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Introduction
Magnons confined in nanostructures display a variety of 

interesting phenomena, including a Bose-Einstein condensation 
(BEC) at a critical temperature, non-Arrhenius behavior of the 
magnetic aftereffect decay rate, and the shape of the magnetization 
behavior as a function of temperature.

Magnons are known to be the dominant factor to the magnetization 
dynamics in nanostructures. The thermal magnetic aftereffect 
provides a valuable measurement tool to probe specific relaxation 
processes caused by various mechanisms such as the crystallographic 
phase transition caused by distortion in the crystal lattice structure, 
defects, interstitials, and pinning. The energy barrier and chemical 
potential of magnons are known to be vital parameters that control 
this non-equilibrium process [1]. The barrier energy, also a function 
of applied magnetic field, increases greatly from the demagnetized 
state to the saturated state, while the chemical potential determines 
how many magnons are available; it is a function of the magnetic 
state and temperature and plays an important role in magnetic 
aftereffect predominantly in the demagnetized state. Variation in 
the magnon chemical potential produces anon-Arrhenius behavior 
of the temperature dependence of the magnetic aftereffect decay rate 
coefficient.

Recent research advances show a high potential for the 
development of novel micro and nano magnetic devices for sensor [2-
5] memory [6-8] and optical applications [9]. The physics of magnons 
and their interaction with various external stimuli (photons and 

Abstract
The chemical potential provides an in-depth insight into the temperature variation of magnons and other quantum 
mechanical features. Here we present a novel magneto-optical technique to measure the chemical potential of 
magnons influenced by photon-magnon interactions. Our result shows the required negative chemical potential 
of magnons of Co/Pd in quasi-equilibrium above the observed Bose-Einstein condensation phase-transition 
temperature. The technique generates a single curve, contrasting with multiple curves obtained in a non-
magneto-optical technique.

temperature) will lead to the development and realization of novel 
sensors, and quantum computing processors.

In this paper, we present a novel technique for measuring 
the chemical potential of confined magnons in a ferromagnetic 
nanostructured material. Below, we first describe the dependency 
between magnon population, chemical potential, and magnetization 
along with the theory and experiment of the magneto-optical Kerr 
effect (MOKE). We conclude with explanations of magnetization 
and MOKE experimental results and their relationship with chemical 
potential.

Chemical Potential of Magnons
Magnonsat temperatures below the temperature of magnetic 

ordering can be considered as a gas of weakly interacting bosons, 
having an integer spin value. When confined in a small nanoparticle 
e.g., an iron sphere with a diameter on the order of 1–10 nm, the 
allowed magnon wave vectors ik  are quantized, giving a discrete 
spectrum 2 2

i iE Jk a= with an energy gap 1 0gapE E E= −  between the 
lowest and next to lowest allowed states [10]. If the magnons are in 
equilibrium at temperature T, then the number in a state ‘i’ is given 
by the Bose-Einstein distribution function.

The electronic spin in this model reverses by creating or 
annihilating magnons. When the rate of creation of magnons is 
the almost the same as the annihilation rate, the magnetization of 
the system is almost constant with time. This static magnetization 
behavior of the system is in quasi-equilibrium since the population 
density of the various states is essentially constant in the measurement 
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time window, and thus can be determined using thermodynamic 
methods.

To find the most probable state, one has to add to the energy state 
a constant (Lagrange multiplier), namely the chemical potential ζ

. Since magnons are bosons, the Bose–Einstein distribution [11] in 
Equation (1-2) can be used to describe the population of magnons

( )/1 / 1i BE k T
iN e ζ−= −                (1)

Defining / Bk TB e ζ−= , equation (1) becomes
/1 / 1i BE k T

iN Be= −                (2)

Where Bk is the Boltzmann’s constant, N is the total number 
of magnons, and B is the fugacity. The chemical potential ζ  is zero 
below Bose-Einstein Condensation (BEC) temperature and negative 
above [12]. Since the energies iE  are usually taken to be positive, then 
as the temperature T increases, the statistics approach the classical 
statistics described by the Maxwell-Boltzmann distribution due 
to the fugacity component. In terms of magnon wavelengths, the 
classical limit arises when the typical wavelength is far smaller than 
the average distance between magnons, such that there is negligible 
overlap of their wave functions.

