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Introduction
Divalence atomic systems such as the Be isoelectronic 

sequence are an interesting area for the systematic studies 
of the photoionization process because of their relative-
ly simple quasi-two-electron structure. Many works have 
shown that relativistic effects play an important role in the 
photoionization of small atoms, such as Be [1]. Therefore, 
it is worthwhile to investigate the interplay between elec-
tron-correlation and relativistic effects on the photoioniza-
tion of atoms or ions with a low nuclear charge. Consider-
able theoretical and experimental efforts have been made 
recently to investigate the photoionization of the B+ ion. On 
the experimental side, Janniti, et al. [2] investigated the ab-
sorption spectrum of B+ for photon energies between 400 
and 1700 Å by using two-laser produced plasma; whereas 
Schippers, et al. [3] studied the photoionization of the B+ va-
lence shell using a photon-ion merged-beams arrangement 
at the Advanced Light Source (ALS). On the other hand of 
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theoretical side, Tully, et al. [4] reported energy positions 
for the 2pns 1P° (n = 4-6) and 2pnd 1P° (n = 4-6) levels of B+ 
along with resonance widths respectively by using R-matrix 
method; Kim and Manson, [5] investigated the photoion-
ization of the 1S ground state of Be-like B+ ion leading to 
the 2s, 2p, 3s and 3p states employing a Noniterative Eigen-
channel R-Matrix (NER-M) method; Hsiao, et al. [6] stud-
ied five Rydbergs series of doubly excited 2pns 1,3P°, 2pnd 
1,3P° and 2pnd 3D° states in the photoionization spectrum 
of the singly-ionized boron by using the Multiconfiguration 
Relativistic Random-Phase Approximation (MCRRPA); 
Sakho, et al. [7] reported accurate results for energy posi-
tions of the (2pns) 1,3P° and (2pnd) 1,3P° Rydberg states (n 
= 3-60) along with resonance widths of the (2pns) 1P° and 
(2pnd) 1P° (n = 3-20) of the B+ ion by using the Screening 
Constant by Unit Nuclear Charge (SCUNC) method. Using 
the MAOT method [8-11], Sow, et al. [9] reported accurate 
energy positions for the 2pns 1,3P° and 2pnd 1,3P° levels of the 
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Beryllium atom up to n = 25 along with resonance widths 
in the particular case of the 2pns 1P° states (n = 3-25). In 
this paper, these previous study are extended to the photo-
ionization spectrum of the Be-like B+ ion in the framework 
of the MAOT formalism. The MAOT-method is known to 
be a very suitable technique of calculation who has given 
recently accurate results from simple semi-empirical for-
mulas without needing to compute any photoionization 
cross section. The purpose of the present work is to report 
accurate results for energy positions of the (2pns) 1,3P° and 
(2pnd) 1,3P° Rydberg states (n = 3-30) along with resonance 
widths of the (2pns) 1P° and (2pnd) 1P° (n = 3-25) of the B+ 
ion in the framework of the MAOT formalism.

Theory
Brief description of the MAOT formalism

In the framework of Modified Atomic Orbital Theory 
(MAOT), total energy of (νℓ)-given orbital is expressed 
in the form [8-11].

( ) ( ) 2

2 = 
Z

E
σ

υ
υ

−  −


             (1)

In Eq. (1), Z stands for the atomic number, σ is the 
screening constant relative to the electron occupying 
the νℓ orbital, ν and ℓ denotes respectively the principal 
quantum number and the orbital quantum number.

 For an atomic system of several electrons M, the total 
energy is given by (in Rydberg)
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With respect to the usual spectroscopic notation 
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σi denotes the screening constant relative to the 
i-electron and vi represents the principal quantum num-
ber of the viℓ orbital (v1 = n = 1 for 1 s, v2 = n = 2 for 2 s 
or 2 p and so on). In the photoionisation study, energy 
resonances are generally measured relatively to the E∞ 
converging limit of a given (2S+1LJ) nl-Rydberg series. For 
these states, the general expression of the energy reso-
nances is given by the formula of Sakho presented previ-
ously [11] (in Rydberg units):
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In this equation m and q (m < q) denote the principal 
quantum numbers of the (2S+1LJ) nl-Rydberg series of the 
considered atomic system used in the empirical determi-
nation of the σi(

2S+1LJ)-screening constants, s represents 
the spin of the nl-electron (s = ½), E∞ is the energy value 

of the series limit generally determined from the NIST 
atomic database [12], En denotes the corresponding en-
ergy resonance, and Z represents the nuclear charge of 
the considered element. The only problem that one may 
face by using the MAOT formalism is linked to the deter-
mination of the ( )

