
R
es

ea
rc

h 
A

rt
ic

le
: O

pe
n 

A
cc

es
s

Djojodihardjo. Int J Astronaut Aeronautical Eng 2018, 3:017

International Journal of

Astronautics and 
Aeronautical EngineeringVIBGYOR

Copyright: © 2018 Djojodihardjo H. This is an open-access article distributed under the terms of the Creative Commons Attribution 
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original author and source 
are credited.

*Corresponding author: Harijono Djojodihardjo, The Institute for the Advancement of Aerospace Science and 
Technology, Jakarta, Indonesia
Accepted: Augsut 11, 2018: Published: Augsut 13, 2018

Citation: Djojodihardjo H (2018) An Assessment of a Linear Aerodynamic Modeling of a Generic Flapping Wing Ornithopter. 
Int J Astronaut Aeronautical Eng 3:017

An Assessment of a Linear Aerodynamic Modeling of a 
Generic Flapping Wing Ornithopter
Harijono Djojodihardjo*

The Institute for the Advancement of Aerospace Science and Technology, Jakarta, Indonesia

ing (heaving) rate; k: Reduced Frequency, as defined 

by       
2

c bk t
U U

ω ω ω= = = , L: Total Lift; Lfore: Lift Force of 

Fore-Wing; LE: Leading Edge; LEV: Leading Edge Vor-
tex; m: Mass, Wing or Body (as elaborated in the corre-
sponding text); Q: vertical velocity at ¾-chord point; s: 

Dimensionless Distance as Defined by 2    Ut Uts
c b

= = ; 

t: Time; S: Strouhal Number; T: Total Thrust; TE: Trail-
ing Edge; TEV: Trailing Edge Vortex; U: Flight Velocity; 
V: Relative Velocity at Quarter Chord Point; Vx: Flow 
Speed Tangential to Section; Vrel: Relative Velocity at 
¾-Chord Point; Vi: Induced Velocity; w: Vertical Veloc-
ity: Usinα; w0: Downwash Velocity at ¾-Chord Point; y: 
Spanwise Coordinate in the Body Coordinate Frame of 
Reference.

Abstract
A comprehensive linearized aerodynamic approach is elaborated to summarize the author and co-
workers effort to model flapping bi- and quad-wing ornithopter in producing lift and thrust for forward 
flight. The objective of the modeling is to assess the extent of linearized aerodynamic approach 
in mimicking mid-sized flapping Biosystems like bats and birds. Viscous effect and leading-edge 
suction is utilized in the basic Unsteady Aerodynamic Approach. Analysis is carried out by differen-
tiating the pitching and flapping motion phase-lag and studying its respective contributions to the 
flight forces. Observation based heuristic modeling of Leading Edge Vortex is developed to study its 
influence on Lift and Thrust. The influence of the Strouhal number on the propulsion generation is 
also simulated and studied. Encouraging results are discussed in comparison with existing models 
in the literature, with a view to gain insight in developing a practical ornithopter model. The objec-
tives and contributions of this work are to present and asses the merit of a simple approach based 
on first principles in revealing particular characteristics, and to investigate some critical and relevant 
characteristics that could be tackled with a simple approach.

Keywords
Bi-wing ornithopter, Flapping wing aerodynamics, Flapping wing ornithopter, Micro air vehicle, Quad-
wing ornithopter

Nomenclature
A: Area also Amplitude (depending on context); 

AR: Aspect Ratio; B: Semi-wingspan; b: Semi-Chord; 
c: chord; C(k): Theodorsen Function; C(k)jones : Jones 
Modified Theodorsen Function; Cdf : Drag Coefficient 
due to Skin Friction; Cn: Normal Force Coefficient (as 
defined in eq.(4)); d: Distance Between First Quarter of 
Fore-Wing and Third Quarter of Hind-Wing; dDcamber: 
Sectional Force due to Camber; dDf: Sectional Friction 
Drag; dFx: Sectional Chordwise Force; dL: Sectional Lift; 
dy: Width of Sectional Strip Under Consideration; dN: 
Sectional Total Normal Force; dNc : Sectional Circulato-
ry Normal Force; dNnc: Sectional Apparent Mass Effect; 
dT: Sectional Thrust; dTs: Leading Edge Suction Force; 
F(k): Theodorsen Function Real Component; G(k): 
Theodorsen function imaginary component; h : plung-
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The work does not involve the development of vis-
cous flow based CFD or fluid dynamic approach nor uti-
lize commercially developed one, with more meticulous 
considerations of in-depth critical factors (with higher 
sophistication and fidelity). In short, the work was in-
spired by DeLaurier straight forward approach [2], and 
was based on the use of basic fluid dynamic principles 
like aerodynamic strip theory, Theodorsen unsteady 
aerodynamics, and derived empirical formula for three 
dimensionality and viscous effects. A posteriori assess-
ment will elaborate the limitation of the work, and ways 
(using similar philosophy) for further development. To 
some extent, the work represents a propaedeutic, heuris-
tic and surrogate approach.

Through a priori meticulous assumptions and sound 
application of first principles, the approach should be 
capable to reveal pertinent features of the physical phe-
nomena to a favorable extent. A posteriori assessment of 
such approach would judge the extent of its applicabili-
ty. Since the true flight system is so complicated, the ap-
proach involves approximations which may not be trac-
table using first principles in their simple forms.

However, when the analysis is confined to free flight 
and make use of the most reliable flight data available, 
the task will be more manageable, since it is possible to 
introduce simple corrections [1].

Another main objective is representation of flapping 
ornithopter principle for forward flight. To tackle hover-
ing case, additional approach is summarized in an Ap-
pendix. Other more involved phenomena, such as LEV 
and TEV, will be approached by physically reasonable 
heuristic modeling. Since the focus of the present work 
is on medium-sized bird like ornithopter and is intended 
to cover and imitate the flapping-wing forward flight of 
birds, and not insects, clap and fling phenomena, which 
is more pronounced in insects and hummingbird, is not 
addressed at this stage. Quad-wing is dealt with as an 
extension of the approach developed. Though machines 
may differ in form, the present approach is intended for 
the design of MAV in the order of scale as flying medi-
um-sized birds, as schematically depicted in Figure 1. For 
the study, a baseline 15 cm semispan bi-wing configura-
tion has been adopted, somewhat in the order of a dove. 
However, for other specific cases, other dimensions have 
been adopted, as elaborated in the manuscript in appro-
priate places.

A generic approach is followed to understand and 
mimic the unsteady aerodynamics of biosystem that can 
be adopted in a simple and workable Bi- (BWMAV) and 
Quad-Wing Micro Air Vehicle (QWMAV) model. Fig-
ure 2 and Figure 3 exhibit biosystems, in particular an 
eagle and a dragonfly, which will be mimicked in mod-
eling the geometry of simple flapping baseline bi- and 

Greek Symbols
α: Angle of Attack; Angle Between Wind Velocity 

and Wing Chordline (or longitudinal body axis; as appli-
cable by context); α': Flow's Relative Angle of Attack at 
Three-Quarter Chord Point; α0: Zero-Lift Angle; rel: Rel-
ative Angle of Attack; Angle Between Relative Velocity 
Vrel and Wing Chordline (or longitudinal body axis; as 
applicable by context); α: Relative Angle of Attack; αThe-

odorsen: Phase Angle of Theodorsen Function, Defined by 
eq. (17); β: Flapping Angle; β0: Amplitude (Maximum) of 
Flapping Angle; Γ: Circulation; γf: Flexibility Factor; γf: 1 
Refers to a Rigid Wing; θ: Pitching Angle; θ0: Amplitude 
(Maximum) of Pitching Angle; θhindwing: Effective Pitch-
ing Angle of Hind-Wing; θf: Angle of Flapping Axis with 
Respect to Flight Velocity (incidence angle); θfp: Mean 
Pitch Angle of Chord with Respect to Flapping Axis; θp: 
Pitch Angle of Chord with Respect to Flapping Axis; θfp 
= θf + θp : The Sum of the Flapping Axis Angle with Re-
spect to Flight Velocity and the Mean Angle of the Chord 
Line with Respect to the Flapping Axis; φ: Phase Angle 
Between Pitching and Flapping Angle; ηs: Efficiency Co-
efficient; ω: Flapping Frequency; ρ: Air Density

Subscripts and Symbols
Mid-Chord: Referring to Values at Mid-Chord; [ ]−



: 
Time Derivative of [ ]− .

