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Abstract
A parabolic trailing-edge flap is defined as a parabolic deflection of the airfoil geometry aft of
a hinge point. Whereas a traditional flap deflection causes a discontinuous camber-line slope
at the hinge point, a parabolic deflection produces a camber line that is first-order continuous
at the hinge point. The geometry manipulation of a parabolic flap is mathematically defined
such that it can be applied to any airfoil with a known camber line and thickness distribution.
Small-angle and small-camber approximations are used to find analytical predictions for
the ideal section flap effectiveness as well as the section pitching moment in comparison
to a traditional flap. Results of the parabolic flap are compared to those of a traditional flap
producing equivalent lift using thin airfoil theory and the vortex-panel method. It is shown
that the ideal section flap effectiveness for a parabolic flap can be 33-50% higher than that of a
traditional flap, depending on the flap-chord fraction. Additionally, a parabolic flap will produce
a change in pitching moment 5-50% greater than that of a traditional flap for a given change
in lift. Results may be applied in the design of modern morphing wings, for which complex flap
deflections can be produced.

Nomenclature
A,B,C: Constant Coefficients used in Eq. (17); c:
~
Airfoil Chord Length; cf: Flap Chord Length; C L
~
: Airfoil Lift Coefficient; C L,α : Airfoil Lift Slope;
~
C mc 4 : Airfoil Pitching-Moment Coefficient about the
~
Quarter Chord; Cm,δ f : Change in Airfoil PitchingMoment Coefficient about the Quarter Chord
with Respect to Flap Deflection for a Traditional
~
Flap, Eq. (53); Cm,δ p : Change in Airfoil PitchingMoment Coefficient about the Quarter Chord with

Respect to Flap Deflection for a Parabolic Flap,
Eq. (52); l: Distance between the Hinge Point
and Trailing Edge of an Undeflected Flap, Eq.
(15); R: Dimensionless Constant, Eq. (26); Rm:
Equivalent-Lift Pitching-Moment Ratio, Eq. (61);
Rδ : Equivalent-Lift Deflection Ratio, Eq. (55); Rε
: Parabolic-Flap Effectiveness Ratio, Eq. (50); r:
Distance between the Hinge Point and a Point on
the Camber Line aft of the Hinge, Eq. (8); t: Airfoil
Thickness Distribution; tm: Percent Maximum
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Airfoil Thickness; x, y: Coordinates in the Airfoil
Axial and Normal Directions, Respectively; xc, yc:
Coordinates of the Airfoil Camber Line Including
Flap Deflection; xf, yf: Coordinates of the Flap Hinge;
xl, yl: Coordinates along the Airfoil Lower Surface;
xmc: x-Coordinate of Airfoil Maximum Camber; xo:
x-Coordinate along the Original Chord Line without
Flap Deflection; xp, yp: Coordinates of the Deflected
Parabolic Flap Neutral Line, Eqs. (32) and (33); xu,
yu: Coordinates along the Airfoil Upper Surface;
yc0: y-Coordinates of the Airfoil Camber Line
with Zero Flap Deflection; ymc: Airfoil Maximum
Camber; ynl: y-Coordinates of the Undeflected Flap
Neutral Line, Eq. (34); α : Airfoil Angle of Attack;
α L 0 : Airfoil Zero-Lift Angle of Attack; γ : Angle
between Transformed Flap Neutral Line and the
ξ -axis, Eq. (22); ∆yc : Vertical Distance between
the Camber Line and the Undeflected Flap Neutral
Line, Eq. (35); δ f : Deflection Angle of a Traditional
Flap; δ p : Deflection Angle of a Parabolic Flap, Eq.
(18); ε if : Ideal Section Flap Effectiveness of a
Traditional Flap, Eq. (49); ε ip : Ideal Section Flap
Effectiveness of a Parabolic Flap, Eq. (48); θ :
Change of Variables for the Chordwise Coordinate,
Eq. (44); θ f : θ Value at the Flap Hinge Location,
xf ; ξ , η : Flap Coordinate System Relative to Flap
Neutral Line; ξ 0 : Coordinate along the Undeflected
Flap Neutral Line that Corresponds to ξ p along the
Deflected Parabolic Flap Neutral Line; ξ p , η p :
Coordinates of the Deflected Parabolic Flap Neutral
Line in the Flap Coordinate System; ξTE , ηTE :
Coordinates of the Flap Trailing Edge in the Flap
Coordinate System; φ : Local Camber-Line Slope
of Undeflected Camber Line, Eq. (12); ϕ : Angle
between Flap Neutral Line and x-axis, Eq. (16); ψ
: Angle of Line Passing through Hinge Point and a
Point of Interest on the Flap, Eq. (9)

