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Abstract

We demonstrate coherence amplification in off-diagonal density matrix elements for a
decoherence model for spin % particles with applied radio-frequency pulse without relaxation.
The method of coherence amplification developed may be of general utility in applications in
NMR/MRI.

Introduction

The manifestation of coherence phenomena is a hallmark of quantum mechanics, differentiating it
from classical phenomenon due to the property of superposition in quantum reality due to the linearity of
the Schroedinger equation [1-4].

Methods of possible amplification of coherence as quantitated by the absolute value of off-diagonal
density matrix elements, may be of use in applications such as quantum computing [5] and MRI tissue
contrast [6,7].

In the Letter, we develop a Possible Methodology of Coherence Enhancement. It is easily implemented
and may have value in Venues of NMR/MRI [8].

Formalism Development

We base our Treatment on the Following Expression often used in Formalism of Coherence [1,9].

dzt[t] = —I[H o, [t], PN = T2, L e [1,LH o [, AL1]] "

Here, p[t] is the time-dependent Density Matrix. I:IRF[t] is a Time Dependent Radio-Frequency
Hamiltonian, defined as:

H o [1]= 1w [f]+1.Aw[1] (2)

faa = x,z are Spin %2 Angular Momentum Operators [8] . The Radio-Frequency terms w,[¢] and Aw([¢]
are respectively, Amplitude and Frequency Offset Variable defined in Appendix I.
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k,T
T[poh] = BTTdeh (3)

Here, k, is Boltzmann’s Constant.

h is Temperature in Kelvins.

his Planck’s Constant Divided by 2 .

7, i1s @ Time Constant Characterizing the Decoherence.

For the Specific Cases Treated here, to Explore a Model of Coherence Enhancement Effects, we
specialize to the HS1 Adiabatic Pulse as detailed by Garwood, et al. [10] [see Appendix Il].

If one substitutes Eq (2) into Eq (1), one obtains after “straightforward but tedious algebra”:
AU _ 1t 11, AT+ Tl 10020 AT + AWl Al
7 reltls P Ty W[, PLEY + AW (L)1 plt]1
; (4)
2 w? (P[0 + w AWML AL, + 1 PIAL,))
Where:
W’ [t]= wh[1]+ Aw’[1] (5)
And:
1 is the 2 by 2 Identity Matrix.

For Clarity and Completeness, we Explicitly Define the Following Terms:

R Pultl  pltl
= 6
A (1021[1] pzz[t]) ©)

We adopt the Standard Definition of the Spin-1/2 Cartesian Spin Angular Momentum Operators
As:

~ 1~ 1 o~ 1
Il =—0c 1l =—0 I =—0 /a
X 2 X,y 2 v,z 2 z, ( )
> (O 1) > (0 _I) > (1 0) (7b)
G, = ,0, = ,0, = ;
A R A A | R B |

Where, Egs (7b) are the Pauli Matrices [9].

If one substitutes Egs (5,6,7a-b) into Eq (4) one finds after manipulations the following set of four first
order differential equations in time for the four matrix elements of the defined Density Matrix. We note
that the derived system of equations below were numerically verified versus Eq(9) below:

dp [l 1 1

DO D11 (11 )+ Tl )L O [l p D + WMo 11+ pleD) (82)
dt dt

Ll Anfe) e+ W Plt]= 2 )+ Tl 1 O a1 Pl D = 20711+ W AR, 11 Pl (8¢c)

dﬁz;;[t] - é(ZAW[t]pm[t] +wltl(pylt]l- o[t - Tz, ]%(Wzl[t](pﬂ[t] = Pt + 281 py, (1] w 1AW (o, [t] = s [2])) (Sd)

We note that for ease of manipulation and coding, one can rewrite Eqs (1) as:
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Figure 1a: oll[t,7 fr].

1.00

0.000s
0.0a00

Figure 1b: o12[t,7 f«].

Figure 1c: o21[t,7 f].

dst[t] = —I(H o [11p[1]- PLOVH o, [1]) + T[z'dph]%(ZﬁRF[t] PUH [t B2, (61000~ IO [E]) (9)

Using a Numerical Platform such as Mathematica [11] one can readily Numerically Solve the four
Differential equations Eqgs (8 a,b,c,d) to obtain the Time-Dependent Matrix Elements ot 7 =12.
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Figure 1d: 022[t,7 f].

Results

In Figure 1a, Figure 1b, Figure 1c and Figure 1d we see plotted the [¢,7,,] dependence in Three-
Dimensional Figures of the Four Density Matrix elements which are numerical solutions of Egs [8a,b,c,d].
We note that the density matrix elements are considered dimensionless [4,6,8,9]. One can readily see
there are Maxima at [0.002s,7,1.068] 7, = 1.0107s over the domain considered.

In Summary, the Key Results of this effort, is the finding of Maxima for the dependence of Density
Matrix element which indicate amplification of the coherences and populations for spin % nuclei which
are solutions of the system of Egs [8a,b,c,d] that incorporate Decoherence effects at [z, T4 - The system
of Eqgs [8] are to the knowledge of the author unique to the Magnetic Resonance literature.

Such Enhancement may prove to be of utility in Biomedical Applications in NMR/MRI, because the
spin angular momenta can be expressed as sums and differences of the spin-1/2 Density Matrix elements
which can be shown to exhibit pronounced amplification that are proportional to the Magnetization.
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Appendix I:
Definition of Adiabatic HS1 Pulse as defined by Garwood, et al. [10].

] = e Sech[mf—t 1]

P

An{r] =@, ~ A, Tanh[ (2]
p
w' = 710%™
Q,= 5000.0s~"
A, =710
tp is the Period of the Pulse.
f = ArcTan[0.01]
Appendix II:
Outline of Derivation of Egs [8 a,b,c,d].
We begin the development by restating Eq [4] of the Main Text:

—dﬁtm = L[ (11, AL+ Tz, Jou2 1 AL, + AW [ AL,
i All (1)

1 ~ A A A A A A
WP wIAWA AT +1A10E,)
We define the Following Terms:

o Pultl o plt]
p[t]_(lom[t] pzz[t]) AlG)

ix/A?[t]ix :l Pxlt] pz1[t]) Al (3)

4 p,lt]  pyltl
:l pultl  —pylt]
4 —p,[t]  pylt]

ix,b[l‘]iz :l(pm[t] _pzz[t]) All (5)

4 plt] —ppltl

1plel, ) All (4)

LA, =—( ) Al (6)

[ 11, ATy =5 W[ Aile)
All (8 a,b,c,d)

[ 11, A1) == WP 1= Aol

1,111, ALE1],, = %(mwmn[mwl[r]uszz[t]—ﬁn[r]))

[A e [1], A1),y = L H [, ALA),
If one substitutes Eqs All ( 2-8) into Eq All(1) one obtains Egs (8 a,b,c,d).
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