Introduction
The present work comprehensively summarizes a se-

ries of work that have been carried out by the author and 
co-workers in utilizing a generic approach to model the 
kinematics and aerodynamics of flapping wing ornitho-
pter using first principles and linearized aerodynamics, 
and by focusing on a flapping bi-wing and quad-wing or-
nithopter in producing lift and thrust in forward flight. 
With its simplicity of approach, certainly it cannot re-
place the hosts of more sophisticated computational and 
experimental approaches that have meticulously taken 
many critical aspects of the flapping wing phenomena. 
Rather, the emphasis, referring to Weis-Fogh [1], has 
been placed on simplicity in the approach for quick esti-
mate. The objectives and contributions of this work are 
(i) To present and asses a simple approach which are 
based on first principles, translated into in house com-
putational programs that should be capable of revealing 
particular characteristics, for conceptual design tool and 
establishing a simple and workable model. (ii) To review 
and establish a baseline of the state of the art based on 
the wealth of literature to date as a check points. (iii) 
To summarize some critical and relevant characteris-
tics, and identify which of these could be tackled with 
a simple approach, and which cannot. (iv) To assess the 
usefulness and limitations of the approach, which will be 
useful for further elaborate approach.

http://vibgyorpublishers.org/content/ijaae/ijaae-3-017-appendix.doc
http://vibgyorpublishers.org/content/ijaae/ijaae-3-017-appendix.doc
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series of approach to some extent follow the linearized 
approach of DeLaurier [2], who has made the first suc-
cessful attempts to develop birdlike flapping flight. Com-
prehensive account on flapping wing biosystems that has 
been given among others by Weis-Fogh [1], Ellington 
[4-6], Ho, et al. [7], Shyy, et al. [8,9], Dickinson, et al. 
[10], Żbikowski [11] and Ansari, et al. [12] will be taken 
into account in developing the linearized computation-
al model. Although the present interest in developing a 
mathematical and experimental model is on more or less 
rigid bi- and quad-wing ornithopter, relevant aspects of 

quad-wing ornithopter configuration, respectively. The 
geometries of both systems studied are depicted in Fig-
ure 2, bottom-right, for the biwing flapping ornithopter 
and Figure 3b for the quadwing ornithopter, with the 
size of a midsized bird.

To assess the applicability of the linear aerodynamic 
modeling elaborated in the present work, the governing 
basic equations will be elaborated in the subsequent sec-
tions. In addition, parametric study will be utilized to 
gain further insight to this end.

The computational procedure utilized in the present 

Figure 1: Reynolds number range of flying biosystems and vehicles.

Figure 2: A generic semi-elliptical ornithopter wing planform adopted from eagle-wing planform.
Top: Frontal view of an eagle; Left: Top view; Right: Baseline model.
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proximation [2]. Three dimensional effects are intro-
duced by using Scherer’s modified Theodorsen-Jones 
Lift Deficiency Factor [18], in addition to the Theodors-
en unsteady aerodynamics [19] and its three dimension-
al version by Jones [20]. Garrick’s leading edge suction 
[21] is also incorporated.

Certain physical parameters that can be identified via 
observations and established results of various research-
ers are also considered, as appropriate, in the computa-
tional model. Flapping wing unsteady aerodynamics us-
ing a modified strip theory approach is synthesized with 
and without post-stall behavior. Figure 4 summarizes the 
Flow-Chart of the computational logic.

The results obtained by Djojodihardjo and Ramli 
[22-24] and Djojodihardjo and Bari [25,26] in analyzing 
the wing flapping motion by looking into the individual 
contribution of the pitching, flapping and coupled pitch-
ing-flapping to the generation of the aerodynamic forces 
will be further elaborated through further scrutiny of the 
motion elements. Three distinct flapping motion of the 
wing can be distinguished; these are: a) Flapping, which 
is up and down plunging motion of the wing; b) Feath-
ering is the pitching motion of wing and can vary along 
the span; c) Lead-lag (or fore-and-aft oscillation), which 
is in-plane lateral movement of wing, as exhibited in Fig-
ure 5. In addition, further analysis in the present work is 
carried out to study the phase lag between pitching and 
flapping motion, which should be differentiated with the 
fore-and-aft movement of the wing along its mean plane.

The degree of freedom of the motion is also depicted 

insect and hummingbirds may also be taken into consid-
erations as appropriate.

The development of flapping wing modeling and 
simulation is first applied to flapping bi-wing designs for 
forward flight. Using similar scheme, the forward flight 
of quad-wing will be simulated also. At this point, it is of 
interest to note that the dragonfly has the capability to 
shift flight modes from forward, backward, sideways and 
hover by simply varying the phase lag between its fore 
and hind wings Maybury and Lehmann [13]. Wing flex-
ibility is also elaborated utilizing the present linearized 
approach in later sections.

Theoretical Modeling of the Generic Aerody-
namics of Flapping Wings

The theoretical modeling of the Generic Aerody-
namics of Flapping Wings follows the Quasi-steady and 
unsteady model analytical approaches which have been 
carefully developed and applied in order to deal with 
the aerodynamic problem. Following DeLaurier [2], the 
flapping flight can basically be classified into two cate-
gories; (1) The quasi-steady model where unsteady wake 
effects are ignored, and (2) The unsteady aerodynamic 
model by modelling the wake. Accordingly, the present 
aerodynamic approach is synthesized using the generic 
contributions of the motion elements of the biosyste-
ms’ bi-wing and quad-wing basic characteristics, which 
comprise the strip theory and thin wing aerodynamic 
approach (DeLaurier [2], Theodorsen [14], Kuethe and 
Chow [15]. Leading edge suction is included following 
the analysis of Polhamus [16,17] and DeLaurier’s ap-

 
(a)

                                                    

(b)                                           (c)

 

                  
(d)                                                                                 (e)

Figure 3: a) Dragon fly as a quad-wing ornithopter; b) A Computational model for a quad-wing ornithopter; c) Proposed exper-
imental model for a quad-wing ornithopter; d,e) Upstroke and downstroke motion of a dragonfly [3].
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are introduced by using Scherer’s modified Theodors-
en-Jones Lift Deficiency Factor [27]. The bound circu-
lation, following Multhopp approach (Multhopp [28]), 
is located at the quarter-chord line and the downwash is 
calculated at the three-quarter-chord line for each strip 
(as first elaborated by Pistolesi [29]).

For the sake of completeness, the angle θfp is defined 
here to allow the possibilities that the mean pitch angle 
of chord with respect to flapping axis is not zero, while 
the angle of flapping axis with respect to the flight ve-
locity (incidence angle) is defined as θf. Without loss of 
generalities, no linear variation of the wing’s dynamic 
twist is assumed, so that θfp, mean pitch angle of chord 
with respect to flapping axis , can be simply assumed to 
be equal to θf, angle of flapping axis with respect to flight 
velocity (incidence angle) throughout the present work, 
since θfp = θf + θp, where

θf = Angle of flapping axis with respect to flight veloc-
ity (incidence angle)

θfp = Mean pitch angle of chord with respect to flap-

in Figure 5. The flapping angle β and pitching angle θ 
vary as a cosine function, as given by the following equa-
tions.