Introduction
Modern research for aircraft structures and actuation
mechanisms has resulted in the development of
new methods for creating changes in camber or
initiating flap deflections. For example, the Air
Force Research Lab has developed a variablecamber compliant wing (VCCW), capable of
changing camber from a NACA 2412 to a NACA
8412 through the use of an embedded actuator [1,2].
A similar technology, currently under development
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at NASA, is the variable camber compliant trailing
edge (VCCTE) [3,4], which can produce variable
flap geometries from a series of incremental flap
sections. Additionally, shape-memory alloy (SMA)
technology can be used for actuation to produce
changes to airfoil shape during flight [5]. Activecamber concepts inspired by fish biology are also
being investigated [6,7]. The technologies and
applications currently under development are
quite vast, and we do not attempt an exhaustive
list here. Suffice it to say that these technologies
allow sophisticated control over airfoil camber,
twist, and/or thickness during flight. Advantages
of these complex airfoil control methods include
reduced RADAR signature, improved aerodynamic
efficiency, and passive control. Recent relevant
publications include [8-10]. Here we consider one
control approach obtained by deflecting the aft
portion of an airfoil in a parabolic manner. This will
be termed a parabolic flap.
Although the parabolic flap has been studied by
other authors [6,7,11,12], a rigorous definition of the
resulting airfoil geometry that preserves flap length
has not been made. Additionally, a full understanding
of the ideal aerodynamic performance of the
parabolic flap in comparison to a traditional flap has
not been obtained. Because the ideal aerodynamic
performance analysis for traditional flap deflections
form the foundation of our understanding of
traditional flaps, a rigorous definition of the
geometry and associated aerodynamic theory is
crucial to understanding the benefit of parabolicflap technology. We begin with a brief overview
of airfoil geometry including the definitions of a
traditional flap, but use a nomenclature conducive
to the application of a parabolic-flap deflection.
The surface of an airfoil is defined as the locus of
points offset perpendicular to the camber line by
one-half the local thickness. The camber line and
thickness are often defined as a function of axial
position along the airfoil. Traditional airfoil theory
is developed using the x-coordinate as the axial
location along the chord. In order to allow for flap
deflections, we will use xo as the coordinate along
the original chord line with xc(xo) and yc(xo) as the
coordinates of the camber line. The thickness at
any point along the airfoil is defined as t(xo). For
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an airfoil without a flap, xc = xo along the length of the entire airfoil. Given camber-line and thickness
distributions, the upper and lower coordinates of any airfoil can be computed from
					

x=
xc ( xo ) −
u ( xo )

xc ( xo ) +
					 x=
l ( xo )
y=
yc ( xo ) +
u ( xo )
					
y=
yc ( xo ) −
l ( xo )

t ( xo )
2 1 + ( dyc dx )

2

t ( xo )
2 1 + ( dyc dx )

2

t ( xo )
2 1 + ( dyc dx )

2

t ( xo )

dyc 		
dx
dyc
dx
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(4)

2 1 + ( dyc dx )
					
where dyc/dx is the slope of the camber line. For example, a commonly used camber-line distribution is that
of the NACA 4-digit series, which is defined as [13]
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where xmc is the location of maximum camber, ymc is the maximum camber, c is the chord length, and yc0
denotes the y-coordinates of the camber line with zero flap deflection. The slope of the camber line for this
airfoil series without a flap is


y 
x 
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0 ≤ xo ≤ xmc

x
x
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dyc 0
( xo ) = 
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(6)

The thickness for the series is defined as
2
3
4

xo
xo
 xo 
 xo 
 xo  
t (=
xo ) tm  2.969
− 1.260 − 3.516   + 2.843   − 1.015   
c
c
 c 
 c 
 c  


(7)

where tm is the percent maximum thickness. Note that this airfoil definition has a small gap at the trailing edge.
An alternate equation for the thickness distribution that does not have a gap at the trailing edge, is
2
3
4
t ( xo ) = tm  2.980 xo c − 1.320 xo c − 3.286 ( xo c ) + 2.441( xo c ) − 0.815 ( xo c )  .



We now consider the geometry of an airfoil with a traditional flap. The flap deflection is created by rotating
the locus of points on the original camber line about the point (xf, yf) by the flap deflection, δ f , with
a positive deflection defined as downward. The distance between the hinge point and any point on the
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undeflected camber line aft of the hinge is

=
r
					

 yc 0 ( xo ) − y f  + ( xo − x f
2

)

2

		

(8)

The line that passes through the hinge point and the point of interest on the undeflected flap is at an angle
relative to the horizontal of

 yc 0 ( xo ) − y f
 x −x
o
f


ψ = tan −1 

					


 				


(9)

The corresponding point on the deflected camber line is found by rotating the original point on the undeflected
camber line by the flap deflection, δ f . Applying this rotation to each point aft of the flap hinge gives the
airfoil camber-line geometry including deflection

xo ,
0 < xo < x f

xc = 
			
 x f + r cos (δ f −ψ ) , x f < xo < c 			

(10)

yc 0 ,
0 < xo < x f

yc = 
			
 y f − r sin (δ f −ψ ) , x f < xo < c 			

(11)

The local camber-line slope for the undeflected flap at any point is dyc 0 dx . Defining the local angle of this
slope as

 dyc 0 

 dx  					

φ ≡ tan −1 

						
The camber-line slope for the geometry of the deflected flap is

0 ≤ xo ≤ x f
dyc  dyc 0 dx ,
=
dx  tan (φ − δ f ) , x f ≤ xo ≤ c

(12)

(13)

				
			
Applying the angle sum identity tan (φ − δ f ) = ( tan φ − tan δ f ) / (1 + tan φ tan δ f ) , the camber-line slope at
any point on the airfoil with the deflected flap is

dyc 0 dx ,
0 ≤ xo ≤ x f

dyc 
=  dyc 0 dx − tan δ f
, x f ≤ xo ≤ c
dx 
1
(
)
tan
δ
dy
dx
+
c
f
0

			
				

(14)

The upper and lower surfaces of an airfoil with flap deflection can be found by using Eqs. (10), (11), and
(14) in Eqs. (1)-(4). This development can be used to evaluate the geometry of a deflected flap for any
airfoil with a given camber-line and thickness distribution. If the vertical position of the flap hinge lies on
the camber line, the camber line is continuous at the hinge point. However, this flap deflection introduces
a step change in the slope of the camber line at the hinge point. Note that for any positive deflection with
a hinge point within the airfoil surface, the lower surface of the airfoil will intersect itself. The same will
happen on the upper surface with a negative flap deflection. This geometrical interference can be addressed
using various methods, including clipping the geometry or adding a corner radius.