1
, , ,k kf n m q s∑  term. The correct expression 

of this term is determined iteratively by imposing gener-
al Eq. (3) to give accurate data with a constant quantum 
defect values along all the considered series. The value of 
µ is fixed to 1 and 2 during the iteration. The quantum 
defect δ is calculated from the standard formula below
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Energy of the 2pns 1,3P° and 2pnd 1,3P° Rydberg series
In the framework of the MAOT formalism, the ener-

gy positions are given by (in Rydberg units) using Eq. (3)

• For 2pns 1,3Po levels
2

2
1 22 3 4 2 3

( )1 1 1 = ( ) ( ) ( ) ( )
( 2 ) ( ) ( ) ( )n

s S SE E Z s s n m n q
n n n m s n s n s n s

σσ σ∞

 − − − − × − × − + − −  + + + + +  

 
(4)

• For 2pnd 1,3Po levels
2
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In these equations, m and q (m < q) denote the princi-
pal quantum numbers of the 2pns 1P° and 2pnd 1P° levels 
of B+ used in the empirical determination of the σi (l = s 
or d) - screening constants in equations (4) and (5) and 
s represents the spin of the nl-electron (s = ½). E∞ is the 
energy value of the series limit and defined in NIST [12] 
E∞ = 31.1533 eV. The screening constants in equations 
(4) and (5) are evaluated using experimental data from 
Advanced Light Source of Schippers, et al. [3] on B+ for 
the 2p4s 1P° (m = 4) and 2p5s 1P° (q = 5) levels respective-
ly equal to (in eV) 26.923 ± 0.005 and 28.580 ± 0.003 and 
that of the 2p3d 1P° (m = 3) and 2p4d 1P° (q = 4) states 
at 25.458 ± 0.001 and 27.889 ± 0.001 respectively. The 
infinite Rydberg 1Ry = 13.605698 eV is used for energy 
conversion. Using these experimental data (with Z = 5), 
we obtain from equations (4) and (5) the empirical val-
ues of the screening constants.

σ1 (s) = -2.195 ± 0.004, σ2 (s) = -4.126 ± 0.004.

σ1 (d) = -2.429 ± 0.002, σ2 (d) = 0.810 ± 0.006.

In Eqs. (4) and (5), S = 0 for the singlet 2pns 1P° and 
2pnd 1P° states and S = 1 for the triplet 2pns 3P° and 2pnd 
3P° states.

Natural widths of the 2pns 1P° and 2pnd 1P° series
The resonance widths of the 2pns 1P° and 2pnd 1P° Ryd-

berg series of the B+ ion are given by (in Rydberg units)

• For 2pns 1P° levels

( ) ( ) ( ) ( )( )( )
( ) ( )

2

21 0
1 2 3 32

1 1 12 ;  = 
2 2

s
pns P Z s s n m n q

n n n m q s n m s
σ

σ σ
   Γ − − + − − −  

+ − − + −    
 (6)



• Page 3 of 7 •Sow et al. Int J At Nucl Phys 2017, 2:006

Citation: Sow M, Diallo A, Ba AD, Badiane JK, Diallo S, et al. (2017) Modified Atomic Orbital Theory Applied to the Study of 
High Lying (2pns) 1,3P° and (2pnd) 1,3P° Rydberg Series of B+. Int J At Nucl Phys 2:006

ISSN: 2631-5017 |

Table 4 and Table 5. In Table 1 we present a comparison 
of energy positions of the doubly 2pns 1P° excited states 
of B+ atom obtained from the present Modified Atomic 
Orbital Theory (MAOT) with the absorption spectrum of 
B II in the vacuum ultraviolet results of Janniti, et al. [2], 
the R-Matrix (R-M) calculations of Tully, et al. [4], the 
Noniterative Eigenchannel R-Matrix (NER-M) results 
Kim and Manson [5], the Multiconfiguration Relativistic 
Random-Phase Approximation (MCRRPA) computa-
tions of Hsiao, et al. [6], the Screening Constant by Unit 
Nuclear Charge SCUNC values of Sakho, et al. [7], and 
with the Advanced Light Source (ALS) experiments of 
Schippers, et al. [3]. On the other hand, our present re-
sults are quoted with uncertainties. It can be seen that 
the present MAOT results agrees very well with the cited 
literature data. It should be mentioned the good agree-
ments between the calculations for the 2p10s 1P° level, 
and the results for which the principal quantum num-
ber range between 12 and 20. Specially, for the 2p20s 1P° 
level, the present MAOT data at 31.0137 eV agrees very 