0  cos( )tβ β ω=             (1)

0( )  cos( ) fpt tθ θ ω φ θ= + +                                         (2)

Here θ0 and βo represent the amplitude for pitching 
and flapping angle respectively, ϕ represents the lag angle 
between pitching and flapping and y is spanwise distance 
along the wing. The sum of the flapping axis angle with 
respect to flight velocity (incidence angle) and the mean 
angle of the chord line with respect to the flapping axis 
is denoted by θfp. As a baseline, semi-elliptical planform 
wing has been utilized. By referring to Eq. (1) and Eq. 
(2), β and θ is considered to oscillate following a cosine 
function by default and also, the scheme indicates that 
these motions start from their maximum values. A dif-
ferent scheme, however, can be adopted, by introducing 
phase lag to this oscillatory motion. Leading edge suction 
is included following the analysis of Garrick [21] and De-
Laurier’s approximation [2]. Three dimensional effects 

Figure 4: Ornithopter flapping wing aerodynamics computational scheme.
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three-quarter chord point which is used for the calcu-
lation of the aerodynamic forces can be established. The 
three quarter chord theorem was first derived by Pistole-
si [29] for the properties of the bound vortices on a wing 
of infinite aspect ratio. It states that, concentrating the 
lift at the quarter-chord line, the downwash produced by 
it at the three-quarter chord line is the same as that pro-
duced by the flat-plate vortex distribution, equation (7), 
which is constant along the chord.

The relative angle of attack at three-quarter chord, α, 
is then given by

( ) ( )3cos
4  

f fph c U

U

θ θ θ θ θ
α

 − + + − 
 =

 

                                       (7) 

and α is a periodic function of time

  i tAe ωα =                                                                                          (8)

Where A is its amplitude and which is schematically 
elaborated in Figure 6.

The modified Theodorsen Lift Deficiency function 
for finite aspect ratio wing is given by Jones [30]. Anoth-
er derivation for unsteady forces for finite aspect ratio 
wing carried out by Scherer [28]. He arrived at a similar 
form to the Theodorsen two-dimensional case, and his 
expression is utilized here for convenience; it takes the 
following form

ping axis

θp = Pitch angle of chord with respect to flapping axis

Furthermore, if the flapping is assumed to be coinci-
dent with the direction of motion, both values reduce to 
zero. In principle, using the principle of superposition 
in linearized aerodynamics, additional requirements can 
readily be added.

The vertical and horizontal components of the resul-
tant force produced by the wing are the lift, thrust and 
drag.

Then the total normal force acting perpendicularly to 
the chord line and given by

  c ncdN dN dN= +             (3)

The circulatory normal force for each section acts at 
the quarter chord and also perpendicular to the chord 
line is given by

  ( )
2c n
UVdN C y cdyρ

=
                                                            

(4)

2
  

4nc mid chord
cdN V dyρπ

−= 

                                                       
(5)

Where
1  
4mid chordV U cα θ− = − 



                                                             
(6)

Using these relationships, the relative velocity at 

Figure 5: a) System of forces on a wing section; b) Flapping, Pitching and Lead-lag motion and axes; c, d) β angle of the 
flapping motion of the flapping wing.
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( )  cos sini twe w ks i ksω = +          (14)

Combining (10) and (13), one obtains:

( )( )  ( ) ( ) cos sinL c Uw F k iG k ks i ksπ ρ= + +          (15)

Note that   

( ) ( )
1

2 2 2( )     ( ) ( )   ( ) ( )C k k F k iG k F k G k≡ = + = +C       (16)

Where the imaginary value of Eq. (15) is the lift:
1 ( ) = tan

( )Theodorsen
G k
F k

α −

                       
(17)

( )( )  ( ) cos   cosTheodorsen TheodorsenF k C k kα α= = C       (18)

( )  ( ) sin TheodorsenG k C k α=                                     (19)

After some algebraic manipulation, Eq. (15) reduces to 

( )
( ) cos( ) cos ( )sin( )sin

  .
( ) cos( )sin sin( ) cos

Theodorsen Theodorsen

Theodorsen Theodorsen

k ks k ks
L c Uw I P

i k ks ks
α α

π ρ
α α

− 
= ⋅  + + 

C C
C   (20)

and the Imaginary Parts (I.P) of the above equation is 

( )( ) cos( )sin sin( )cosTheodorsen Theodorsenk ks ks+C α α  

or ( )( )sin + αC Theodorsenk ks           (21)

Therefore, for each chordwise strip along the wing 
span:

( )
1

2 2 12 ( )  ( ) ( ) sin tan
( )

G kL c Uw F k G k ks
F k

π ρ −  
= + +  

  
  (22)

( )( )   
2jones

AR C kC k
AR

=
+

                                                   (9) 

Where
( )  ( ) ( )C k F k iG k= +                                                    (10)

C(k), F(k) and G(k) relate to the well-known Theo-
dorsen function [14,30] which are functions of reduced 
frequency, k. Following the methodological philosophy 
of Theodorsen [14] and Garrick [31] classical unsteady 
aerodynamics, the unsteady lift (2D or per unit span) is 
expressed as

  ( )L c UC k Qπ ρ=            (11)

Where Q is given by i tQ we ω= . Then, substitution Q 
into eq. (11) gives

( )  ( ) i tL c UC k we ωπ ρ=          (12)

The convenience of the Complex Analysis of Theodors-
en is exemplified by Garrick [31] by associating the imag-
inary part of (11) and (12) with the lift [31]. The details 

are elaborated for the sake of completeness. The reduced 

frequency is defined as 
2

ck
U

ω
= , or 2

2
c Utt ks

U c
ωω = ⋅ =  

where ts
k

ω
= . Assuming sinusoidal motion

( )  cos sini twe w t i tω ω ω= +          (13)

or

Figure 6: Schematic diagram of  flapping and pitching components of induced velocities at ¾ chord.
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1  2 '
4 2s s fp

c UVdT cdy
U
θ ρπη α θ

 
= + − 

 

         (31)

and the chordwise force due to camber and friction is 
respectively given by [2]:

  2 ( )  
2camber o fp
UVdD cdyρπα α θ′= − +

        
(32)

21  
2 ff x ddD V C cdyρ=           (33)

To account for viscosity effects, the efficiency term ηs 
is introduced for the leading edge suction dTs.

The resulting vertical and horizontal components of 
the forces at each strip dy, which are perpendicular and 
parallel to the free-stream velocity, respectively is then 
given by

  cos sinxdL dN dFθ θ= +           (34) 

  cos sinxdT dF dNθ θ= −           (35)

To obtain a three dimensional lift and thrust for each 
wing, these expressions should be integrated along the 
span; hence

0

  
b

L dLdy= ∫             (36)

0

  
b

T dTdy= ∫            (37)

For this particular case, numerical computations are 
performed using the following wing geometry and pa-
rameters: the wing of 40 cm, aspect ratio of 6.36, flapping 
frequency of 7 Hz, total flapping angle of 60°, forward 
speed of 6 m/s, maximum pitching angle of 20°, inci-
dence angle of 6° and there is no wing dihedral angle. 
In the calculation, both the pitching and flapping mo-
tions are in cosine function by default, which is subject to 
parametric study, and the upstroke and downstroke have 
equal time duration.