Geometric Definition of a Parabolic Trailing-Edge Flap
We have characterized a traditional flap as that created by uniform rotation of the camber line aft of the
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Figure 1: Camber-line geometry for an airfoil section with a parabolic flap at positive deflection.

hinge point. In other words, for a traditional flap
deflection, δ f is constant for all points aft of the
hinge point. We now consider the geometric
definition of a parabolic trailing-edge flap. At first
thought, it may seem most intuitive to define a
parabolic trailing-edge deflection as that produced
by a linear variation in flap-deflection angle from
zero at the hinge point to some finite value at the
trailing edge. However, such a deflection produces
a geometry with nearly constant curvature along the
flap. Because airfoil thickness decreases near the
trailing edge, the combination of constant curvature
and decreasing thickness produces a strong adverse
pressure gradient, which can initiate flow separation.
An alternate method that can produce more desirable
pressure gradients is that proposed here.
We first define what will be termed the flap neutral
line, which is the straight line intersecting the hinge
point and the trailing edge. The distance between
the hinge point and the trailing edge along this line
is

l=

y 2f + ( c − x f

)

2

		

(15)

The flap neutral line sits at an angle to the x-axis of

 yf
 c− xf


ϕ ≡ − tan −1 




 		

(16)

It is convenient to define a flap coordinate system
(ξ , η ) corresponding to the undeflected flap neutral
line with the origin at the hinge point, as shown in

Figure 1. This coordinate system is offset from the
airfoil coordinate system by (xf, yf), and rotated relative
to the airfoil coordinate system by the angle ϕ . Here
we define a parabolic trailing-edge deflection as that
produced by a deflection of the flap neutral line,
such that the modified line lies along a parabola
in the flap coordinate system, as shown in Figure
1. The position of the camber line relative to the
transformed flap neutral line is maintained through
the transformation, as well as the airfoil surface
relative to the transformed camber line. The dashed
line in Figure 1 represents the undeflected camber
line, and the thick solid line represents the camber
line with flap deflection. For an airfoil with positive
camber at a positive flap deflection, the airfoil camber
line and upper surface will be lengthened, and the
airfoil lower surface will be shortened. However,
the length of the flap neutral line will remain the
same. Other definitions could be used for defining a
parabolic flap deflection, but this definition appears
to the authors to be the most geometrically consistent
without unnecessarily complicating the geometric
definition.
A general form of a parabolic equation, η p (ξ ) , in
the flap coordinate system is

η p (ξ ) = Aξ 2 + Bξ + C 		

(17)

A parabolic deflection of the flap neutral line must
satisfy the geometric continuity boundary conditions
η p ( 0 ) = 0 and dη p d ξ ( 0 ) = 0 , which gives C = 0
and B = 0. The final coefficient, A, is related to the
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flap-deflection angle, δ p , defined here as

 ηTE 

 ξTE  					

δ p ≡ − tan −1 
				

(18)

where (ξTE , ηTE ) is the coordinate of the rotated airfoil trailing edge in the flap coordinate system, and
δ p represents the angle that the trailing edge is rotated about the hinge point, with a positive deflection
being downward. Applying the boundary condition in Eq. (18) to Eq. (17) gives

A= −

tan δ p

					

(19)

ξ2
η p (ξ ) = −
tan δ p 				
ξ
TE
					

(20)

ξTE

					
Using Eq. (19) in Eq. (17) gives the parabolic relation and first derivative

dη p

= −

2ξ

tan δ p

(21)
					
The angle between the transformed flap neutral line and the ξ -axis at any point along the transformed neutral line will be defined here as γ , i.e.,
					 dξ

				

ξTE

 2ξ

 dη p 
− tan −1 
tan δ p  			
=
 dξ 
 ξTE


γ ≡ tan −1 

(22)

In order to complete the geometric definition, we must be able to relate the ξ -coordinate of the deflected flap
neutral line, ξ p , to the ξ -coordinate along the original undeflected flap neutral line, ξ 0 . Because the neutral
line does not change length during deflection, any coordinate along the original undeflected neutral line is
equal to the corresponding length along the parabolic curve of the deflected neutral line. The undeflected ξ
-coordinate, ξ 0 , can be found by integrating along the parabolic curve of the deflected neutral line
ξp

ξo =
				

∫

ξ =0

 dη p
1 + 
 dξ

2


 dξ
					



(23)

Using Eq. (21) in Eq. (23) and integrating gives the relation between ξ 0 and ξ p for any point on the flap
			
=
ξo

ξp
2

ξ p2
 ξp

ξTE
4 2 tan 2 δ p + 1 +
sinh −1  2
tan δ p 
ξTE
4 tan δ p
 ξTE


(24)

At the trailing edge, ξ 0 = l and Eq. (24) can be used to evaluate the ξ -coordinate of the deflected trailing
edge,
2l
ξTE =
					
(25)
R
					
where R is a dimensionless constant that depends on the flap deflection angle
R ≡ 4 tan δ p + 1 +
2

				

sinh −1 ( 2 tan δ p )
2 tan δ p

			

(26)
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The η -coordinate of the deflected trailing edge can be found by using Eq. (25) in Eq. (20)
					
Using Eq. (25) in Eq. (24) gives

		

ξo =

ξ0

ηTE = −

as a function of

ξp

ξ p2

2

l2

2l
tan δ p
R

ξp

R 2 tan 2 δ p + 1 +

(27)

and the flap angle

ξp

l
sinh −1 
R tan δ p 
2 R tan δ p
 l


(28)

For δ p = 0 , Eqs. (26) and (28) are indeterminate. Thus, in the limit as δ p → 0 , these equations should be
replaced with the leading-order solution from the Taylor series expansion
					

					

R = 1 + 4δ p2 + 1 					
ξo =

ξ p 


 				
2 2
+
1
R
δ
p

2
l



ξ p2

1+
2 


(29)
(30)

