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ple and reliable method is the method based on using 
of the gravitational force field. The main objective of the 
most scenarios of the tether operating is control of its 
angular momentum, which defines modes of tether mo-
tion. Deployment of a tether at the expense of a jet force 
is less preferable, since it demands considerable fuel ex-
penditure, and complicates the system essentially.

The majority of known methods used for construc-
tion of control laws of a state of a space tether are based 
on attempts to match some control law, allowing solv-
ing the problem in view. Thus it appears more often that 
use of such a control leads to appearance of undesirable 
effects. So, Kissel’s law for deployment or law of expo-
nential deployment result in the tether deployment with 
alignment to a local vertical with appearance of essen-
tial longitudinal oscillations. The author reviews in [5] 
known to date laws of control applicable for the deploy-
ment mode and compares their merits and demerits.

The mode of the tether retrieval has its features. One of 
them is transition in rotational mode at a rapid reeling of 

Abstract
The object of this research is a space tether of two bodies connected by a flexible massless cable. 
The research objective is extension of developed by the author a novel approach to the building of 
the feed-forward control for the deployment mode of space tethers to the mode of their retrieval. 
It allows developing the feed-forward control of the tether length or tether tension that provides 
desired change of the angular momentum of the tether under the effect of the gravitational torque 
to the value, which corresponds to the magnitude of the tether angular momentum in the terminal 
state. The given example of application of the approach to the mode of tether retrieval demonstrates 
the simplicity of use of the method in practice.
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Introduction
The volume of publications devoted to research of 

various aspects of operation of space tethered systems 
(STS) is very large. In-depth analysis of potential STS 
applications is conducted in the Refs [1-3]. Among the 
problems concerned with the STS, a special case is the 
problem of retrieval of a tether connecting two space ob-
jects. A large number of publications are devoted to this 
problem. These publications differ by the physical model 
of the tether and character of the control.

Many of authors consider the problem of tether re-
trieval as somewhat opposite to the deployment problem 
[4]. On the other hand, both these modes of motion can 
be considered as a process of controlled change of the 
tether inertial properties for the purpose of putting the 
tether in the prescribed state. There are many various 
methods for deployment and retrieval of tethers. They 
can use means of both the propulsive force of thrusters, 
and gravitational and inertial forces. The tension of a 
tether may be used as a controlling force. The most sim-
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the model of the gravitational field. The position vec-
tor of the tether’s mass center CR



 may be easily de-
termined in the inertial frame of reference, if the orbit 
parameters and position of the tether’s mass center are 
known. Accordingly, the position vectors 1 2r , r 

 of the 
point masses with respect to the point C can be defined 
simply by their projections in the orbital frame of ref-
erence: 1 1 1 1r   { , , }or or orx y z=



, 2 2 2 2r   { , , }or or orx y z=


. Let 
us choose these projections together with their time de-
rivatives in the orbital frame of reference as the phase 
variables of the problem.

For simulation of the tether controlled motion in the 
mode of retrieval, the tethered system is modeled using 
the Hill-Clohessy-Wiltshire (HCW) equations (1) that 
describe the relative motion of the tip point masses with 
respect to the tether mass center [10].

Following the traditional derivation, assuming the 
circular orbit, and taking into account the tether tension, 
the HCW equations can be written as follows:

2
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Where (1), (2), (3)ri ri rie e e  are the direction cosines 
of the position vectors of the point masses in the orbital 
frame of reference, orω  is the angular velocity of a tether 
orbital motion, T is the cable tension, m  I are the mass of 
the end bodies. The phase variables of the problem are 
the projections of the position vectors 1 2r , r 

 on the axes 
of the orbital frame and their time derivatives. For clo-
sure of the system of twelve ordinary differential equa-

the cable. In [6] it is approved that the retrieval dynamics 
of the TSS are unstable and open loop retrieval by itself is 
not reasonably practical. Actually, it is not so, if to take into 
account the theorem of change of the angular momentum.

It is necessary to develop such a scenario of deploy-
ment or retrieval, which does not lead to undesirable 
consequences such as winding of a cable on the space-
craft body at fast retrieval of the tether.

The method developed by the author in [5] is more 
preferable from the point of view of maintenance of the 
desirable properties of terminal conditions of a teth-
er. The method is based on the solution of the inverse 
problem of mechanics under control of fulfillment of the 
theorem of change of the angular momentum of a tether 
under the effect of the gravitational torque.