The low energy effective Hamiltonian for describing magnons in 
the presence of a magnetic field 0H  is given by [13]


0 ,
,

.n m B n z
n m n

H J S S g H Sµ= − −∑ ∑               (5)

, , ,ˆ ˆ ˆn n x n y n zS xS yS zS= + +                (6)

Where J is the exchange energy The spin components, , , ,, ,n x n y n zS S S
, are not independent, but are connected by the identity . ( 1),n nS S S S= +  
where S is the magnitude of spin projection vector. After applying 
Holstein-Primakoff transformation [14] to spin-wave variables, the 
Hamiltonian becomes
  

2
0 02 bilinear high orderH JNzS H NS H Hµ −= − − + +              (7)

 ˆbilinear k k
k

H n ω= ∑                (8)

2 2 2
0 0 0 0 02 2 2k JSk a H D k Hω µ µ= + = +                  (9)

where the bilinear term relates to the internal energy of unit 
volume of the magnon in thermal equilibrium at temperature T. 
The dispersion relation is expressed in kω . The higher-order term 
describes the magnon-magnon interactions and it may be neglected 
when the excitation is low.

Magnetization measurement is one of many ways to test whether 
the number of magnons is conserved at a given temperature. The 
saturation magnetization, SM  (T), at temperature T is defined by the 
magnetization in a field strong enough to align all the spins in the 
material at a given temperature T, but not so large as to suppress the 
generation of magnons by raising the energy barrier to the creation 
of a magnon greater than Bk T . It is assumed that the decrease in 
magnetization with increasing temperature is due to an increase in 
the number of magnons. Kittel [13] has shown that the total spin S 
for the whole system containing N spins is given in by the relation

 ˆz k k k
k k

S NS n NS b b+= − = −∑ ∑             (10)

Where  zS is the z-component of the spin operator and k kb b+  is the 
occupation number operator for the magnon state k Therefore, the 
saturation magnetization per unit volume is given as the



0 0( ) 2 (0) 2zS S k k
k

M T S M b bµ µ += = − ∑             (11)

Using the relation 3 31/ 8
i

d kπ=∑ ∫  and 
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1/ 1 n

n
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∞
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− = ∑ , the fractional 
decrease in magnetization, / SM M∆  at temperature T is derived [15] 
to be

( )
( )

( ) ( )
( )

3/2

3/2

3/2 /

3/2 3/2
1

0
0 0

2.612 , 
8 2

1 , 
8 2

B

S S

S S

B
BEC

n k T
B

BEC
n

M T M M T
M M

k T T T
S SJ

k T e T T
S SJ n

ζ

π

π

∞

=

∆ −
=

   <  
 = 

   >      
∑

                (12)

Where BECT the BEC threshold temperature and S is is the 
magnons spin value. As discussed in [15], the summation term is 
a correction to the 3/2T  law and accounts for BEC of magnons and 
negative chemical potential of magnons observed in some metallic 
ferromagnets.

Magnetization is known to be proportional to magneto-
optical parameters of magnetic materials. The next section in this 
letter provides background and experimental investigation of this 
relationship.

Magneto-Optical Kerr Effect
The magneto-optical Kerr effect, MOKE, describes a rotation 

change in the polarization plane of linearly polarized incident light 
reflected from the surface of a magnetic material. The rotation is 
directly related to the surface magnetization of the material [16]. 
Figure 1 depicts the context-level diagram of the Kerr effect.