For double-precision computations, roundoff error becomes noticeable for δ p < 0.0006 deg. Using Eq. (29)
instead of Eq. (26) for δp < = 0.1 deg introduces errors for R on the order of 1.0 × 10-4 percent. For δp < = 0.01
deg, Eq. (29) produces errors on the order of 1.0 × 10-6 percent.
With the relations described above, the geometry of the parabolic flap can be computed as follows: given
a chord length, c, airfoil camber distribution, yc 0 , airfoil thickness distribution, t(xo), location of the flap
hinge point, (xf, yf), and flap angle, δ p , Eqs. (15) and (16) can be used to define the flap neutral line.
Equation (26) is then used to compute the constant, R, which is used in Eqs. (25) and (27) to compute ξTE
and ηTE . Given an axial coordinate aft of the hinge point that lies along the airfoil chord line with zero flap
deflection, xo, the point on the flap neutral line that corresponds to this same axial location is
					 ξ =
o

(x − x ) l
(c − x )
o

f

					

(31)

f

Equation (28) is then used to solve for the corresponding ξ p value using an iterative solver such as Newton’s
method. An initial guess of ξ p = ξTEξ o l yields good results. Equations (20) and (21) are used to evaluate
the parabolic function and its first derivative at each value of ξ p . The coordinates of the deflected parabolic
flap neutral line in the flap coordinate system, (ξ p , η p ) , can be transformed to the airfoil coordinate system
(xp,yp) through the transformation
				
				

x p = x f + ξ p cos ϕ − η p sin ϕ 				

(32)

y p = y f + ξ p sin ϕ + η p cos ϕ 				

(33)

From the definition of the flap neutral line and Eq. (31), the y-coordinate of any point along the undeflected
flap neutral line can be found from
 ( xo − x f ) 
 ξ 
ynl = y f 1 − o  = y f 1 −

					
(34)
(c − x f )  				
l 


The vertical distance between the camber line and the undeflected flap neutral line at any point, xo, is
				

∆yc ( xo ) ≡ yc 0 ( xo ) − ynl ( xo ) 		

		

(35)
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NACA 2412 Geometry
NACA 2412 Camber
Traditional Flap Geometry
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Figure 2: Airfoil geometry and camber line for the NACA 2412 airfoil without flap deflection, with a traditional
flap deflection, and with a parabolic flap deflection with xf /c = 0.7 and δ f = δ p = 15 deg.
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Figure 3: Camber-line slope of the NACA 2412 airfoil without flap deflection, with a traditional flap deflection,
and with a parabolic flap deflection with xf /c = 0.7 and δ f = δ p = 15 deg.
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The transformed camber line at the point of interest is found by an offset to the transformed flap neutral line,
rotated by the change in local angle of the flap neutral line, γ . Using Eq. (22) gives
xo ,
0 < xo < x f


 −1  2ξ p
xc = 

		
x
y
+
∆
sin
tan
tan
δ

 , x f < xo < c


p
c
p

 ξTE



			

(36)

yc 0 ,
0 < xo < x f


 −1  2ξ p
yc = 

(37)
y
+
∆
y
cos
tan
tan
δ


  , x f < xo < c
p
c
p

 ξTE



			
				
The slope of the camber line including flap deflection can be found by adding the original camber-line slope
given in Eq. (12) to the slope of the transformed flap neutral line, given in Eq. (22), at any point of interest.

This gives

dyc  dyc 0 dx , 0 ≤ xo ≤ x f
=
				 dx  tan (φ + γ ) , x ≤ x ≤ c 			
f
o


(38)

Using Eqs. (12) and (22) in Eq. (38) and applying the angle sum identity

tan (φ + γ )=

( tan φ + tan γ ) / (1 − tan φ tan γ ) , the camber-line slope at any point on the airfoil with the

parabolic flap is

-3.5

No Flap

-3.0

Traditional Flap

Pressure Coefficient

-2.5

Parabolic Flap
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Figure 4: Pressure coefficient along upper and lower surfaces of the NACA 2412 airfoil without flap deflection,
with a traditional flap deflection, and with a parabolic flap deflection with xf /c = 0.7, δ f = δ p = 15 deg, and an
angle of attack of zero.
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dyc 0 dx ,
0 ≤ xo ≤ x f

dyc  dy dx − 2ξ tan δ ξ
=
		
c0
p
p
TE
, x f ≤ xo ≤ c
dx 
1 + 2ξ p ( tan δ p / ξTE ) ( dyc 0 / dx )

(39)

Equations (36), (37), and (39) can then be used in Eqs. (1)-(4) to evaluate the airfoil surface geometry.
Figure 2 shows the surface geometry and camber line of a NACA 2412 airfoil without a flap, with a
traditional flap deflection of δ f = 15 deg, and with a parabolic flap deflection of δ p = 15 deg. For each
case, the flap hinge location was set to x f c = 0.7 and
=
y f c y=
0.015 . Figure 3 shows the
c0 ( x f ) c
associated camber-line slopes, and Figure 4 shows the associated pressure coefficient along the upper and
lower surfaces for each case at an angle of attack of zero. Note from Figure 3 that the camber-line slope for
the traditional flap has a discontinuity at the hinge point, whereas the camber-line slope of the parabolic flap
is continuous across the entire airfoil. The discontinuity in camber-line slope characteristic of traditional
flap deflections causes a pressure spike at the hinge point, which can be seen in Figure 4. This large pressure
gradient can induce flow separation at or near the hinge point. The parabolic flap does not exhibit a pressure
spike at the hinge point, but does have a large adverse pressure gradient near the airfoil trailing edge, which
can induce flow separation near the flap trailing edge.
The method outlined in this section can be used to define the geometry of any airfoil with a parabolic flap.
This has been demonstrated here using the NACA 4-digit airfoil series, but can be applied to any arbitrary
airfoil, provided that the airfoil camber line and thickness are known as a function of axial coordinate. This
process preserves the length along the outer surface of symmetric airfoils. For airfoils with non-zero camber,
changes to the outer-surface length are extremely small. For example, the surface length of a NACA 8412
airfoil with x f c = 0.7 and δ p = 50 deg differs from the undeflected surface length by about 0.3%.

