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Introduction
Mobile manipulators refer to robotic manipulator 

mounted on a mobile platform. Such systems combine the 
advantages of mobile platform and robotic manipulator 
and reduce their drawbacks. The mobile platform extends 
the arm’s workspace, whereas the manipulator offers much 
operational functionality. Applications for such systems 
could be found in mining, construction, forestry, planetary 
exploration, and military [1-3]. The path tracking prob-
lem of a mobile manipulator associated with its kinemat-
ics model has been widely treated in the literature in the 
last years. In [4], a generic scheme to solve the kinematic 
control problem of mobile manipulator is proposed when 
the operational motion is based on the additional task. In 
[5], a reduced velocity kinematics and velocity redundan-
cy schemes are presented in order to realize an operational 
task while optimizing criteria such as manipulability. In [6], 
a manipulability criterion is defined to deal with the kine-
matic redundancy of the system. In [7], a quadratic perfor-
mance index is proposed to achieve the repetitive motion 
control of mobile manipulators.

Abstract
The path-tracking problem of a wheeled mobile manipulator is addressed in this work. Instead of 
the classical kinematics model-based control commonly considered, the analysis of the problem is 
based on the dynamic model of the system. Borrowed from the rigid robot manipulator literature, the 
well-known computed torque control strategy is applied to control a wheeled mobile manipulator in 
the task space. It is shown that the considered strategy solves the problem assuring the closed loop 
stability of the system, allowing in this way the convergence of the tracking errors. The performance 
of the tracking strategy is evaluated by simulation, showing an acceptable performance.
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Most of the related work has concentrated on the ki-
nematic models excluding the dynamic effects. However, 
control of mobile manipulators considering the dynam-
ics of systems, is essential in many practical applications. 
For these reasons, much research has been carried out. 
In [8], nonlinear feedback control for the mobile ma-
nipulator was developed to compensate for the dynamic 
interaction between the mobile platform and the arm to 
achieve tracking performance. In [9], a control method 
based on an extended Jacobian transpose to compensate 
for dynamic interactions between the manipulator and 
base was developed. In [10], a Hybrid kinematics and 
dynamics analysis for a mobile manipulator was treated. 
In [11], we developed a model-based PD-like controller 
based on the dynamics of the mobile manipulator in or-
der to eliminate tracking errors. In [12], a robust con-
trol scheme is proposed for the joint space control of a 
nonholonomic mobile manipulator under uncertainties 
and external disturbances. Most of the above-mentioned 
controllers were designed in joint space. However, in 
practical applications, the end-effector of a robot is usu-
ally specified to fulfil some operations such as grinding, 
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painting, object grasping, etc. Consequently, it seems 
natural to develop task space control schemes. The works 
in [13-15] consider the end-effector tracking problem 
where the reference signals are given in the task space, 
but they consider a simple structure of mobile manipula-
tors. It is well-known that the computed torque control 
strategy has been considered to tackle the regulation and 
path tracking problems of many nonlinear systems such 
as flexible manipulators [16], omnidirectional mobile 
robot [17], etc. A computed torque control strategy to 
solve the path-tracking control of a complex structure of 
a mobile manipulator with three-link rigid manipulator 
in task space was not treated yet and will be proposed in 
this work.

The main contributions of this paper are as follows: 1) 
The considered mobile manipulator has a complex struc-
ture and operates in the three-dimensional task space. 2) 
The entire mobile manipulator is modeled as an integrat-
ed structure. 3) A simple computed torque control method 
in the task space is suggested for the tracking control of a 
kinematically redundant mobile manipulator. 4) The prob-
lem of redundancy is resolved using an extended approach 
where the velocity of the mobile base and the motion of the 
end-effector are simultaneously controlled.

This paper is organized as follows. We derive the kine-
matics and dynamics modeling for the three-link wheeled 
mobile manipulator in section 2. Section 3 presents the 
design of the proposed computed torque controller with 
stability analysis. Section 4 presents computer simulation 
results to illustrate the effectiveness of the proposed algo-
rithm. Conclusions are formulated in section 5.