As a linearly polarized light reflects from the surface of a 
magnetic material, it experiences the following [17]: (1) Rotation of 
the polarization plane, described by Kerr rotation angle kθ  (2) Phase 
difference between the electric field components perpendicular and 
parallel to the plane of the incident light as described by the Kerr 
ellipticity kε . These quantities make up the complex Kerr angle, kφ  
given as

k k kjφ θ ε= +               (13)

The MOKE effect can be observed in three configuration modes 
namely: polar, longitudinal, and transverse modes [18,19]. In polar 
and longitudinal Kerr effects, the reflected light experiences both 
Kerr rotation and Kerr ellipticity, while in transverse Kerr effect, the 
reflected light only experiences change in intensity. Recently, the 
two common experimental design setups for MOKE systems that 
measure the complex Kerr angle are the standard differential intensity 
and photoelastic modulation (PEM) designs [20,21]. Experiments 
reported in this letter utilized the PEM-based MOKE design.

Experiment

         

s-polarization

Reflected light

Incident light p-polarization

φK

Figure 1: Polarization of incident and reflected light depicting Kerr rotation 
effect in magnetic materials. The p-axis represents polarization in the plane 
of scattering and s-axis represents polarization perpendicular to the plane of 
scattering.
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A multilayer film with nominal composition (0.3 nm Co/1 nm 
Pd) [15] was grown (molecular beam epitaxy) on silicon dioxide 
substrate using electron beam evaporation and designed to exhibit 
large perpendicular magnetic anisotropy. Polar Kerr rotation kθ  
was examined on the sample at 632.8 nm with a low-temperature 
MOKE experimental system. The experimental system consists of an 
automated photoelastic modulator (PEM) based MOKE system and 
a closed cycle refrigeration system. Details of the experimental setup 
and procedures are described in [22]. The MOKE system measures 
the Kerr rotation kθ  and Kerr ellipticity Kε  from the detected fI  and 

2 fI  laser intensities which correspond to the fundamental frequency, 
1 f and 2 f  of the PEM modulation frequency. The Kerr rotation kθ  
and Kerr ellipticity Kε  are directly proportional to the detected fI  
and 2 fI  laser intensities respectively (as shown in Equations (14,15)). 
The data processing software on the computer computes the intensity 
ratios. The magneto-optical properties ( kθ  and Kε ) are directly 
proportional to the intensity and the coefficients in Equations (14,15) 
can be determined by calibration procedure in [21].

1 0/ 4 ( )f dc KI I AJ δ ε≈  ,                        (14)

( )2 2 0/ 4f dc KI I BJ δ θ≈                          (15)

The polar Kerr rotation angle kθ  of the Co/Pd sample was 
measured while sweeping the magnetic field (4.3 kOe to -4.3 kOe) 
from positive to negative saturation and back again to produce a 
hysteresis loop of kθ  versus applied magnetic field. The hysteresis 
loops at different sample temperatures (9 K to room temperature) 
were measured and recorded for data processing.

Results and Discussion
Measuring the chemical potential of magnons in a ferromagnetic 

material is important and aids to reflect the growth of the magnon 
density in the material. Objections that have been raised about the 
idea that an open system could have a nonzero chemical potential 
has been addressed in [1]. Work by Della Torre, et al. [23], addresses 
that there is a negative chemical potential of magnons, and that it 
can be determined from magnetic aftereffect experiments. A result 
discussed here presents an alternate method for determining the 
chemical potential.

Magnetization curves of a ferromagnetic nanostructured Co/
Pd multilayered film from the work by Nwokoye, et al. [24] shows 
a subtle upturn in magnetization around the vicinity of 35 ± 4 K. 
The measurement was performed with a low-temperature SQUID 
magnetometer. As shown in Figure 2, the data points fit two 3/2T  curves 
with different slopes (S1 and S2) that intersect at the upturn point that 

is attributed to the magnon BEC temperature. It is noticeable that 
S1 is lesser than S2 due to the contribution of the chemical potential 
of magnons at temperatures above the BEC temperature and agrees 
with the model prediction in Equation (12) (The physical explanation 
is presented in [15]). Also, Bennett, et al. [1] discusses that BEC 
is always in an open system and exhibits metastability that can be 
treated as a thermodynamic equilibrium for a finite time window. The 
observed upturn signature has also been recorded in some metallic 
ferromagnetic nanomaterials within the 10 to 50 K [25] and in some 
ladder compounds [26,27]. This observation reinforces the presence 
of a phase transition attributed to magnons BEC.