Ideal Aerodynamic Performance
We now consider the ideal aerodynamic performance of a parabolic trailing-edge flap compared to that of
a traditional flap. We will approach this through the use of thin airfoil theory, and will include vortex-panel
solutions to demonstrate thickness and camber effects. Thin airfoil theory was developed by Max Munk,
who published the theory in 1922 as a NACA report [14]. Versions of his theory were soon published with
minor modifications by Birnhaum [15] and Glauert [16-18]. Many of the early NACA airfoils were developed using this theory [19], and summaries of the theory can be found in many aerodynamics textbooks
[20-26]. Glauert was particularly instrumental in extending the original theory to include the effects of flaps
[18]. Glauert’s extension to the original theory has been summarized and further discussed by Abbott and
von Doenhoff [27] and Phillips [28].
Thin airfoil theory applies the approximations of thin airfoils at small angles of attack, small camber, and
small flap deflections to obtain predictions for the lift and quarter-chord pitching-moment coefficients. This
theory gives

=
C L C L ,α (α − α L 0 )

				

(40)

1 dyc
					
=
C mc 4
cos ( 2θ ) − cos θ  dθ 		
2 θ ∫=0 dx 

(41)

						

π

where the lift slope and zero-lift angle of attack are

~
C
					 L ,α = 2π

					

(42)
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π

dyc
=
α L0
(1 − cos θ ) dθ
π θ ∫=0 dx
1

(43)

and the airfoil x-coordinate is related to θ through
the change of variables
c
x (θ ) = (1 − cosθ ) , θ = cos −1 (1 − 2 x c ) (44)
2
Within the limits of thin airfoil theory, the lift slope
is independent of the camber line, as can be seen in
Eq. (42). Thus, within the limits of this theory, the
camber line only affects the lift through its effect on
the zero-lift angle of attack, as can be seen from Eq.
(43). Additionally, the camber line affects the airfoil
pitching moment as can be seen in Eq. (41).

Ideal section flap effectiveness
Thin airfoil theory can be used to estimate the ideal
section flap effectiveness, which is defined as the
negative of the change in zero-lift angle of attack
with respect to flap deflection for small deflection

angles [27,28]. In order to obtain a closed-form
approximation for the ideal section flap effectiveness,
we will retain the small-camber, small-angle,
and small-deflection approximations used in thin
airfoil theory. From Eqs. (29), (30), and (25) we
obtain the small deflection-angle approximations
tan δ p ≈ δ p , R ≈ 2 , ξ p ≈ ξ o , ξTE ≈ l , xo ≈ x , and
( 2ξoδ p / l ) ( dyc 0 / dx ) << 1 . Using these small-angle
approximations and applying Eq. (31), the camberline slope given in Eq. (39) for a parabolic flap can
be written as

0,
0 ≤ x ≤ xf


dyc dyc 0
=
+  ( x − xf )
δ p, xf ≤ x ≤ c
dx
dx −2
−
c
x
(
)
f


(45)

This is the same small-angle camber-line slope used
by Sanders, Eastep, and Forster [11]. Using Eq. (45)
in Eq. (43) with the change of variables given in
Eqs. (44) gives

1.6

Ideal Section Flap Effectiveness

1.4

Eq. (48)

1.2
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0.6

Parabolic Traditional
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1.0

Figure 5: Ideal section flap effectiveness of traditional and parabolic flaps as predicted by thin airfoil theory, the
vortex panel method, and Sanders, et al. [11].
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 π

2δ p
dyc 0


1
−
cos
θ
d
θ
−
cos
θ
−
cos
θ
1
−
cos
θ
d
θ
(
)
(
)
(
)
f
π θ ∫0 =
dx
π (1 + cos θ f ) θ ∫θ f

=

α L=
0

1

π

(46)

where



				

θ f ≡ cos −1 1 − 2


xf 

 c
 = cos −1  2 f − 1 			

 c
c 



(47)

is the flap hinge location, and the ratio c f c is the flap-chord fraction. The first term in Eq. (46) is the zerolift angle of attack of the airfoil without any flap deflection. The change in zero-lift angle of attack for a
given flap-chord fraction and flap deflection can be evaluated from the second term in Eq. (46). Note that
within the small-angle and small-deflection approximations used, this term is directly proportional to the
flap deflection, δ p . Integrating this term gives the ideal section flap effectiveness of a parabolic flap,
				 ε ≡ − ∂α L 0 =
ip

∂δ p

(1 + 2 cos θ )(π − θ ) + sin θ ( 2 + cos θ )
π (1 + cos θ )
f

f

f

f

(48)

f

Following the same process, but using the camber-line slope given in Eq. (14) gives the ideal section flap
effectiveness of a traditional flap [18,27,28]
π
θ f − sin θ f
∂α L 0 1
1
cos
1
ε if ≡ −
θ
d
θ
=
−
=
−
(
)
π θ =∫θ f
π
∂δ f
			

(49)

From Eqs. (48) and (49) we see that the ideal section flap effectiveness of either flap geometry as predicted
by thin airfoil theory depends on only the flap-chord fraction, and is independent of the flap deflection
angle, airfoil camber-line distribution, or airfoil thickness distribution. Figure 5 shows the ideal section