Validation of Bi-Wing Theoretical Modeling 
Results

The computational scheme outlined in previous sec-
tions can be validated by comparing the results with the 
work of DeLaurier [2] and Zakaria, et al. [19], using the 
pterosaur's wing model. The comparison is exhibited in 
Figure 7. The result of using the present bi-wing com-
putational routine for the pterosaur wing geometry and 
parameters of [2] and [19] is shown in Figure 7 ((a) for 
Average Lift and (b) for Average Thrust) and their av-
erage values shown in Table 1. Figure 7b also shows the 

Consistent with the strip theory, the downwash for 
untwisted plan form wing is given by (Kuethe and Chow 
[15], Anderson [32])

02( )
  

2
fpow

U AR
α θ+

=
+                                               

(23)

Considering all of these basic fundamentals, the rel-
ative angle of attack at three-quarter chord point α’ is 
given by

' '( )  '( )
(2 ) 2

owAR c G kF k
AR U k U

α α α = + − +  
        (24)

Which has taken into account the three dimensional-
ity of the wing.

If stall is taken into account, then following a certain 
criterion for attached flow over the section as also adopt-
ed by DeLaurier [2]; the stall angle should be defined a 
priori. In the examples worked out in the present work, 
without loss of generalities, it is assumed that

 αstall_max≡20° = 20*π/180 radian                                          (25)

Criterion for attached flow over the section (from De-
Laurier [2])

( ) ( )min max

3 .'
4stall fp stall

c
U
θα α θ α

  
≤ + − ≤  

   



       (26)

The coefficient of the wing will be assumed to be sim-
ilar to the drag of a flat plate; referring to Hoerner [33], 
this value is assumed to be

CD-post-stall  1.98           (27)

From Figure 5, the flow velocity which include the 
downwash and the wing motion relative to free-stream 
velocity, V can be formulated as

( )( ) ( )
1

2 22 1  cos sin '
2f fpV U h U cθ θ θ α θ θ

  = − − + + −  
   

       (28)

The third and fourth terms are acting at the 
three-quarter chord point. The apparent mass effect for 
the section is perpendicular to the wing, and acts at mid 
chord, and can be calculated as

2 1  ( )
4 4nc
cdN U c dyρπ α θ= − 



         
(29)

The term 1
4

U cα θ− 

  is the normal velocity’s time rate 

of change at mid-chord due to the motion of the wing.

The total chordwise force, dFx is accumulated by three 
force components; these are the leading edge suction, 
force due to camber, and chordwise friction drag due to 
viscosity effect. All of these forces are acting along and 
parallel to the chord line.

  x s camber fdF dT dD dD= − −          (30) 

Following Garrick [34], the leading edge suction, dTs 
is given by

Table 1: Average lift and thrust of present work (bi-wing, semi-
elliptical).

Forces Without stall With stall
Average Lift (N) 0.3853 0.0662
Average Thrust (N) 0.4383 0.1110
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procedure elaborated in Section II. At a certain value, the 
angle of attack exceeds maximum stall angle to enter into 

effect of the inclusion of post stall behavior to account 
for the actual angle of attack within a cycle following the 
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Figure 7: Verification of aerodynamic modelling of present work with work by DeLaurier [2] and Zakaria, et al. [29]: a) Average 
lift per cycle; b) Average thrust per cycle; c) Distribution of α' across the Pterosaur model wing.
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Figure 8: Left: Lift and thrust for bi-wing ornithopter (without stall condition); Right: Lift and thrust for bi-wing ornithopter (with 
stall condition).
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From the above component-wise force analysis, it 
can be deduced that also an appropriate combination of 
these force elements can be obtained to produce opti-
mum lift and thrust. The optimization of this problem is 
also currently under study.

The Influence of the Phase-Lag between Pitch-
ing and Flapping Motion and the Individual 
Motion Component on the Flight Performance

To investigate the influence of the phase lag between 
pitching and flapping motion to the generation of lift 
and thrust, a parametric study is carried out. As exhib-
ited in Figure 11, the optimum lift and thrust can also be 
obtained by appropriate choice of this phase lag. From 
this study, it is observed that the lift reaches its maxi-
mum value when the phase lag angle between pitching 
and flapping motion is ϕ = π/2, whereas the thrust is 
maximum when ϕ = 3π/4. Hence an ornithopter can be 
tailored or controlled to achieve one of these values. Oth-
erwise, an optimization process should be developed in 
this regard.

Variation of Oscillatory Articulation of the Bi-
Wing

Based on a close observation to selected avians, such 

the region of post-stall condition, even though the angle 
is only accounted for the upper (positive) limit, follow-
ing DeLaurier's assumption in his work.

In Figure 8 and Table 2, geometric and kinematic pa-
rameters used by Yu, et al. [20] are taken into account to 
produce comparable qualitative and quantitative agree-
ments with their results; the latter were calculated using 
three-dimensional unsteady vortex lattice method Figure 9.

Separation of Bi-Wing Forces into their Com-
ponents

Another study is carried out to investigate the influ-
ence of individual contributions of the pitching-flapping 
on the flight performance. Results obtained as exhibited 
in Figure 10 and Table 3, show that the lift is dominat-
ed by the incidence angle while the thrust is dominated 
by the flapping angle (other parameters remaining con-
stant).

Table 2: Average lift and thrust of present work (Bi-wing, 
modified) and Yu, et al. [30].

Forces Present work (with 
Post-stall treatment)

Yu, et al. [30]

Average Lift (N) 0.1792 0.121
Average Thrust (N) 0.1144 0.119

Table 3: Average lift and thrust (bi-wing) for each individual contribution.

Without stall

Forces Individual contribution for Bi-wing
Incidence only Flap only Pitch only Combined

Average Lift (N) 0.2776 -0.0008 0.0161 0.3853
Average Thrust (N) -0.0180 0.5624 -0.0518 0.4383
With Stall

Forces Individual contribution for Bi-wing
Incidence only Flap only Pitch only Combined

Average Lift (N) 0.2776 -0.1864 0.0161 0.0662
Average Thrust (N) -0.0180 0.3123 -0.0518 0.1110

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.4

-0.2

0

0.2

0.4

0.6

0.8

1
Lift forces per cycle

Dimensionless time in one cycle

Fo
rc

e 
(N

)

 

 
Present Work
Yu et al

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4
Thrust forces per cycle

Dimensionless time in one cycle

Fo
rc

e 
(N

)

 

 
Present Work
Yu et al

Figure 9: Comparison of the results obtained by the present scheme with the three-dimensional unsteady vortex lattice 
method of Yu, et al. [30] for similar wing geometry. 
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in Figure 12. It follows, that the oscillatory motion can 
be modeled as a cosine function, since a cosine function 
at t = 0 has its maximum value. It is noted, however, that 

as soaring eagles, one can observe that before taking off, 
they expand (flap) their wings up to a maximum posi-
tion and stretch their legs simultaneously, as exhibited 
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Figure 10: The influence of individual contributions of the pitching-flapping motion and incidence angle on the flight 
performance; Top: Lift without stall (left) and lift with stall (right); Bottom: Thrust without stall (left) and thrust with stall (right).

 
Figure 11: Variation of lift and thrust with phase lag between pitching and flapping.
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models can be defined and utilized accordingly to ac-
count for every possible flapping kinematics. The results 
are shown in Figure 13 and Table 4.

many researchers did their studies with different kine-
matic settings for flapping and pitching motions. Moti-
vated by these meticulous observations, various possible 

Figure 12: The flight stages of an egret (extended from Dhawan); the start phase is encircled in a red ellipse. Other examples 
are illustrated by several figures for other birds at the left. 

