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Abstract

The total electromagnetic field of the Hertzian dipole has components that decrease with
distance, r, as 1/r3, 1/r%, and 1/r. The latter component is called the “radiation field” and
represents energy lost from the source. For finite-size current sources, the total distant fields can
be calculated by summing just the radiation field component of the Hertzian dipoles comprising
the source. We show mathematically that the propagating plane wave radiated by an infinite
planar current source, composed of Hertzian dipoles, involves all field components. The nature
of this paper is pedagogical: It is to clarify for electromagnetics students the semantic issues
arising from discussions on radiation from antennas, in particular, radiating fields vs. radiation

fields.

Introduction

The electric and magnetic fields of the Hertzian
dipole, an infinitesimal time-varying current-carry-
ing element with opposite charges residing at either
end (via the continuity equation), are fundamental
to the understanding of the fields of time-varying
current and charge sources and, in particular, in
solving for field patterns from current sources such
as the half-wavelength antenna and various anten-
na arrays. That is, given the fields of the Hertzian
dipole, one can sum (integrate) the fields of group-
ings of these infinitesimal current elements to de-
termine the fields of any current source.

The standard approach to solving for the fields of
the Hertzian dipole, found in most textbooks [1,2],
is to recast Maxwell’s Equations in the frequency
domain in terms of a vector potential 4(7)and a

scalar potential @ (7), as

VA+ o ueAd=-ul (1)

V2(1)+a)2,ueCI)=-£ (2)
€

V-A+jod=0 (3)

Where

E=—-VO-jod (4)

B=V x A4 (5)

Equations (1) and (2) are inhomogeneous wave
equations, and eq. (3) is the Lorenz condition.
B(F) is the magnetic flux density, E(F) the elec-
tric field intensity, J (¥) the volume current densi-

ty p(r)the volume charge density, @ the angular
frequency, u the medium permeabililty and € the

*Corresponding author: W Clint Snider, Department of Electrical and Computer Engineering, University

of Florida, Gainesville, FL 32603, USA
Accepted: May 03, 2021; Published: May 05, 2021

Copyright: © 2021 Snider WC, et al. This is an open-access article distributed under the terms of the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium,

provided the original author and source are credited.
Snider WG, et al. Int J Magnetics Electromagnetism 2021, 7:033

Electromagnetism 7:033

A

Snider WC, Uman MA, Moore RC (2021) Is a Propagating Infinite Plane Wave a “Radiation Field?”. Int J Magnetics




Snider et al. Int J Magnetics Electromagnetism 2021, 7:033

ISSN: 2631-5068 | e Page 2 of 7

Figure 1: Hertzian dipole at the origin.

“:n

medium permittivity. “j
of (-1).
For the case of an infinitesimal current source,
the solution to dA4 in eqs. (1-5) is
ja)(t—\//E)
zdz (6)

is equal to the square root

dA = 1
4r

for the source at the origin of a spherical coor-

dinate system and oriented along the z-axis with

length of dz, as shown in Figure 1. Application of

egs. (3-5) to (6) yields [1,2].

B, = Ldzsin@[ﬁ + %}e'j(“’t'kr) (7)
47 r r

B =B, =0 (8)

E = nldz 0s6 Lz - % ULy (9)
27 r kr

E = 1%=gq [ﬂ + = - %}ej( ) (10)

r r kr
E, =0 (11)

Hence, the fields at r are delayed a time r/c
from the time of the current, with k = @/c, and
wave speed, ¢, equal to 1 \/E The spherical
coordinates r, 9, and ¢ represent, respectively, a
radial distance from the origin and the zenith and
azimuth angles between the origin and r. It is tradi-
tional to identify each of the terms in these equa-
tions by their radial variation from the source. The

1/r® term is referred to as the “electrostatic field”
and is present only in the electric field. It dominates
the field at close distances, specifically where r is
much less than the wavelength 1 = 27c/w, and
represents the field of a time-varying point dipole.
The 1/r* dependent field, present in B(p, B, and £,
is called the “induction field” and it, along with the
electrostatic terms are called the “near fields.” In
the case of the magnetic induction, the 1/r? term
represents the time-varying Biot-Savart law. The fi-
nal terms, dependent on 1/r, are called the “radia-
tion fields.” The radiation fields are responsible for
carrying energy, or radiating, away from the source
and are the dominant fields where r is much great-
er than the wavelength. For calculating the fields
of antennas on the order of wavelength size, the
spatial integration of the fields of the infinitesimal
dipoles, as noted earlier, need only involve the ra-
diation fields of the source dipoles. Antenna-array
field-pattern computations similarly need only con-
sider the radiation fields. If one is far enough away
from a source, or, more specifically, if the radius of
curvature of the wave-front is large compared to
the receiver dimension, it is a reasonable approx-
imation to consider the spherical wave-front gen-
erated by the source to be essentially planar, al-
though it decreases as 1/r and is not the pure or ex-
act uniform plane wave derivable from Maxwell’s
Equations in Cartesian coordinates, discussed next.