1.55
Eq. (50)
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Figure 6: Parabolic-flap effectiveness ratio as predicted by thin airfoil theory and the vortex panel method.
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flap effectiveness of both traditional and parabolic flap geometries at small deflections as predicted by Eqs.
(48) and (49). Results from a vortex panel method [29] for NACA 2412 and 8420 airfoils with each flap
type are included for comparison. For the vortex-panel computations, 400 nodes around the airfoil surface
were used to ensure grid convergence, and forward differencing with a step size of 1 deg deflection was
used to compute the ideal section flap effectiveness. This data falls very near the analytical solutions given
by Eqs. (48) and (49) and demonstrates that the ideal section flap effectiveness is only a weak function of
camber and thickness when only potential flow is considered. Sanders, Eastep, and Forster [11] do not show
plots of the ideal section flap effectiveness directly. However, they do include computational results for the
change in lift coefficient per degree of flap deflection. These results were digitized and used to compute an
estimate for the ideal section flap effectiveness from their work. These results are included in Figure 5 for
comparison. Since their small-angle camber-line slope is the same as that given in Eq. (45), any deviation
from the grey symbols and Eqs. (48) and (49) visible in Figure 5 are likely due to plot-digitization errors.
One measure of aerodynamic performance of the parabolic flap is the ratio of the ideal section flap
effectiveness of the parabolic flap to that of the traditional flap. We will call this ratio the parabolic-flap
effectiveness ratio. Dividing Eq. (48) by Eq. (49) gives the parabolic-flap effectiveness ratio as predicted
from thin airfoil theory

Rε ≡

ε ip (1 + 2 cos θ f )(π − θ f ) + sin θ f ( 2 + cos θ f )
=
		
ε if
(1 + cos θ f )(π − θ f + sin θ f )

(50)

				
Figure 6 shows the parabolic-flap effectiveness ratio as a function of flap-chord fraction computed from
Eq. (50). Results are also included for the NACA 2412 and 8420 airfoils as computed from the vortex
0.0
-0.2

Eq. (53), Cm,δ
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Eq. (60)

f
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Figure 7: Change in quarter-chord pitching moment with respect to flap deflection for traditional and parabolic
flaps as predicted by thin airfoil theory, the vortex panel method, and Sanders, et al. [11].
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panel method. From Figure 5 and Figure 6 we see that a single degree of deflection from the parabolic flap
produces significantly more lift than a single degree of deflection from a traditional flap. This is because a
single degree of deflection of a parabolic flap produces a larger change in camber-line slope near the trailing
edge than does a traditional flap. Hence, a parabolic flap will produce a larger change in lift than a traditional
flap for a given flap-deflection angle. This should not be understood to mean that the parabolic flap is always
more aerodynamically efficient than a traditional flap. Indeed, additional aerodynamic characteristics are
also important, including the effect of the flap on airfoil pitching moment as well as the effects of viscosity
and parasitic drag. However, within the limits of potential flow, the parabolic flap has an ideal section flap
effectiveness ranging from 33.3% to 50% higher than that of a traditional flap. Numerical results from the
NACA 2412 and 8420 airfoils show that camber and thickness produce results that deviate only slightly
from the thin-airfoil approximation given in Eq. (50).

Section quarter-chord pitching moment
In a similar manner, we can use thin airfoil theory to estimate the change in section quarter-chord pitching
moment due to flap deflection. Using Eq. (45) in Eq. (41) with the change of variables given in Eq. (44)
gives
π
π
δp
1 dyc 0

=
Cmc 4
cos ( 2θ ) − cos θ  dθ −
( cos θ f − cos θ ) cos ( 2θ ) − cos θ  dθ
(51)
2 θ ∫0 =
1 + cos θ f θ ∫θ f
dx 
Within the approximations used for thin airfoil theory, the first term in Eq. (51) is exactly the section
pitching moment of the airfoil with zero flap deflection, and the second term is proportional to the flap
deflection. The change in section pitching moment with respect to flap deflection can be evaluated by
integrating the second term and differentiating the result with respect to flap deflection,

C m,δ p ≡

∂C mc 4
∂δ p

3 (π − θ f ) + 3sin θ f ( 2 cos θ f + 1)(1 − cos θ f ) + sin ( 3θ f )
=
−
6 (1 + cos θ f )

(52)

Following the same process, but using the camber-line slope given in Eq. (14) gives the change in section
pitching moment with respect to flap deflection of a traditional flap [28]

C m,δ f ≡

∂C mc 4
∂δ f

π
sin ( 2θ f ) − 2sin θ f
1
=
− ∫ cos ( 2θ ) − cos θ  dθ =
		
2 θ =θ f
4

(53)