Figure 13: a) Lift; b) Thrust for bi-wing ornithopter for each kinematics definition (pitch articulation with respect to flapping 
motion).

Table 4: Average Lift and thrust variation with phase lag angle (bi-wing).

Forces Pitch and Flap phase lag
0 π/4 π/2 3π/4 π

Average Lift (N) 0.06621198 0.187714154 0.228901395 0.161863869 0.005574254
Average Thrust (N) 0.111028054 0.157128996 0.206268504 0.226252777 0.199126131
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hibited by our calculation. Table 4 lists the average lift 
and thrust for various pitching flapping phase lag. Judg-
ing from these results, at least within the assumptions 
adopted in the present work, one can obtain an impres-
sion that combination of cosine flapping pitching with a 
phase lag between π/2 and 3π/2 may produce the opti-

What can be seen is that, in conformity with our ob-
servation and those researchers like DeLaurier [2], Fu-
jiwara, et al. [16] and Chen, et al. [17], flapping motion 
should be in cosine function. Interestingly, as observed 
by Chen, et al. and assumed by DeLaurier, the pitching 
motion is prominent in negative sine function and ex-

Figure 14: a) Drag producing vortex street; b) Thrust producing vortex street (Platzer [34]).

Figure 15: Strouhal Number of present work in comparison with other results from the selected literatures [39-41]. In the 
comparison, rectangular wing planform with pitching oscillation is utilized.
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3
1.08  m gf

b S
=

ρ            (39) 

In addition, the relation between flight speed (m/s) 
and the mass (gram) of a bird can be given by

1
6  4.77U m=

   
        (40) 

Where m (in equation (39) is the bird’s body mass 
in kilogram, g is the gravitational acceleration, b is the 
wingspan, S is the wing area and ρ is the air density. Us-
ing such correlations from Pennycuick [38], the wing 
beat frequency calculated is 2.96 Hz, which corresponds 
to Strouhal number of about 0.17, in agreement with Ad-
itya and Malolan's [39] experimental results.

Figure 15 is produced from the bi-wing results [22-
26] using the present rectangular bi-wing computational 
modeling as a baseline, for pitching oscillation. Compar-
ison made with the panel method results of La Mantia 
and Dabnichki [40] and MIT experimental results of 
Read, et al. [18] and Schouvelier, et al. [41] show reason-
able qualitative agreement.

Noting that the present bi-wing three-dimensionally 
modified strip-theory unsteady aerodynamic approach 
utilizes simple and direct approach, such agreement is 
encouraging for further development.

It is of interest to compare the Strouhal numbers 
where there are reasonably good agreements between 
those stipulated by [18,40,41] and our computation with 
the distribution of Strouhal Numbers for 22 different 
bird species as elaborated by Corum [42] in his study re-
lating the flapping amplitude, wavelength (distance trav-
elled per flapping cycle and Strouhal number, as depicted 
in Figure 16, with supporting observation of Taylor, et al. 
[37]. Aditya and Malolan [39] found that the magnitude 
of peak thrust increase with the increase in flapping an-
gle and maximum propulsive force is produced around 
a Strouhal number of 0.15 Aditya and Malolan conjec-
tured that with a simple rule of thumb, the flapping wing 
Micro-Air Vehicle (MAV) of 15 cm span cruising with a 
80o stroke angle at 5-6 m/s should attain maximum effi-
ciency at a wing-beat frequency of about 8-10 Hz.

Modeling and Parametric Study of the Influ-
ence of Leading Edge Vortex (LEV) on Bi-
wing Flapping Motion Aerodynamics

Many literature, such as Ellington, et al. [43], Van 
den Berg and Ellington [44] and Usherwood and Elling-
ton [45] reported or discussed the notion that in insects 
and certain birds lift was enhanced by the presence of a 
Leading Edge Vortex (LEV). The lift coefficient can be 
as high as 2 that can be maintained within approximate-
ly 3 chord lengths of travel after the initial start, when 
the LEV was formed, then drops due to the shedding of 

mum value of lift and thrust forces, as also exhibited in 
Figure 10.

These results exemplify that the flapping kinematics 
can produce significant aerodynamics forces and the 
sensitivity of the lift and thrust produced to the oscillato-
ry articulation could be utilized for tailoring or optimi-
zation purposes.

Propulsive Force and Strouhal Number Rela-
tionship in Bi-Wing

Von Karman and Burgers [35] offered the first the-
oretical explanation of drag or thrust production based 
on the resulting vortex street. For flapping airfoil, Jones 
and Platzer [34] demonstrates that the vortex streets 
characteristic of drag production exhibit a row of clock-
wise vortices above the symmetry plane, and a row of 
counter-clockwise vortices below the symmetry plane, as 
shown in Figure 14a. The vortices induce a velocity or 
momentum deficit on the centerline indicative of drag, 
for an airfoil plunging at a low Strouhal number (k = 
3.6, h = 0.08, St = 0.29). Due to the production of drag, 
the wake wavelength, λ, which is defined as the distance 
between vortex centers of same rotation, is shorter than 
the wavelength predicted by linear theory, λl.t. = 2π/k. Os-
cillating the airfoil more energetically the vortex street 
shown in Figure 14b is generated (k = 3.0, h = 0.20, St = 
0.60), which produces thrust.

The biological and physical properties of the wings 
and muscles, as well as the wing dynamics of an insect 
or bird dictate the range of operation of their relevant 
parameters. These parameters, such as the flapping fre-
quency should be optimal for ideal flight performance. 
Triantafyllou, et al. [36] showed that `optimal' flapping 
occurs when the Strouhal number is in the range of 0.2-
0.3. As stipulated by Taylor, et al. [37], the Strouhal num-
bers for birds, bats, and insects flying at cruising speed 
are within similar range of values. An optimal Strouhal 
number alone, however, does not determine an optimal 
frequency. Referring to equation of Strouhal number be-
low, the flight speed and flapping amplitude play import-
ant role in determining the Strouhal number. Therefore 
proper considerations of these parameters is required 
to evaluate the flapping wing characteristics based on 
Strouhal number.

The Strouhal number can be defined as
0 0 02 2 sin

      
2

h h bcSt k
U c U c

βω ω
π π π

= = ≡
 
        (38)

Pennycuick [38] experimentally derived the correla-
tion of the wing-beat frequency for flapping flight to the 
body mass, wingspan, wing area and the wing moment 
of inertia. For birds with the body mass ranging from 20 
g to nearly 5 kg the wing beat frequency is correlated by 
the following formula [38]:
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can be easily simulated in a mechanized ornithopter. 
Following such heuristic approach, a parametric study 
is carried out to simulate and assess the discontinuous 
motion that may produce lift and thrust enhancement.

The first heuristic model assumes a discontinuous 
LEV interaction, by considering the discontinuity to be 
contributed by instant vortex shedding at the leading 
edge for a relatively short duration (for instance, first 
half of downstroke phase). To serve as a baseline, the de-
velopment of the simulation is based on the following 
rationale:

a) LEV is assumed to occur as part of the pitching mo-
tion.

b) LEV is created due to sudden downstroke movement 
of the leading edge; from biological and performance 
optimization reason, LEV is assumed not to be creat-
ed during the upstroke.

c) LEV is created during the sudden change of motion 
which is assumed to take place within a fraction of 
each stroke. For illustration, without loss of gener-
alities, that fraction is assumed to be in the order of 
30%-90%.

d) These assumptions are applied only to the pitching 
motion. Leading edge suction is incorporated. In 
addition, skin friction and three-dimensional effects 
are not considered. To obtain the total lift and thrust 
per cycle, similar to the procedure followed in the ab-
sence of LEV, the effect of these three flapping motion 
components should be superposed to the resulting 
discontinuous pitching motion.

the LEV. However, it is observed that the LEV on the 
flapping wings of the hawkmoth Manduca Sexta did not 
shed in the translational phases of the down- and the 
up-strokes, and the stall effect could be avoided during 
the entire stroke. It was suggested that the spanwise flow 
prevented the LEV from detaching.