Modeling of a Wheeled Mobile Manipulator
Considering the mobile manipulator as shown in 

Figure 1. The platform is actuated by two independently 
driving wheels with radius r . The two wheels are sepa-
rated by a distance of b2 . The manipulator is located at a 
distance d  from the driving wheels axis and constructed 
as a three-link spatial arm with servo motors attached at 
the joints. The link 1 can rotate around Z, and the links 
2 and 3 can rotate up and down. Let 1l , 2l  and 3l  denote 
the link lengths. 1r , 2r  and 3r  denote the distance be-
tween joint and the center mass of links. 0m , 1m , 2m , 

3m  and 0j , 1j , 2j , 3j  represent the masses and inertias 
of platform, link1, link2 and link3 respectively.

Kinematic modeling
Since the platform is driven by two independent 

wheels. The velocity constraint is nonholonomic, the 
kinematics equation can be written as follows:

sin( ) cos( ) = 0c cx yφ φ−  			           (1)

Where ϕ  is the heading angle of the platform, cx  and 
cy  are the coordinate of point C .

Select [ ]1 2 3 = T
c cq x y φ θ θ θ , the above 

equation can express as follow:

( )  = 0A q q 					             (2)

Where [ ]( ) = sin( ) cos( ) 0 0 0 0A q φ φ− , 
and according to the known matrix theory, there exists a 
full rank matrix )(qS  formed by a set of smooth and lin-
early independent vector fields spanning the null space 
of )(qA , i.e., ( ) ( )  = 0T TS q A q , as: 

         

Figure 1: Schematic of the Mobile platform with 3-link Manipulator.
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Path Tracking Problem
Suppose that the desired trajectory is described by 

dx , dx  and dx . In order to track the desired trajec-
tory, we have to design a computed-torque controller 

( ) = ( ( ), ( ))du t f x t x t  such that for the closed loop sys-
tem it is possible to assure the convergence of the track-
ing error  = de x x−  to zero.

Consider now the following controller originally pro-
posed in the robot manipulator field [11], expressed as:

( ) =  = ( ) ( , ) ( )T
d p dJ H q x K e K e C q q x G qτ τ− − − + + 

       (10)

Where dx  is the trajectory that is desired to follow 
and  = de x x−  represents the tracking error of the sys-
tem. pK  and dK  are respectively the proportional and 
derivatives gain matrices, which is also considered to be 
diagonal positive definite matrices.

Substituting the dynamic model in the operational 
space of the mobile manipulator (9), in the control law 
(10), the closed loop of the system is obtained as:

( )( ) ( , ) ( ) = ( ) ( , ) ( )d p dH q x K e K e C q q x G q H q x C q q x G q− − + + + +    

        (11)

After simple calculation, we have

( )( )  = 0p dH q e K e K e+ +

  			         (12)

Since matrix )(~ qH  is invertible, the stability of the er-
ror equation (12) can be analyzed in terms of the equiv-
alent equation,

 = 0p de K e K e+ +  				           (13)

Closed loop stability
The dynamics of the system (11) in closed-loop with 

the feedback (10) can be studied from the tracking error 
equation (13). For doing this, note that the origin 0=e  
is an equilibrium point for system (13) and consider the 
candidate Lyapunov function of the quadratic type of the 
form,

1 1( ) = ( . ) .
2 2

T T
p dV q e e e K K e e eε ε+ + +    		        (14)

It is a simple task to verify that the function )(qV  is 
positive definite for a sufficiently small constant 0ε .

In order to state the stability of the closed loop system 
(13) consider now the time derivative of the function 
(14), yielding,

( . ) .

( ) ( ) ( )

( ) ( )

T T T
p d

T T T
p d p d p d

T T T T T T
p d p d p d

T T T T
d d p d

T T
d d p d

V e e e K K e e e

e K e K e e K K e e K e K e

e K e e K e e K e e K e e K e e K e

e K e e K e e K e e K e

e K K e e K K e

ε ε

ε ε

ε ε ε

ε ε ε

ε ε

= + + +

= − − + + + − −

= − − + + − −

= − + − −

= − + − −



    

    

       

     

       

(15)

From where the asymptotic closed loop stability is 
stated for a sufficiently small ε .