Mathematical Model of System
Without loss of generality of the problem statement, 

one can choose two equal point masses connected by 
a flexible massless cable as the tether model. Neglecting 
the sizes of tip bodies is justified by the fact that motion 
modes, in which a cable can be wound up around tip 
bodies, are not considered here. Neglecting the mass of a 
cable is justified for tethers with a cable not conducting 
an electric current that are made of modern light materi-
als. Besides, the experience of the previous researches, in 
particular, the analysis of the results reported in [7,8], is 
that the controlled motion of continuum systems with the 
massive cable described by partial differential equations, 
practically does not differ from that of tethers whose mass 
is concentrated in the tip bodies. The difference in location 
of the center of gravity and center of mass of a tether can 
be neglected also, as the distance between these points is 
hardly more than 1 m, when the length of the tether dis-
posed along the local vertical is equal to 5 km [9]. As a 
result, one may consider that the mass center of the tether 
moves in a circular orbit around the Earth. We suppose 
also that the tether is aligned to the local vertical at the ini-
tial instant. Further, we will name the top body “body 1”.

For convenience of the further description of the 
tether dynamics, let us introduce the right-hand orbital 
frame of reference or or orCx y z  (Figure 1). In this coordi-
nate frame, the orCx  axis always points from the Earth’s 
center along the position vector of the tether mass center 
as it moves through the orbit, the orCz  axis is normal 
to the orbital plane, and the orCy  axis completes the 
right-handed orthogonal triad. Note that the orCx  and 

orCy  directions correspond to the in-plane motion, and 
orCz  direction corresponds to the out-of-plane motion. 

The pitch angle ϑ  defines deviation of the cable from 
the local vertical in the orbital plane. The roll angle ϕ  
estimates deviation of the cable from the orbital plane.

The central Newtonian field of forces is chosen as 

Figure 1: Orbital frame of reference.
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control is the following: the angular momentum of the 
tether changes during the deployment process under the 
influence of the gravitational torque to such a vectorial 
value, which corresponds to the angular momentum of 
the retrieved tether at the instant t = TF.

The simplest way for deriving the required control 
laws is to use the equation for the pitch motion of an in-
extensible tether that changes its length. If to follow Ref. 
[1] (p. 65), one can write this equation for the case of the 
tether motion in the orbital plane in the following form:

22( ) / 3( ) sin cos   0or orr rϑ ϑ ω ω ϑ ϑ+ + + = 

 ,   (4)

Where orω  is the value of the angular velocity of mo-
tion of the tether mass center in the Earth’s circular orbit; 

( )  ( ) / 2r t L t=  is half of the tether length. The equation 
(4) follows directly from the theorem of change of the 
angular momentum of mechanical systems in its differ-
ential form (3). One can obtain the scalar ODE of the 
first order with the corresponding initial condition after 
elementary transformations of Eq. (4):

( )
23( ) sin 2 2  
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= −
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, 0 0(0)    / 2r r L= = .    (5)

Its solution at known law ( )tϑ  has the form
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As long as the pitch angle begins to increase from zero 
at any shortening of the cable, we need to find such a law 

( )tϑ  that ( )FTϑ  must be less than / 2π  at the instant 
of termination of the retrieval mode. By analogy with the 
author’s work [5] we will search for this law in the form 
of a functional series of the seventh order

7
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Such an order of the functional series ensures ful-
fillment of constraints on the law of change of the pitch 
angle, which follow from conditions on boundaries of 
the time interval. We can find factors of this series from 
these conditions. The order of the series is determined by 
the number of the limitations imposed on the boundary 
conditions proceeding from physical reasons. For other 
problems the order can be different.

Obviously that at the initial instant of time for the 
problem under consideration the following conditions 
should be satisfied:

(0)  0ϑ = , (0)  0ϑ = .            (8)

The requirement to align the tether, for example, to 
the local horizontal at the end of a retrieval mode is sat-
isfied with conditions

( )  / 2FTϑ π= , ( )  0FTϑ = .           (9)

tions of the first order, one must know the expression for 
the tension force in the cable at each instant of time. This 
task will be considered later.

Scenario of Tether Retrieval
Let us consider a problem of retrieval of a tether that 

during the initial instant of time is aligned to a local ver-
tical and has equal masses. In this case 1 2    r r r= =

 

. If one begins to decrease the length of the cable, the 
tether starts rotation round the orCz  axis in the positive 
direction. The faster the cable length will decrease, the 
faster the tether will rotate. It follows from the theorem 
of the angular momentum change. This theorem may be 
written in the following integral form:

0

0K ( )  K ( ) m ( )
t

C C C

t

t t dτ τ= + ∫
 

 ,            (2)

or in the differential form
K ( ) m ( )=




C
Cd t t

dt
            (3)

Here K ( )C t


 is angular momentum of the tether, 
2 2m ( )  {0,0, 6 ( ) sin 2 }C ort m r ω ϑ= −

  is the gravitational 
torque, acting on the tether at its deflection from the local 
vertical in the orbital plain. As the gravitational torque 
cannot change the angular momentum of a tether in its 
orbital motion, it is possible to consider in this equation 
K ( )C t


 only as the angular momentum of the angular 
motion of a tether in the orbital plane together with the 
orbital frame of reference. Then one can write for motion 
in the orbital plane 2( )  {0,0,2 ( )}C orbK t m r ω ϑ= +



 .