The “source-free” uniform plane wave whose
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fields are given in eqs. (12-14) is commonly derived in Cartesian coordinates from the homogeneous
Helmholtz wave equation, which is itself derived from the Maxwell curl equations with p(7) =J(7) =0,
giving

E.(x) = - Ee™ ™ (12)
H, (x) = - He"" ™ (13)

y

B, _ |H_
H—\E n (14)

y

Which represent a sinusoidally oscillating transverse wave with orthogonal electric, E (x), and magnet-
ic, Hy(x), components traveling at the speed of light, ¢, in the x-direction [1,2]. No comment is made in
common textbooks regarding the means by which this plane wave could be produced without a source
current or, if a source current is needed, what that source current might be. Using the Hertzian dipole
approach discussed above, there must be a set of infinitesimal current sources whose arrangement pro-
duces the plane wave pattern of egs. (12-14). That this is the case may seem intuitively unreasonable,
since the infinitesimal dipole source has component fields that fall off as 1/r3, 1/r?, and 1/r, the latter being
called the “radiation field,” whereas the “source-free” radiating plane wave of eqs. (12-14) is sinusoidally
constant in amplitude with distance. Hence, the question found in this paper’s title. In the next section, it
is shown that multiple Hertzian dipoles can indeed be arranged to be the source of a uniform plane wave,
but all dipole field components must be included in the proper calculation of the fields of the plane wave.

The Infinite Array of Hertzian Dipoles

To answer the question found in the title of this paper, we begin with the Cartesian expression for
B(i") of eq. (7), written in terms of its induction and radiation components

2+ (z -z')2

B, - e
de(x) + (v-y) + (z-2)

dE _ jkﬂOszyrere—jk\/(x/)Z +(y _y,)z i _Z,)Z
47z((x)2 +(y- y,)z (2 _Z,)z)

- %y -y) +ix] (15)

rad

[—#(y-y) +3x] (16)

b
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Figure 2: Infinite current sheet.
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as derived in Appendix A. The K_dy'dz' factor is the infinitesimal surface current equivalent of /dz, and
it will be integrated over a large flat conductor in the yz-plane, located at x" =0, as shown in Figure 2. As
follows from eq. (15-16) and Figure 3, any B field component in the +x direction is canceled by a Fx di-
rected component from a little piece of current equidistant in the opposite direction from the field point.
It follows that the field components may then be written as

o o o M YY) (=)

B, =pP==[" @y ax : (17)

- 2 1\2 2

¥4 (y-y) +(z-2)
e—jk x* +(» -y’)z +(z »z’)z

XA (y-y) +(z-2)
Where the origin may be placed anywhere on the infinite sheet, so we let y = z = 0. A cylindrical sub-

stitution, y* + 2> = p"?, dy'dz’ = p'dp'd¢’ is then made to facilitate the integration. The new limits

(18)

rad

B . =7 —jk,;t:fzx I_ww a’y’J‘_oooo dx'

~ MK x . . .
on the integral(s) are 0 < p’ < wand 0 < ¢ < 2x. The factor yum both terms will be defined

as 7. Thus 4n
— (27 Y e_jk\/plz—-*—x2
B,, =i| "d¢| pdp——= (19)
1”2 2
ptx

— oA 27 M, ,e_jk Pt

B, ., =Jknjo d¢ IO pdp ZEe (20)
(21)

Ifwelet u = p"> + x*, and replace the limits, the integrals become

_ i — Jhu

B, = 27rﬁj. du’ : (22)

x u
_ o —Jku
B, = 27[jkﬁ_[ du (23)
x u

(24)

Which can be found in integral tables [3]. The above integrals yield

- _ e—jku _ kx

B,, = lim 27 - JKEi( - jku) - - JKEi( - jkx) (25)

U—>0 u

X

(- —y

Figure 3: The B component from any piece of current cancels with that of an adjacent piece.
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B, = im2zajk (Ei(- jku) - Ei( - jkx))  (26)
Where,
eav
Ei = |—d 27
l(av) jv v (27)

is the exponential integral [3]. In summing eq.
(25) and eq. (26), the two exponential integral
terms from each equation cancel one another, and
as u — oo, the first term in eq. (25) goes to zero,
leaving only the third term in B, (7). When we
replace n by its definition

.. . uK
B:Bind +Brad :y%e -
and using Maxwell’s equation V x H =jwe E

gives

(28)

Lo uKce .
E(F)=- z”ozzce s (29)
Which is equivalent to eqs. (12-13) with
K
H, = 22 (30)
K K
E =42 o AL (31)
2 € 2

being the amplitudes of the wave components
in egs. (12-13) and n keeping its definition from
eq. (14). It is clear from the summation of eqgs. (25)
and (26), that both the radiation and the induction
fields of the dipoles are involved in producing the
uniform plane wave (whose amplitude does not de-
cay with distance). Thus, the radiating plane wave
is not a radiation field.