		
From Eqs. (52) and (53) we see that the change in section pitching moment with respect to flap deflection
of either flap geometry is predicted by thin airfoil theory to depend on only the flap-chord fraction, and
is independent of the flap deflection angle, original airfoil camber line distribution, or airfoil thickness
distribution. Figure 7 shows the change in section quarter-chord pitching moment with respect to flap
deflection for both traditional and parabolic flap geometries at small deflections as predicted by Eqs. (52)
and (53). Results from a vortex panel method [29] for NACA 2412 and 8420 airfoils at zero degrees angle
of attack with each flap type are included. The same node count and finite-differencing techniques as
mentioned previously were used for these computations. Additionally, estimated results from linear potential
aerodynamic computations published by Sanders, Eastep, and Forster [11] are included for comparison.
Airfoil thickness tends to increase the magnitude of the change in pitching moment with respect to flap
deflection, while viscosity and hinge effects can significantly decrease this magnitude [28]. Therefore, thin
airfoil theory or vortex-panel results should only be used for preliminary design.
Notice that the change in section pitching moment with respect to flap deflection predicted by thin airfoil
theory for the traditional flap goes to zero as the flap-chord fraction approaches 1. This is because for a
flap-chord fraction of 1, a traditional flap deflection is equivalent to a rotation of the complete airfoil, and
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Figure 8: Example equivalent-lift deflection for the traditional flap (15.0 deg) and parabolic flap (11.23 deg)
using a NACA 2412 airfoil with cf /c=0.3, computed using a vortex panel method.
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Figure 9: Equivalent-lift deflection ratio as a function of flap-chord fraction predicted from thin airfoil theory
and the vortex panel method.
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therefore equivalent to a change in angle of attack.
Since the aerodynamic center of an airfoil is
predicted by thin airfoil theory to be located at the
quarter chord, this theory also predicts zero change in
section pitching moment about the quarter chord due
to a change in flap deflection for c f c = 1 . On the
other hand, a parabolic flap deflection for c f c = 1
is not equivalent to a rotation of the complete
airfoil. Rather, a parabolic flap deflection for this
case has zero deflection at the leading edge, and a
continuously increasing deflection along the chord,
with the maximum deflection occurring at the
trailing edge. Hence, for a parabolic flap, the change
in section quarter-chord pitching moment with
respect to flap deflection is nonzero for c f c = 1 . It
is also interesting to note that the maximum absolute
change in section pitching moment due to flap
deflection for a traditional flap occurs in the range
0.2 ≤ c f c ≤ 0.3 , whereas that for the parabolic flap
occurs in the range 0.4 ≤ c f c ≤ 0.6 .

Equivalent-lift deflections
In order to evaluate the aerodynamic performance
of the two flap types, it is perhaps best to compare
their performance at deflections that produce equivalent lift, i.e.,
C L (δ p ) = C L (δ f

) 			

(54)

Here we define an equivalent-lift deflection ratio,
Rδ , as the ratio of parabolic-flap deflection to
traditional flap deflection required to produce the
same amount of lift for a given flap-chord fraction
and angle of attack, i.e.,

Rδ ≡

δp
δf

11.23 deg, which gives an equivalent-lift deflection
ratio of 0.748. In this example, using a parabolic
flap requires only about 75% of the deflection that
would be required by a traditional flap to create the
same change in lift coefficient. Figure 8 shows these
equivalent-lift deflection geometries.
An estimate for the equivalent-lift deflection ratio
for small deflections as a function of hinge location
can be obtained from thin airfoil theory. Within the
small-angle approximations of this theory, the lift
coefficient is a linear function of the flap deflection
for both traditional and parabolic flaps. For a
parabolic flap, using Eqs. (46) and (48) in Eq. (40)
gives the thin-airfoil-theory approximation for the
lift coefficient at small flap deflections

C L = C L ,α α − α L 0 ( 0 ) + ε ipδ p 

where α L 0 ( 0 ) is the zero-lift angle of attack of
the airfoil with no flap deflection. For a traditional
flap, the lift coefficient at small flap deflections can
likewise be written as

C L = C L ,α α − α L 0 ( 0 ) + ε if δ f 

(55)

For example, the equivalent-lift deflection ratio for
a NACA 2412 airfoil with c f c = 0.3 at an angle
of attack of zero was computed using a vortex
panel method. A traditional flap deflection of 15
deg was specified, and Newton’s method was used
to compute the parabolic flap deflection that would
produce the same lift coefficient for the airfoil at the
same flap-chord fraction and angle of attack. The
equivalent parabolic-flap deflection was found to be

(57)

From the lift relations in Eqs. (56) and (57), we
see that the equivalent-lift constraint from Eq. (54)
requires

ε ipδ p = ε if δ f

			

(58)

Using Eqs. (48) and (49) in Eq. (58) and rearranging,
the equivalent-lift deflection ratio predicted by thin
airfoil theory for small flap deflections is

Rδ
=

		
~
C L , c f c, α

(56)

(1 + cos θ f )(π − θ f + sin θ f )
1
=
(1 + 2 cos θ f )(π − θ f ) + sin θ f ( 2 + cos θ f ) Rε

(59)

Figure 9 shows the equivalent-lift deflection ratio
as a function of flap-chord fraction given by Eq.
(59). Because this relation was developed using the
small-angle approximation for flap deflection inherent from thin airfoil theory, we would not expect it
to be accurate for large deflections. To demonstrate
sample effects of deflection magnitude, results from
the vortex panel method [29] are included for the
NACA 0001 airfoil over a range of traditional flap
deflection angles, δ f . Inviscid results from vortex
panel methods may vary slightly from those shown
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in Figure 9 due to treatment of intersecting surfaces at large deflections. To demonstrate the effects of
thickness and camber, results from the vortex panel method are included for NACA 0020, 4401, and 4420
airfoils for small deflections. Note that for small deflections, the equivalent-lift deflection ratio approaches
3/4 for small flap-chord fractions, and 2/3 for large flap-chord fractions. Airfoil thickness tends to increase
this ratio for flap-chord fractions less than about 0.75, and decrease this ratio for flap-chord fractions greater
than 0.75. Camber appears to have nearly negligible effect. The equivalent-lift deflection ratio increases for
increasing deflection-angle magnitudes, and approaches Rδ = 1 as δ f → ±90 deg.
The changes in section quarter-chord pitching moment given by Eqs. (52) and (53) for the traditional-flap
and parabolic-flap geometries were obtained by differentiating the section quarter-chord pitching moment
with respect to flap deflection for each flap type. However, it is perhaps more insightful to consider the
change in section quarter-chord pitching moment with respect to flap deflection for an equivalent change in
lift produced by each flap type.
The ratio given in Eq. (59) provides an estimate for the flap-deflection magnitude required for a parabolic
flap to create the same change in lift as a single degree of deflection of a traditional flap with the same flapchord fraction and angle of attack. Therefore, multiplying Eq. (52) by Eq. (59) gives the change in section
quarter-chord pitching moment for a parabolic flap with respect to the flap deflection that produces the same
change in lift as a traditional flap, as estimated by thin airfoil theory. This gives
		 C m,δ

p

C L , c f c , α

3 (π − θ f ) + 3sin θ f ( 2 cos θ f + 1)(1 − cos θ f ) + sin ( 3θ f )  (π − θ f + sin θ f