Thereafter, the recorded data from a MOKE experiment of the 
same sample exhibited a plateauing of the Kerr rotation angle kθ  
(at sample saturation) below 35 ± 3 K and decreases with higher 
temperatures. The Kerr rotation angle kθ  temperature response is 
depicted in Figure 3 [24]. This observation provides insight into the 
temperature variation of magnon-photon interactions in the Co/Pd 
material below and above the magnon BEC temperature.

After an in-depth review of the normalized Kerr rotation angle kθ  
temperature response, we noticed that the shape of the measured data 
best fits the response produced by the exponential function model

/
01 Bk TF A e ζ−= − ,             (16)

Where 0A  is a constant, Bk  is the Boltzmann’s constant, T is the 
temperature, and ζ  is the chemical potential. The exponential function 
sharply approaches unity below the magnon BEC temperature BECT  
at approximately 35 K. We iteratively adjusted constant values for 

0A  and ζ  to obtain a curve that best fits the measured data. The 
function describes how the measured normalized Kerr rotation angle 
depends on temperature, thus kθ  can be approximated by Equation 
(16) (i.e. K Fθ ≈ ). In order to investigate the temperature variation of 
the chemical potential, we performed a one-step transformation of 
Equation (16) to solve for ζ  to be

0

0,
ln( /1 ),

BEC

B K BEC

T T
k T A T T

ζ
θ

<
=  − >

            (17)

After plugging the kθ  measured data values for F (Equation (17), 
assuming 0 1 1K KA andθ θ< − < ), we find that the ζ  sharply approaches 
zero below the BECT  and varies linearly with temperature above BECT  
temperature.

The extracted chemical potential of confined magnons (shown in 
Figure 4) in the Co/Pd sample has a negative value with temperature 

         

Figure 2: SQUID measurement of Co/Pd multilayered film temperature 
response for saturation magnetization. With permission from Nwokoye, et al. 
[24]

         

Figure 3: Co/Pd thin film temperature response of normalized Kerr rotation 
angle kθ  at saturation field. The triangles represent the measured data 
normalized to approximately 0.31°. The dash line is from a curve fit employing 
Equation (16). Inset shows plot of measured data and curves of Equation 
16 with a range of constant values for 0A . With permission from Nwokoye, 
et al. [24]
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above the identified magnon BEC temperature. After obtaining the 
chemical potential variation with temperature, a clearer picture of 
the magnon-photon interactions is feasible. As the temperature 
decreases from room temperature, the increase in Kerr rotation angle 
(which is directly proportional to reflected laser intensity in Equation 
(15)) arises from an increase in magnetization (from Figure 2) and 
a decrease in absorption of incident laser. Hence, less population 
of excited magnons (high energy magnons) interacts with photons 
from incident laser. After the temperature drops below the magnon 
BEC temperature (35 ± 4 K), large amounts of the confined magnons 
begin to populate the lowest energy state and this causes the observe 
plateauing of the Kerr rotation angle as a result of less population of 
excited magnons.

Our findings provide analternative experimental technique, 
using Equation (17), for measuring the chemical potential of 
confined magnons in a ferromagnetic film via Kerr rotation angle 
measurement.

Conclusions
A new technique to measure the chemical potential of confined 

magnons in Co/Pd is reported. The Kerr rotation angle fits the 
response produced by an exponential function in Equation (16). The 
technique utilizes a one-step transformation process in Equation (17) 
of the Kerr rotation angle temperature response measurement from 
a MOKE system to extract the chemical potential. This produces a 
single curve which contrasts with the multiple curves obtained in 
the previous technique [23]. Results in Figure 4 shows the required 
negative chemical potential of magnons of Co/Pd in quasi-equilibrium 
for temperatures above the BEC temperature and a constant zero 
value for temperatures below the BEC temperature. Our finding is 
in agreement with the temperature variation of the negative chemical 
potential of magnons reported in previous research [1,28].
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