As a result, tether can enter in a rotation mode in 
the orbital plane. If this tether consists of a large space-
craft and small probe deployed from it, the cable can be 
wound on the spacecraft body. In order to avoid such a 
situation, it is necessary to impose constraints on the law 
of change of the pitch angle ( )tϑ .

Taking into account that the disturbances, which can 
perturb a tether motion in the orbital plane, are absent in 
the considered problem formulation, we consider motion 
only in the orbital plane for description of the retrieval sce-
nario. We will use the full system of the equations of the 
tether space motion (1) for further numerical simulation. 
In a case of the plane motion, the position of the point mass 
m1 is defined by its distance r from the origin of the orbital 
frame of reference and by the pitch angle ϑ , which is mea-
sured in the orbital plane from the orCx  axis.

Now it is necessary to find such a control law r(t), 
which results in retrieval of the tether in the orbital plane 
from the initial length to some small length. At the same 
time, value of the pitch angle at the end of the mode of 
retrieval must be not greater than some   ( )=F FTϑ ϑ  
that make it possible to continue the retrieval further 
to its termination. The physical interpretation of such a 
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(0)  3 / 2( ) sin(2 (0))  0orϑ ω ϑ= − = .       (14)

The second of conditions (11) taking into account the 
second of conditions (9) allows one to obtain the follow-
ing constraint from (5):

( )  0FTϑ = .          (15)

At last, after time differentiation of Eq. (5) and using 
of already derived constraints on ( )tϑ , one can obtain 
the following constraints from the conditions (13):

2( )  0Tϑ = , ( )  0FTϑ = .         (16)

Thus, for determination of the programmed law of 
varying in time of the angle ϑ , allowing one to solve 
the problem in view, eight conditions (8), (9), (14) - (16) 
must be satisfied.

Now one can find the coefficients of the polynomial 
at ( )  1.45FTϑ = :

0 1 2 3  0;   0;      0;   0;c c c c= = = =

4 5
4 5  50.75 / ;      121.8 / ;F Fc T c T= = −                (17)

6 7
6 7  101.5 / ;      29.0 / . F Fc T c T= = −

The law r(t) obtained in accordance with the expres-
sion (6) depends on the law ( )tϑ , which in turn depends 
on duration of the retrieval mode TF, and the radius of 
the orbit of the tether mass center.

Numerical Example
Let us consider further practical realization of the 

proposed method of development of feed-forward con-
trol of the flexible two bodies’ space tether for the mode 
of its retrieval. The following values of parameters of the 
tether are chosen: The masses of the tip bodies are iden-
tical and are equal to 15 kg, the initial length of the tether 
is 6000 m, and the longitudinal stiffness of the cable is 
5000 N. The tether mass center moves in an orbit of ra-
dius 7000 km.

Let us show how to find the law r(t) that solves the 
problem in view. Calculating ( )tϑ  at different TF values, 
one can obtain the curves ( , )Ft Tϑ  shown in Figure 2.

Here curves show the laws ( )tϑ . Each line cor-
responds to some value of duration TF of the retrieval 
mode.

To estimate an acceptability of this or that law of pro-
grammed motion it is need knowing the law of change of 
the tether length. This law is easy to obtain, solving the 
Cauchy problem (3) for set of values TF at known laws 

( )tϑ .

As a result, we find the dependences that are shown 
in Figure 3.

But such a terminal condition of the tether is inappli-
cable owing to a number of reasons. First, a cable tension 
disappears at such a position of the tether because both tip 
bodies and the tether mass center are in one orbit. Second-
ly, the tether will be in a condition of unstable equilibrium 
in this case, but within the frames of the accepted model it 
will remain further motionless in orbital frame of reference, 
if the tether length will be constant. If further to continue 
shortening of the cable, the tether pitch angle will increase. 
In case of a tether deployed from massive station, it can lead 
to cable winding on the basic module. Therefore it is expe-
dient to choose as terminal value of the pitch angle a value 
that is less than / 2π . In a numerical example that is con-
sidered below, we choose this value equal to 1.45 rad. As a 
result, the gravitational torque starts to act on the tether at 

Ft T≥ . The tether enters in a mode of pendulous oscilla-
tions from which it will be easier to retrieve the cable finally.

