetic field of a rotating dipole p is
well known [27,29,30].

20002 : 2 _ 2_
Eo| @0 gp:')r) , io(pr 3(4pr)r _(pr 3(15)r)r expikr — iof)
4re,cr 4recr 4me,r

(5)

ior Xp
Ay’

The first terms of (5), (6) are proportionalto 1/ r
and so represent radiation. This radiation is of cir-
cular polarization in the direction of the rotational
axis, z-axis (see Figure 1 from [31]). Therefore this
field contains the spin flux Y. We calculate this
spin flux per sphere » = Const in Section 3.

2
H:[a) r><2pJr
drzer

}exp(z’kr —iaot) (6)

At the same time this radiation contains no orbit-
al angular momentum flux per elements da, of the
sphere = Const. dL* / dt = 2r"T""da, = 0 . Really,
thefirsttermsfieldsE& Hareorthogonaltoeachother
and to the vectorr. So, in any point, we can enter lo-

Figure 1: Polarization of the electric field seen
by looking form different directions at a circular
oscillator.

s1n20

Figure 2: Torque distribution.

cal Cartesian coordinates such that da, = {0,0,da_}
, E={£,0,0}, H={0,H,,0},r=1{0,0,z}, ie.

F ,F* F_ F®

xz?2

are not equal to zero only. Us-

ing this coordinates we find according to (2):

T%°=-g"F F*=0,T"=-g"F F“=0. So
the orbital angular momentum is not radiated.

The second terms field of (5), (6) contains the
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orbital angular momentum flux, or torque, per the
sphere » =Const . In Refs [32-37], spherical coor-
dinates were used, and the angular distribution of
the torque was obtained (see Figure 2):

dL" | dtdQ = o’ p*sin® 0 /1677, (7)

Where, dQ =sinfdfd¢ . This torque is located
in the neighborhood of the plane of rotation where
the polarization is near linear. This torque is not ra-
diated. This torque is like a static torque that some-
one can apply (Figure 2).

Spin Radiation by a Rotating Dipole

Spin radiated by the first terms field was calcu-
lated in [15] using the spin volume density Y™ on
the assumption that this density is moving at the
speed of light. Here the spin flux density Y is
used. This is more naturally.

Using
2, 2 2
E =w(w—_2(p3r)r)exp(ikr—iwt), H=2 rxg) exp(ikr —iat),
4re,cr 4mer
px — p’ py :lp (8)
yields

2 2 2 .
Ex=F;x=a)p(r x2 3 DCy)
dre,c’r

b

2 o2 .2
E=F=a)p(lr xy—iy”)

roow dre c’r ’
2 .
-0 p(zx+izy)
b s ®)
H -~ = —ia)zpz
! drer®
2
Xz a) pZ
H, =F*"= pimot
er
2 .
«_ O plix—y)
H,=F"= Arer? (10)

Using A = —I Edt = —iE / o yields

B op(—ir’ +ix* —xy) 4= op(r’ +ixy—y°)
= =

A
dre,c’r’

X

’

4rg,

4= wp(izx —zy)

. (11)
dre 1

Accordingly to Y = 2 A" F*"  we have

Yor = _ﬁ{ZxFyX} - ﬂ,
2 327%e,
v zﬁ{jypxy} :ﬂ,
2 327te,

@ (r*+2%)z

z SR X z i xz
Y =S AP - A = 12)

327,
Because of dz*=Y"da,, we need the Car-
N

tesian coordinates of elements of the sphere

r=Const, which spherical coordinates are

da, = {da, = d0d¢,da, =0, da, =0} . The transforma-
X @zy or z

. . . or
tion coefficients are; —=-, =, —==, and
ox r oy r Oz r

Jg =r?sin@. So we have

da, ={da, = xsin0d0d¢r,da, = yrsin0d0d¢, da, = zr sin 0d0d ¢},
and

d gxy: Y*da, =Y da, + Y*¥da,+Y™da,

32

3.2 2.2 2.2 2_2 4

SO EXN Ry AT D) G papdg=—2 P cos Osin 0d0dy
2rrg,cr 1677g,c
(13)
3.2
. xy _ w p 2 . .
This result, d 7%/ dQ =———cos” 0, is coin-
s l6z g, c

cided with Ref. [15]. The angular distribution of the
spin radiation is represent in Figure 3.

Conclusion

A rotating electric dipole emits angular momen-

=

c0s20

Figure 3: Spin flux distribution.
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tum flux of two types: (i) Spin flux, which is directed
mainly along the axis of rotation and determined
by the spin tensor, and (ii) Orbital angular momen-
tum flux determined by the energy-momentum
tensor. The spin flux is not recognized by nowadays
electrodynamics.

| am eternally grateful to Professor Robert
Romer for the courageous publication of my ques-
tion: "Does a plane wave really not carry spin?”
[38] (was submitted on 07 October, 1999).
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