Digital Particle Image Velocimetry (DPIV) measure-
ments of Bomphrey, et al. [46], as exemplified in Figure 
17h show the presence of a significant leading-edge vor-
tex during the downstroke. Shyy and Liu [47] noted that 
there is a controversy concerning the role of the Lead-
ing-Edge Vortex (LEV) in enhancing aerodynamic lift 
during flapping flight. They stipulated that the LEV is 
generated from the balance between the pressure gradi-
ent, the centrifugal force, and the Coriolis force in the 
momentum equation. The LEV generates a lower pres-
sure area, which results in a large suction on the upper 
surface.

Based on such information, which may not be ex-
haustive, and noting that the focus in the present study 
is on rigid flapping wing ornithopter mimicking medi-
um-sized birds, a heuristic modelling is introduced to 
study the influence of a Leading Edge Vortex (LEV) on 
the flapping flight performance, using two heuristic ap-
proaches. The merits of such heuristic approaches are 
two folds; first, to study how the influence of LEV on 
the oscillatory motion of bi-wing flapping system can be 
simulated, and second to take advantage of such scheme, 
if viable, for the design and control of a flapping MAV. 
Such procedure to a certain extent could mimic the in-
fluence of LEV in a biosystem; in addition, such setting 

Figure 16: Flight regimes for different natural flyers presented as Amplitude versus Wavelength (Corum [42] and Taylor, et 
al. [36]).
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Figure 17: Results from the heuristic LEV Modeling; a) The effect of simulated LEV during the first half of the downstroke on 
Lift for cosinusoidal motion; b) The effect of simulated LEV during the first half of the downstroke on thrust for cosinusoidal 
motion; c,d) The effect of simulated LEV during the entire downstroke on Lift for cosinusoidal motion (left c)-without stall, right 
d)-with stall); e,f) The effect of simulated LEV during the entire downstroke on Thrust for cosinusoidal motion (left e)-without 
stall, right f)-with stall); g) Results from Yu, et al. [48] and Dickinson, et al. [10] are shown here for qualitative comparison of lift 
coefficient during the downstroke phase; h) Leading edge vortex induced flow field above the wing of hawkmoth as obtained 
by Bomphrey, et al. (reproduced from [46], with permission) which represent one of possible flow-field pattern above the wing.
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some insight on the dominating influence of thrust. Fig-
ure 17b shows that the introduction of simulated leading 
edge vortex on the partial motion during downstroke 
does not give significant influence on thrust. In this case, 
the leading edge suction may play a dominant role. For 
qualitative comparison, Figure 17f is prepared to include 
the results of Yu, et al. [48] and Dickinson, et al. [10]. In 
both present heuristic approaches, realizing that during 
the supination, the LEV is shed from leading edge, a 
separation bubble is then formed. Therefore, in the cal-
culation, the baseline forces on the wing will be based 
on a separated flow (that is the stall case). It should be 
noted, that the results were obtained for insects, while 
our models are for medium sized birds or ornithopter. 
For medium sized birds in forward flight, no such ob-
servation is available. Nevertheless, the above study will 
be useful for providing an insight for the more involved 
design of rigid flapping wing ornithopter mechanism. 
Associated with Figure 17, Table 5 exhibits the average 
lift and thrust values for the simulated LEV schemes. As 
supplementary considerations, Figure 18 is presented to 
exhibit the baseline difference in α’. Figure 18a exhibits 
the baseline difference in α’ associated with sinusoidal, 
while Figure 18b cosinusoidal pitching motion.

Incorporation of Aerodynamics Flexibility in 
a Quasi-Steady Heuristic Model for Aerody-
namic Performance Estimation

Based on the findings obtained in previous section, a 
heuristic aeroelastic model can be established. The sim-
plest one is to incorporate the influence of the aeroelastic 
properties being reduced to the static flexibility proper-
ties. It is also assumed that the flexibility effect acted in-
stantly. Following such rationale, then the effect of aero-
elasticity, hence flexibility, is to modify the pitching and 
heaving angle linearly to a small percentage. The results 

The results are exhibited in Figure 17. Figure 17a in-
dicates that by performing discontinuous pitching oscil-
lation following the first heuristic model, marginal lift 
improvement to the flapping aerodynamic performance 
by LEV is produced compared to the original continu-
ous one (that is, without LEV). Similarly, no significant 
LEV contribution to thrust is indicated (Figure 17b). As 
exhibited by Figure 17e, the latter behavior may be at-
tributed by the dominant role of the leading edge suc-
tion.

The second heuristic model incorporates a LEV that 
once it was formed, it will remain active over the wing 
to simulate an increase in the oscillating wing lift during 
the whole downstroke, and it is shed off during the up-
stroke. The upstroke is performed similar to the baseline 
situation. To account for such heuristic LEV scheme, the 
computation will be based on the apparent angle of at-
tack α’, which will be incorporated in the aerodynamic 
calculation for both lift and thrust.

Furthermore:

a) There is no stall nor post-stall effects, since the LEV is 
assumed to prevent stall during the downstroke;

a) When ’ is positive, the lift force is increased by an es-
timated 30% to 90% of the baseline situation (without 
LEV).

a) During the upstroke, the wing oscillatory motion be-
haves like the baseline situation.

The results are shown in Figure 17c and Figure 17d. 
In c, a sinusoidal baseline motion is assumed, and in the 
latter, a cosine function based oscillation. Three situ-
ations are illustrated, for an LEV producing 30%, 60% 
and 90% increase of the downstroke lift, respectively. It 
can be seen, that such scenario produces significant in-
crease on the lift force. Figure 17e is provided, to obtain 
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Figure 18: a) α’, baseline motion (no LEV), sinusoidal pitch; b) α’, baseline motion (no LEV), cosinusoidal pitch for the 
heuristic modeling shown in Figure 17.
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Figure 19a and Figure 19b and Table 6 show the influ-
ence of introducing 5% and 10% flexibility as a represen-
tation of the aeroelastic effect using quasi-steady aerody-
namics. If the flexibility factor γf is introduced into the 
apparent angle of attack α' , the prevailing equation will 
be modified as;

' ( )  ( )
(2 ) 2

o
f

wAR c G kF k
AR U k U

α γ α α
  = + −  +   



         (42)

Here, γf = 1 refers to a rigid wing. The results are exhibit-
ed in Figure 20a, Figure 20b and Table 7. These results show 
that the effect of static aeroelasticity tends to reduce the lift, 
and increase the thrust. In addition, the introduction of the 
static aeroelasticity introduced to the primary variables θ 
and h will produce slightly different values than if the aero-
elastic effect is introduced in the derived variable α'. Noting 
that the heuristic model is a first approximation to the actu-
al state of affairs, such difference may be attributed to many 
simplifying assumptions, such as the three dimensionality 
of the flow as represented by α', among others.