The following conditions should be satisfied at re-
trieval of the tether from the full length L to the final 
length LF:

0(0)  L L= , ( )  F FL T L= .           (10)

The first of these conditions is fulfilled by the Cau-
chy problem solution as its initial condition. The second 
one will be used further for determination of a priori 
unknown instant of time of the retrieval termination TF. 
This value will permit to choose the suitable solution of 
the problem from the manifold of solutions obtained for 
various TF values.

Two more constraints follow from the condition that 
the length of the tether is constant at the points t = 0 and 
t = TF:

(0)  0L = , ( )  0FL T = .          (11)

Appearance of jerks of tension in a cable is inadmissi-
ble both at the initial, and at the final instant of retrieval. 
It can lead to rotation of tip bodies about their axes and 
to disappearance of the tension force. In turn, it leads to 
inadequacy of the used mathematical model. The condi-
tion of absence of jerks of tension on boundaries of the 
interval of retrieval leads to the following relations:

(0)  0L = , ( )  0FL T = .          (12)

It follows directly from the first of the equations of a 
tether motion in spherical co-ordinates [11] (motion in 
the orbital plane)

2 2 2 2  [( ) 3( ) cos ( ) ] 2or or or

a

TL L
m

ϑ ω ω ϑ ω= + + − − , (13)

which for both boundary points gives the direct de-
pendence ( )L t , in particular, on the tension force T.

Taking into account Eq. (11) one can obtain the fol-
lowing condition from Eq. (5):
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When the tether enters in the mode of pendulous 
oscillation under effect of the gravitational torque, the 
retrieval process may be completed using the same ap-
proach. In Figure 3 and Figure 4, one can see that the 
tether length decreases at first and then the tether must 
be deployed for satisfaction of the trajectory boundary 
conditions. The same trajectory at TF = 10,000 s corre-
sponds to monotonous decreasing of the tether length. 
As a result, one can study an alternative scenario of re-
trieval for small TF values. The process of retrieval may 
be stopped at the minimal tether length. Then the tether 
enters in a mode of pendulous oscillations under effect of 
the gravitational torque. The next stage of retrieval may 
start at the instant when the tether passes the local verti-
cal, when its angular momentum is minimal. For calcu-
lation of factors of the series (7) it is necessary to know 
the value of the angular rate of the tether at the instant 
of its passage through the vertical. This problem may be 
solved simply enough in the presence of the correspond-
ing measuring equipment and the onboard computer.

The retrieval process may continue in such a way. It 
may contain a number of stages.

Let us consider further behavior of the tether in the 
mode of retrieval at TF = 10,000 s. For numerical simula-
tion we will use the equations of HCW (1). If we choose 
the coordinates of tip bodies and their first time deriva-
tives as phase variables, we must introduce in the mod-
el the control of the system using the force of the tether 

Here one can see that character of the trajectory of 
the body 1, which at the initial instant was in the top 
position, terrifically depends on the retrieval duration. 
If to try to make the retrieval during 1000 s, the tether 
terminates this process with length 5026 m. Its angular 
momentum will be almost unchanging, the tether length 
also. If one will make retrieval process during 10,000 s, 
the tether length becomes at the end about 276 m. It is 
seen in Figure 3.

Figure 2: Programmed law for pitch angle during retrieval 
vs. retrieval duration and time.

Figure 3: Programmed trajectories of body 1 during retriev-
al vs. retrieval duration and time.

Figure 4: Programmed tether length vs. time and duration 
of retrieval.
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trajectory of the body 1 vs. time, we can determine the 
programmed law r(t), where ( )  ( ) / 2r t L t= . Now we can 
find the programmed law for tension force T(t) from the 
Eq. (13). Then we substitute this law in the Eq. (1) and 
solve the Cauchy problem using appropriate initial con-
dition. As a result, we obtain the trajectories of the tether 
tip bodies. These trajectories are shown in Figure 5 with 
the red and green lines.

Here one can see that change of length of the cable 
stops at the instant t = TF, and the tether enters in the 
mode of slow pendulous oscillations. The length of the 
tether is equal to 276 m now, and the period of oscilla-
tions with amplitude 1.45 rad is equal to 7540 seconds. 
The maximum value of the angular rate of the tether in 
the orbital frame of reference is equal to 0.001853 rad/s. 
Angular rate of the orbital motion is equal to 0.001078 
rad/s in the case under consideration. i.e. at the tether 
rotation in the direction opposite to rotation of the or-
bital frame of reference about the axis orCz , there are 
two instants of time when the tether moves translation-
ally. In view of small length of the tether, it is possible 
to retrieve completely the remained cable during a short 
interval of time (for example, 20 seconds) in a vicinity of 
these instants of time, without appearance of dangerous 
increases in the angular rate of the tether.