Discussion and Conclusion

According to the calculations of section Il, the
radiation field components of the dipoles compris-
ing the plane wave source do not solely make up
the fields that propagate; Parts of the magnetic in-

DOI: 10.35840/2631-5068/6533

duction field cancel parts of the magnetic radiation
field. Presumably, the electric field of the radiating
plane wave is composed of all three dipole fields
components.

The fact that all dipole field components are in-
volved in the plane wave is a consequence of the
infinite size of the source. To be in the far-field of
all of the dipoles together would require being an
infinite distance from the source.

Although a current source of infinite extent
is not practical, some reasonable approximate
plane-wave-generating devices have been con-
structed from multiple dipoles [4]. The primary
technical requirement is in the phasing of each di-
pole which makes up the sheet. Each dipole needs
to have an identical current, in both magnitude and
phase.

An alternate and simpler, but less pedagogical-
ly satisfying derivation of the plane wave from the
infinite current sheet, using d4 directly, is given in
Appendix B.

Finally, the calculation of the fields of an infinite
current source, as given in the body of this paper
and in Appendix B, is not commonly found in text-
books and probably should be, given that it illumi-
nates the nature of the seemingly understood defi-
nitions of radiation and radiating.
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Appendix

Appendix A: From spherical to cartesian

To convert eq. (7) from spherical to Cartesian, we begin with a redefining of

r— R=[F -7 (A1)
Where

F=xx+yp+zz (A2)
Fr=xx+yy+zZ (A3)

Which is depicted in Figure 2 for the infinite current sheet. Using eq. (A1) may rewrite eq. (7)
as

B= wdr sin6 Jk + Lz e_ij¢? (A4)
4r R R

Which is not longer necessarily centered at the spatial origin. The definition of ¢ and ¢ then must

be chosen so that they are the azimuth and zenith angles which lie between source and observation

coordinates during the integration. Those definitions give

Ja -2y (v -y

sin. = 2 2 > (AS)
\/(x X)) + (y-y) +(2-72)
¢ = — sin(¢)% + cos(¢)p (A6)
Where
sin(¢) = );_y = = Y ) (A7)
N B )
cos(¢) = X - X _xox (A8)

2 N2
Yo -2+ (v =) P
Substituting the above into eq. (A4) yields
E(x,y,z)zﬂﬁ[ﬂ_,_%}eﬂm Y-y )e_i_x-x); (A9)
4r Rl R R P D

Canceling terms and writing B as a differential in its induction and radiation components
we find

= ouldl'| 1| _, . N A ,
9B, = ?[F}e MR CEURSICEES] (A10)
5o pdl'y gk, . N ,
B = 40 [F}e HL=3(y-)) +3(x-x)] (A1)
Recalling the d_eﬁnition of R from above, we convert eq. (A10-A11) to
- 1dl' (e (v er) (22 ) N '
dB,, = ﬂ4ﬂ c = 2 = [-%(y-)) +9(x-x)] (A12)
G2+ (r=y) + (2-2)
~ pldl'|  jk e-f‘kJ(x )y y) (-2 R N ,
B, = - -y') + - A13
rad 47 (x _x,)z + (y _y,)z I (Z _Z,)z I: X(J’ Yy ) y(x X ):I ( )
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Appendix B: The infinite current sheet, magnetic vector potential, and plane wave
An infinite sheet of current is assumed, identical to that of section Il, and A is from eg. (6). The vector

potential, A, which by eq. (6) is the only component of A present, will be calculated in cylindrical
coordinates, where p is a radial distance fixed to the y-z plane, ¢ is the azimuth angle, and x is the

vertical dimension. The expression for A is then

A — "IIJOKZ L, /(27 !e]k
A=-2 47 Iopdp Io a9 ,,0'2 42 (B1)

in which L will be taken to infinity to cover the whole y-z plane. From the ¢ integration

A ﬂOKz .[L Id ’ eijkm
. = T pap ————
2 0 lpfz + )C2 (Bz)

Which leads to
4 = - ”02—122][@/"“”2 o] (83)
By eq. (5)
~ . 04 (B4)
B=- z

Y Oox

. OA, me g E

— :A - X
yax 4 2 JIE 4+ xP

As L is taken to infinity the first term on the right hand side goes to zero, leaving

+ e (B5)

In source-free space, Ampere’s law may be written in the frequency domain as
2
E="VxB (B7)
jo
Which results in only a component of E in the - Z -direction; namely
E-- E%TKZCe_ﬂ“ (88)

This approach to finding the plane wave from an infinite sheet of current is clearly more straightforward
than the procedures of section Il, but not nearly as pedagogically satisfying in terms of clarifying the
relative importance of individual field components in the generation of a uniform plane wave.
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