Proceeding to the investigation on the static aeroelas-
ticity effects on the individual contribution of pitching 
and flapping motion components, the results are shown 
in Figure 21a, Figure 21b and Table 8. For this particular 
study, the incidence angle is assumed to be zero. These 

of such heuristic model assumption to the aerodynamic 
performance of the flapping wing ornithopter can be cal-
culated using the procedure already outlined in section 
one. Essentially, a constant Flexibility Coefficient γf is in-
troduced to account for flexibility of the wing in pitching 
and flapping motion. The basis of such rationale is the 
result of low frequency aeroelastic analysis elaborated in 
Appendix. Then the pitching and heaving motion will be 
modified as follows

( )0( )  cos( )f fpt tθ γ θ ω φ θ= + +        (41a)

( )0( )  sin( )ft tθ γ ωθ ω φ= − +                                              (41b)

( )2
0( )  cos( )ft tθ γ ω θ ω φ= − +                                                       (41c)

( )0( )  cosfh t y tγ β ω= −        (41d)

( )0( )  sinfh t y tγ ωβ ω=                                    (41e)

( )2
0( )  cosfh t y tγ ω β ω=

                                                             (41f)

The results are exhibited in Figure 4a and Figure 4b, 
which describe the influence of the flexibility on the lift 
and thrust produced by the flapping wing, if the flexi-
bility effects is introduced on θ and h. All the results are 
computed by considering the dynamic stall criterion for 
attached flow similar to that utilized by DeLaurier [2].
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Figure 19: a) Lift; b) Thrust variation with rigid wing and flexible wing of 5% and 10% using heuristic model.

Table 5: Average lift and thrust values for simulated LEV schemes.

Forces First half of downstroke Whole downstroke
Initial 30% added 60% added 90% added 30% added 60% added 90% added

Average Lift (N) 0.3853 0.4814 0.5775 0.6736 0.5788 0.7722 0.9657
Average Thrust (N) 0.4383 0.4473 0.4563 0.4653 0.5181 0.5980 0.6779

Table 6: Comparison of the average Lift and Thrust of rigid and 
flexible ornithopter wing using heuristic model using θ and h as 
basis of flexible deformation.

Rigid wing Flexible 
wing (5%)

Flexible 
wing (10%)

Average Lift (N) 0.0662 0.0498 0.0386
Average Thrust (N) 0.1110 0.1272 0.1457

Table 7: Comparison of the average Lift and Thrust of rigid 
and flexible ornithopter wing using heuristic model using α' 
(alphaprime) as basis of flexible deformation.

Flexible wing 
(5%)

Flexible wing (5%, 
alphaprime)

Average Lift (N) 0.0498 0.0306
Average Thrust (N) 0.1272 0.1395

http://vibgyorpublishers.org/content/ijaae/ijaae-3-017-appendix.doc
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erated by the flapping wing ornithopter.

Modeling of Quad-wing
The quad-wing will be modeled based on the mod-

elling and encouraging results obtained for bi-wing.For 
the quad-wing kinematics and aerodynamics, the pres-
ent work takes into account the influence of the forewing 
induced downwash on the hindwing effective angle of 
attack.This effect is modeled by assuming that the hind-
wing is governed by similar equations applied to the 
forewing, and an additional induced downwash is calcu-
lated at the three quarter-chord point of the hindwing, as 

figures show that the contribution of static aeroelasticity 
to flapping is more apparent than to pitching.

Next the static aeroelasticity effects on the phase lag be-
tween the Pitching and Flapping Motion Components is 
investigated, and the results are shown in Figure 22a, Fig-
ure 22b and Table 9. For this particular study, the incidence 
angle is also assumed to be zero. In this study, a parametric 
study is carried out by varying the phase lag between flap-
ping and pitching from 0° to 360° (2π). The results as ex-
hibited by these figures show the extent the contribution of 
static aeroelasticity to the influence of the phase lag between 
the pitching and flapping motion on the lift and thrust gen-
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Figure 20: a) Lift; b) Thrust variation with flexible wing of 5% and 5% from alphaprime (α’).

Table 8: Comparison of the average Lift and Thrust of rigid and flexible ornithopter wing using heuristic model contributed by 
pitching and flapping motion.

Flapping only Pitching only
Rigid wing Flexible wing (5%) Rigid wing Flexible wing (5%)

Average Lift (N) -0.1864 -0.2065 0.0161 0.0169
Average Thrust (N) 0.3123 0.3435 -0.0518 -0.0562
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Figure 21: Contribution of flapping and pitching motion individually on a) Lift; (b) Thrust forces for rigid wing and flexible wing 
of 5%.
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Following a two-dimensional approximation without 
considering the three dimensionality of the entire wing 
system.

Following Figure 23, for small angle of attack, an ad-
ditional induced downwash due to the forewing on the 
hindwing acting on the latter three-quarter chord is giv-
en by Vi. Accordingly, an additional angle of attack on 
the hindwing is given by

  induced
iV

U
α

∞

≈
          

(45)

depicted in Figure 18. Following Kutta-Joukowski Law, 
the instantaneous equivalent circulation generated by 
the forewing is given by

  foreL
Uρ ∞

Γ =
            

(43)

and the induced velocity Vi , following Biot-Savart 
law is given by

  
2iV

dπ
Γ

=
            

(44)

Table 9: Comparison of the average Lift and Thrust of rigid and flexible ornithopter wing using heuristic model due to phase-shift 
between pitching and flapping motion.

Rigid Wing Flexible Wing (5%)
Phase Average lift (N) Average thrust (N) Average Lift (N) Average Thrust (N)
0 0.0662 0.1110 0.0498 0.1272
0.25π 0.1877 0.1571 0.1823 0.1748
0.5π 0.2289 0.2063 0.2240 0.2238
0.75π 0.1619 0.2263 0.1540 0.2514
π 0.0056 0.1991 -0.0148 0.2212
1.25π -0.0987 0.1274 -0.1288 0.1399
1.5π -0.1111 0.0700 -0.1402 0.0775
1.75π -0.0482 0.0708 -0.0723 0.0808
2π 0.0665 0.1111 0.0502 0.1273
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Figure 22: Phase shift influence on a) Lift; b) thrust forces for rigid wing and flexible wing of 5%.

Figure 23: Schematic diagram of the fore wing downwash and the induced angle of attack on the hind wing.
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it the same behavior. However, it should be noted that 
the total development of the lift per flapping cycle of the 
fore and hind wing will also depend on the phase shift 
between fore and hind wing. Therefore, by appropriate 
choice of phase shift, the lift development per cycle can 
be tailored, for instance with sinus function for flapping 
and pitching motion, to resemble those found by Wang 
and Russell [3]. This issue merits further study. However, 
this notion indicates the benefits of the present aerody-
namics modeling using linear strip theory. Better agree-
ments need the utilization of viscous flow analysis.

Variation of oscillatory articulation of the quad-
wing

Following the procedure and parametric study carried 
out for bi-wing ornithopter [22-26], the present study 
also addresses the flapping kinematics of quad-wing or-
nithopter, by taking into considerations what has been 
learned from bi-wing parametric study. The forewing 
and hindwing are arranged in tandem without gap, so 
that the leading edge of the hindwing touches the trailing 
edge of the forewing, and they are moving simultaneous-
ly. Learning from natural observation, quad-wing insects 
like dragonfly change their wing motion kinematics for 
different flight modes, and the most obvious changes is 
the phase difference between forewing and hindwings. 
In a worked-out example, one may simulate the flapping 
quad-wing motion whereby the hindwing leads the fore-
wing. Following such scheme, cosinusoidal motion for 
the pitching motion of both forewing and hindwing may 
be assumed, while one parameter, such as the phase-shift 
between the hindwing and forewing, is varied.