In Figure 6 one can see behavior of the pitch angle ϑ  
during retrieval. After completion of programmed con-
trol of the tether length at the instant t = TF, tether enters 
in the mode of pendulous (librational) oscillations.

In Figure 7, the tether length is shown vs. time during 
the retrieval mode. Small changes of length of the elastic 
cable in the mode of pendulous oscillations are not visi-
ble in the graph.

tension T, which can be calculated on each step of inte-
gration using the equation (13). One can obtain the value 
r(t) on each step of integration of the Cauchy problem 
(5). Its first time derivatives may be determined from (5) 
after substitution there the expression (7) for ( )tϑ  and its 
time derivatives. As a result, we obtain the expression for 
the tension force T(t), which may be used at numerical 
integration of the Cauchy problem for HCW equations 
with help of the Fortran package, written by the author.

The shape of the function ( )tϑ  is shown in Figure 2 
on the interval of time [0, ]ft T∈ . Such a law for ( )tϑ  has 
been chosen for finding of the programmed control of 
the length of the retrieved cable according to the solution 
(6) of the Cauchy problem (5). Trajectories of the tether 
tip body 1 in an orbital plane in the orbital frame of refer-
ence are shown in Figure 5. If we know the programmed 

Figure 5: Bodies trajectories during retrieval. Figure 6: Pitch angle ϑ  vs. time during retrieval.



• Page 7 of 8 •Zakrzhevskii. Int J Astronaut Aeronautical Eng 2018, 3:013

Citation: Zakrzhevskii AE (2018) Feed-Forward Control for Retrieval Mode of Space Tethered Systems. Int J Astronaut 
Aeronautical Eng 3:013

ISSN: 2631-5009 |

law of r(t) change. In turn, ( )  /pr t T r EF∆ =  is elonga-
tion of the tether in compliance with Hook’s law. There-
fore, considering quasistatic character of the retrieval 
mode, it is necessary to calculate Т taking into account 
this fact and to introduce the correction in calculation of 
the programmed law ( )  ( ) ( ).p pr t r t r t= − ∆  In the capaci-
ty of a current value ( )r t∆  it is quite admissible to use its 
value calculated on the previous step of integration. Then 
the tension force may be calculated taking into account 
the corrected value ( )pr t .

Conclusions
Summing up, it is possible to say that a new approach to 

the control of tethers deployment is extended on the solu-
tion of the problem of retrieval of an elastic two bodies space 
tether in a circular orbit. This approach is based on use of 
the theorem on change of the angular momentum. From 
the physical point of view, the purposeful change of the an-
gular momentum of a tether at the expense of its interaction 
with the Earth’s gravitational field is proposed, allowing one 
to satisfy a number of additional requirements to quality of 
the dynamic processes in the flexible space system. From 
the point of view of the control theory, the method of con-
struction of the feed-forward control of the tether length is 
developed, allowing one to retrieve an elastic tether of two 
bodies from its initial state without excitation of longitudi-
nal oscillations because the developed control law is very 
smooth in time and does not contain the elements, which 
can cause such oscillations. The tether length decreases here 
changing the tether pitch angle under the law presented by 
the polynomial of the seventh order. Factors of this polyno-
mial are defined from the physical reasons, which provide 
the prescribed quality of the tether retrieval, in particular, 
absence of longitudinal oscillations of the tether. The giv-
en example of application of the developed approach to a 
mode of retrieval of a particular tether demonstrates the 
simplicity of use of the method in practice.
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The programmed tether tension, which ensures 
motion of the tether tip bodies on the prescribed pro-
grammed trajectories, is shown in Figure 8. It is shown 
here that the value of the tension force grows as com-
pared with the equilibrium state at the beginning of the 
retrieval mode. It is necessary for overcoming the inertia 
force. The force of tension is very small at the end of re-
trieval because of small length of the tether. Small chang-
es of the cable tension in the mode of pendulous oscilla-
tions are not visible in the graph.

For taking into account elasticity of the tether, the 
correction has been introduced into the computing pro-
gram for calculating of the tension force. Really, for the 
flexible tether distance from the point C to the tip body is 
equal ( )  ( ) ( ).pr t r t r t= + ∆  Here rp(t) is the programmed 

Figure 7: Tether length L vs. time during retrieval.

Figure 8: Angle and angular velocity of tether libration vs. 
time during two stages.
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