 = ( )q S q ν 					             (3)

Where [ ]1 2 3 = T
R Lν ν ν ν ν ν       are the inde-

pendent velocity of the system.

The coordinate of the end-effector and the platform 
[ ] = T

E E E C Cx x y z x y  can be expressed in 
world frame as follows:

2 2 1 3 2 3 1

2 2 1 3 2 3 1

1 2 2 3 2 3

cos( ) cos( ) cos( ) cos( )
cos( )sin( ) cos( )sin( )

sin( ) sin( )

 = + + + + + 
 = + + + + +  = + + + 
 = 
 = 

E C

E C

E

C C

C C

x x l l
y y l l
z l l l
x x
y y

θ φ θ θ θ φ θ
θ φ θ θ θ φ θ

θ θ θ  (4)

The linear velocity of the end-effector and the plat-
form, [ ] = T

E E E C Cx x y z x y     can be found by 
differentiating the above equation (4) and can be ex-
pressed as:

 = .qx J q  					            (5)

Where qJ  is the jacobian matrix.

Finally, by substituting the relationship (4) into equa-
tion (5) we get the reduced matrix J  relating the task 
space to the independent joint rates as: 

 = ( . ).  = .qx J S Jν ν  				          (6)

Dynamic modeling
The dynamics of a mobile manipulator subject to 

nonholonomic constraints can be obtained using the La-
grangian approach in the following form [15]:

( ) ( , ) ( ) = ( ) ( )TH q q C q q q G q E q A qτ λ+ + −       (7)
66)( ×ℜ∈qH  is a symmetric and positive definite in-

ertia matrix, 66),( ×ℜ∈qqC   represents the matrix of cen-
tripetal and Coriolis forces term. 16)( ×ℜ∈qG  represents 
the vector of gravity term. 

61)( ×ℜ∈qA  is the constraint 
matrix. λ  is the Lagrange multiplier which denotes the 
vector of constraint force. 56)( ×ℜ∈qE  is the input trans-
formation matrix and 15×ℜ∈τ  is the vector of input tor-
ques.

Substitute equation (3) into (7), and eliminate λ , 
then we can obtain:

( ) ( , ) ( ) = H q C q q G qν ν τ+ +  		          (8)

Where  = TH S HS ,  = ( )TC S CS HS+ 

,  = TG S G , 
 = TS Eτ τ
Eq. (8) can be transformed further in the operational 

space using Eq. (6). The result is:

( ) ( , ) ( ) = H q x C q q x G q τ+ + 

    		          (9)

Where 1 = TH J HJ− −
 , 1 1 = ( )TC J C HJ J J− − −−  , 

 = TG J G−
 ,  = TJτ τ−


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Simulations Results
The experiments were developed under the MAT-

LAB simulation environment. The aim is to verify the 
effectiveness of the proposed algorithm on a three-link 
wheeled mobile manipulator (Figure 1). In the simula-
tion, we assume that the parameters of the system are:

 = 0.1r m ,  = 0.3b m ,  = 0.3d m , 1  = 0.5l m , 2  = 0.35l m , 
3  = 0.35l m , 1  = 0.25r m , 2  = 0.175r m , 3  = 0.175r m , 0  = 50m kg , 

1  = 4m kg , 
2  = 3.5m kg , 

3  = 3.5m kg , 2
0  = 1.417 .j kg m , 2

1  = 0.03 .j kg m , 
2

2  = 0.036 .j kg m , 2
3  = 0.036 .j kg m

The desired trajectory for the mobile manipulator has 

been chosen as follows:
0.2

1
 = 0.5

0.2
0.5

d
E
d
E
d
E
d
C
d
C

tx
y
z

tx
y

   
   
   
   
   
   

     

				          (16)

It consists of a straight line in (x-z) plane for the 
end-effector and a straight line in (x-y) plane for the plat-
form.

The time of the motion is 40 seconds and the initial po-
sition of the platform was equal to: ( (0), (0), (0)) = (0, 1, )

2
x y πφ −  

         

Figure 2: Mobile Manipulator tracking the desired trajectories.

         

Figure 3: The position tracking errors for the end effector in x, y and z coordinates.
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