Therefore the pitching angle of the hind wing is given 
by

0( )  cos( )     
hindwing hindwing

i
hindwing fp

Vt t
U

θ θ ω φ θ= + − +      (46) 

Then the calculation of the aerodynamic forces fol-
lows similar procedure like the forewing as isolated 
wing, i.e. the baseline for the bi-wing. This formula, 
however, ignores the effects of the trailing vortices of the 
forewing, the leading edge vortex and the post-stall be-
haviour, which are mentioned by others (i.e. Maybury 
and Lehmann [13], Birch, et al. [49]) that will modify 
and signify the baseline formulation for the hindwing, 
especially during lift recovery phase. This notion as well 
as the two-dimensional approximation for the induced 
downwash should be further elaborated and their effects 
should be incorporated in future work.

Results for Quad-Wing
Simulation results

Initial initiative was carried out with an assumption 
that the fore and hind wings are closely spaced, that is 
there is no gap between the leading edge of the hind wing 
and the trailing edge of the fore wing. The results in Ta-
ble 6 are obtained using the following wing geometry and 
parameters for both forewing and hindwing: The wing-
span of 40 cm, aspect ratio of 6.36, flapping frequency of 
7Hz, total flapping angle of 60°, forward speed of 6 m/s, 
maximum pitching angle of 20°, incidence angle of 6° 
and no wing dihedral angle. This analysis also accounts 
for the induced angle of attack on the hind wing due to 
downwash of the fore wing. The results are presented in 
Figure 24 and Table 10. Figure 24 (left) also shows the lift 
computed using the present simplified and generic model 
with no phase lag angle between forewing and hindwing.

For Figure 24 (right), qualitatively, some parts exhib-
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Figure 24: Left: Lift and thrust for quad-wing ornithopter; Right: Qualitative investigation with Wang & Russell results [3].

Table 10: Average lift and thrust for present work.

Forces Present work Fore-wing Hind-wing
Average Lift (N) 0.1193 0.0662 0.0531
Average Thrust (N) 0.2248 0.1110 0.1138
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ent and asses a simple approach which are based on 
first principles, translated into in house computational 
programs that should be capable of revealing particular 
characteristics, numerical simulations have been carried 
out, compared and validated with other data from rele-
vant literatures with similar unsteady aerodynamic ap-
proach and general physical data. In this conjunction, a 
computational model has been developed utilizing strip 
theory and two-dimensional unsteady aerodynamic the-
ory of Theodorsen with modifications to account for 
three-dimensional and viscous effects and leading edge 
suction. The study is carried out on semi-elliptical wing 
planforms and rectangular ones as appropriate. Within 
the physical assumptions limitations; encouraging qual-
itative agreements or better have been indicated, which 
meet the proof of concept objectives of the present work. 
For the bi-wing flapping ornithopter, judging from the 
production of aerodynamic forces, the present flap-
ping-wing model performance is comparable to those 
studied by Yu, et al. [20]. The analysis and simulation by 

The results, as exhibited in Figure 25, shows that, among 
the other variations simulated, phase lag of π between quad-
wing’s forewing and hindwing produces the best average lift 
per cycle while for the average thrust per cycle, a phase shift 
value of π. In conformity with the observation by Hu and 
Deng [50] and Alexander [51] in their studies, the present 
work also shows that when quad-wing insect like dragonfly 
performs aggressive maneuvers, they will employ in-phase 
flight to generate larger optimized aerodynamic forces. 
Therefore further analysis to optimize the combination of 
these parameters with more sophisticated considerations 
should still be pursued.

Table 11 and Table 12 show the kinematic articulation in 
pitching and flapping of the fore- and hind-wings, to pro-
duce lift and thrust forces, respectively. These results also 
indicate variation of such oscillatory articulation possibili-
ties that could be further tailored to meet certain objectives.

Conclusion
Following the objectives of the present work to pres-

Dimensionless time in one cycleDimensionless time in one cycle
0                   0.2                 0.4                 0.6                 0.8                   1 0                   0.2                 0.4                 0.6                 0.8                   1

Li
ft 

(N
)

Th
ru

st
 (N

)

Lift per cycle for Qud-wing Thrust per cycle for Qud-wing
No Phase-lag

No Phase-lagPhase-lag pi/4
Phase-lag pi/2
Phase-lag 3/4pi
Phase-lag pi

Phase-lag pi/4
Phase-lag pi/2
Phase-lag 3/4pi
Phase-lag pi

3

2

1

0

-1

-2

-3

-4

2.5

2

1.5

1

0.5

0

-0.5

-1

Figure 25: Variation of a) Lift; b) Thrust with flapping motion phase shift between quad-wing’s forewing and hindwing.

Table 11: Average lift for quad-wing ornithopter for each pitching and flapping kinematic articulation.

Lift Flap (Hindwing)

 F
la

p 
(F

or
ew

in
g)

Cosine Negative cosine Sine Negative sine
Cosine 0.1193 0.0828 0.2719 -0.0376
Negative cosine 0.0979 0.0605 0.2513 -0.0640
Sine 0.2587 0.2238 0.4045 0.1014
Negative sine -0.0138 -0.0536 0.1452 -0.1762

Table 12: Average thrust for quad-wing ornithopter for each pitching and flapping kinematic articulation.

Thrust Flap (Hindwing)

Fl
ap

 
(F

or
ew

in
g)

Cosine Negative Cosine Sine Negative Sine
Cosine 0.2248 0.3103 0.3307 0.1706
Negative cosine 0.3075 0.3924 0.4138 0.2526
Sine 0.3358 0.4238 0.4460 0.2785
Negative sine 0.1624 0.2457 0.2625 0.1097
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splitting the flapping and pitching motion shows that: (a) 
The lift is dominantly influenced by the incidence angle 
(b) The thrust is dominated by flapping motion (c) Phase 
angle variation could be utilized to obtain optimum lift 
and thrust for each wing configurations. For the quad-
wing ornithopter, the simplified computational model 
adopted verified the gain in lift obtained as compared to 
bi-wing flapping ornithopter, in particular by the possi-
bility of varying the phase shift between the flapping and 
pitching motion of individual wing as well as between 
the fore- and hind-wings.

Based on the wealth of literature to date that has been 
reviewed, a baseline of the state of the art employing 
linearized aerodynamic approach has been established. 
Some critical and relevant characteristics are identified 
and summarized, and as appropriate, these have been 
simulated using linearized aerodynamic approach and 
physically feasible heuristic model. The results are as-
sessed to identify which of these could be tackled with 
a simple approach, and which cannot. By assessing the 
numerical results obtained, the usefulness and limita-
tions of the approach can be gained, which will be useful 
for further elaborate approach and preliminary design of 
experimental model. A posteriori assessment elaborates 
the limitation of the work, and ways to pursue further 
development. The work has been focused on the repre-
sentation of flapping ornithopter in forward flight.

A structured approach has been followed to assess the 
effect of different design parameters on lift and thrust of 
an ornithopter, as well as the individual contribution of 
the component of motion. To assess the aerodynamic 
characteristics of flapping bi- and quad-wing ornitho-
pter aerodynamic performance, to compare the compu-
tational results with those from various selected models 
in the literature, and to assess the applicability of the lin-
earized aerodynamic approach, a parametric study has 
been performed.

Flexibility of the wing has been attempted through 
another heuristic model, which was established by as-
suming slight influence of the flexibility on the defor-
mation of the flapping wing, hence its kinematics. The 
philosophical approach and computation is based on the 
utilization of quasi-steady aerodynamics a typical sec-
tion approximation of the flexible flapping wing ornitho-
pter, based on aeroelastic model utilized in [7-12]. With 
the introduction of all these simplification, one may ex-
pect to obtain a qualitative impression of the influence 
of flexibility using zeroth order approximation, but yet 
may gain some insight on the use of lower cost effort. The 
present approach and model, however, indicate that the 
influence of flexibility of the flapping wing improves its 
capability to produce thrust rather than lift.
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