= −
6 (1 + 2 cos θ f )(π − θ f ) + sin θ f ( 2 + cos θ f ) 

)

(60)

Predictions from Eq. (60) are included in Figure 7. Note that the parabolic flap generates a larger change in
section pitching moment than does the traditional flap for an equivalent change in lift.
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Figure 10: Equivalent-lift pitching-moment ratio as a function of flap-chord fraction predicted from thin airfoil
theory and the vortex panel method.
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The ratio of the section pitching moment produced by the parabolic flap to that produced by the traditional
flap for an equivalent change in lift will be termed the equivalent-lift pitching-moment ratio. An estimate
for this ratio can be obtained from thin airfoil theory by dividing Eq. (60) by Eq. (53), which gives
Rm ≡

C m ,δ p
C
m ,δ f

C L , c f c , α

2 3 (π − θ f ) + 3sin θ f ( 2 cos θ f + 1)(1 − cos θ f ) + sin ( 3θ f )  (π − θ f + sin θ f
=
− 
3 (1 + 2 cos θ f )(π − θ f ) + sin θ f ( 2 + cos θ f )  sin ( 2θ f ) − 2sin θ f 

)

(61)

Because Eq. (53) approaches zero as the flap-chord fraction approaches unity, the ratio in Eq. (61) approaches
infinity as the flap-chord fraction becomes large. Therefore, to observe the trend suggested by Eq. (61),
~
~
the inverse of Eq. (61) (i.e. 1 Rm = Cm,δ f Cm,δ p ) is plotted as a function of flap-chord fraction in Figure 10.
Again, to demonstrate the effects of deflection, results are included for the NACA 0001 airfoil with varying
deflection magnitudes. To demonstrate the effects of thickness and camber, results are included for the
NACA 0020, 4401, and 4420 airfoils with small deflections. Typical flap-chord fractions of traditional flaps
generally range between 0.1 and 0.4. In this range, the traditional flap creates only 70-95% the magnitude
of pitching moment created by the parabolic flap for the equivalent-lift deflection. As is true for aircraft
employing traditional flaps, the change in pitching moment as a result of flap deflection can be significant
and should be accounted for during the design process of any aircraft employing parabolic flaps. However,
because viscosity can have a significant impact on the pitching moment, the results presented here based on
ideal aerodynamics should be used with caution.

Conclusions
The geometry of a parabolic flap has been defined here as that produced by a parabolic deflection of the
flap neutral line aft of a specified hinge point. This geometry can be generated for any arbitrary airfoil using
the methodology outlined in this paper, provided that the camber line and thickness distributions of the
airfoil are known. The methodology requires a numerical solver to ensure that the length of the flap neutral
line does not change with deflection. The resulting parabolic-flap geometry has a camber-line slope that is
continuous across the hinge point, whereas the camber-line slope of the traditional flap has a discontinuity
across the hinge point.
Thin airfoil theory has been used to find analytical solutions for the ideal section flap effectiveness and
change in section quarter-chord pitching moment with respect to flap deflection of the parabolic flap. These
analytical solutions are given in Eqs. (48) and (52) respectively, and shown in Figure 5 and Figure 7
respectively, in comparison to thin-airfoil-theory results for the traditional flap. Solutions from inviscid
computations using a vortex panel method are included to demonstrate the effects of thickness and camber.
Results show that the ideal section flap effectiveness of a parabolic flap can range from 33% to 50%
greater than that of a traditional flap, depending on the flap-chord fraction, with larger flap-chord fractions
producing the largest gains in ideal section flap effectiveness. It was found that thickness and camber can
have a significant effect on the change in section pitching moment due to flap deflection, but only a small
effect on the ideal section flap effectiveness.
Estimates for the parabolic-flap effectiveness ratio, equivalent-lift deflection ratio, and equivalent-lift pitching-moment ratio were obtained from thin airfoil theory and given in Eqs. (50), (59), and (61) respectively.
Results are shown in Figure 6, Figure 9, and Figure 10 in comparison to vortex panel solutions for NACA
airfoils demonstrating the effects of camber and thickness. These results show that the parabolic flap typically requires 65-80% of the deflection of a traditional flap to produce the same change in lift, depending
on flap-chord fraction and deflection magnitude. Additionally, within the range of traditional flap-chord
fractions, the parabolic flap can create a change in pitching moment that is 5% to 50% larger than that of
a traditional flap for the same change in lift, with the largest differences in pitching moment occurring at
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larger flap-chord fractions. The vortex-panel solutions demonstrate that camber and thickness appear
to have only a small effect on the equivalent-lift deflection ratio, but that the deflection magnitude can
have a significant effect on this ratio.
The present study used only ideal aerodynamics to
evaluate the aerodynamic performance of a parabolic
flap to that of a traditional flap. Ideal-aerodynamic
estimates neglect viscosity, and therefore do not
provide insight into either the lift-to-drag ratio, or
the viscous results of adverse-pressure gradients
on the airfoil surface. Future work is planned to
understand these effects through the use of windtunnel measurements, computational fluid dynamics,
and boundary-layer theory. Although these future
studies will shed significantly more light on the
true aerodynamic performance of a parabolic flap in
comparison to a traditional flap, the results in this
paper provide the analytical foundation with which
these flap types can be compared.
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