• For 2pnd 1P° levels

( ) ( ) ( ) ( )( )( )
( ) ( ) ( )
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The screening constants in equations (6) and (7) are 
evaluated using a photon-ion merged-beams arrange-
ment results [3] on B+ for the 2p4s 1P° (m = 4) and 2p5s 
1P° (q = 5) levels respectively equal to (in eV) 0.220 ± 
0.001 and 0.106 ± 0.007and that of the 2p3d 1P° (m = 3) 
and 2p4d 1P° (q = 4) states at 0.034 ± 0.002 and 0.016 ± 
0.002 respectively. Using these experimental data (with Z 
= 5), we obtain from equations (6) and (7) the empirical 
values of the screening constants

σ1 (s) = 4.3652 ± 0.0001, σ2 (s) = -4.9656 ± 0.0001,

σ1 (d) = 4.6357 ± 0.0001, σ2 (d) = 0.5665 ± 0.0001.

Results and Discussions
The results of the presently calculations for the energy 

positions of doubly (2pns) 1,3P° and (2pnd) 1,3P° excited 
state of the B+ atom are listed in Table 1, Table 2, Table 3, 

Table 1: Energy positions (E) of doubly (2pns) 1P° excited states of B+. The present MAOT results are compared to the Screening 
Constant by Unit Nuclear Charge (SCUNC) results of Sakho, et al. [7]; Multiconfiguration Relativistic Random-Phase Approximation 
(MCRRPA) computations of Hsiao, et al. [6]; Noniterative Eigenchannel R-Matrix (NER-M:) results of Kim and Manson [5]; R-Matrix (R-
M) calculations of Tully, et al. [4]; Advanced Light Source (ALS) experiments of Schippers, et al. [3] and to the Vaccum Ultraviolet (VU) 
measurements of Janniti, et al. [2]. The results are expressed in eV.

ns

Theory Experiment
MAOT SCUNC MCRRPA NER-M R-M ALS VU
E E

4s 26.9236 (50) 26.9229 (50) 26.9137 26.9405 26.96 26.923 (5) 26.91
5s 28.5804 (50) 28.5799 (30) 28.5634 28.5568 28.59 28.580 (3) 28.58
6s 29.4153 (20) 29.4201 (20) 29.4084 29.3924 29.42 29.420 (3) 29.44
7s 29.9000 (14) 29.9062 (14) 29.8983 29.8787 29.895 (3)
8s 30.2075 (11) 30.2129 (11) 30.2075 30.1861 30.205 (3)
9s 30.4148 (8) 30.4187 (8) 30.4151 30.3927 30.409 (7)
10s 30.5612 (7) 30.5636 (7) 30.5612 30.5382 30.562 (9)
11s 30.6683 (6) 30.6695 (5) 30.668 30.6444
12s 30.7490 (5) 30.7492 (5) 30.7484 30.7244
13s 30.8112 (4) 30.8107 (4) 30.8103
14s 30.8602 (3) 30.8591 (3) 30.8591
15s 30.8995 (3) 30.8979 (3) 30.8982
16s 30.9314 (2) 30.9296 (3) 30.9301
17s 30.9577 (2) 30.9557 (2) 30.9564
18s 30.9796 (2) 30.9774 (2) 30.9783
19s 30.9980 (2) 30.9958 (2) 30.9968
20s 31.0137 (2) 31.0114 (2) 31.0125
21s 31.0271 (1) 31.0249 (1)
22s 31.0387 (1) 31.0364 (1)
23s 31.0487 (1) 31.0465 (1)
24s 31.0575 (1) 31.0554 (1)
25s 31.0652 (1)
26s 31.0721 (1)
27s 31.0782 (1)
28s 31.0836 (1)
29s 31.0884 (1)
30s 31.0928 (1)
…
∞s 31.1533
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calculations respectively at 31.0185 eV and 31.0196 eV. 
Besides, it should be mentioned the very good agreement 
between the present MAOT and the SCUNC [7] predic-
tions up to 2p20d 1P°. As a result, our listed data for n 
> 25 are expected to be accurate. Table 3 indicates the 
present MAOT calculations for the 2pns 3P° and 2pnd 
3P° doubly excited states compared to the SCUNC results 
[7] and to the MCRRPA values [6]. For both 2pns 3P° and 
2pnd 3P° states up to n = 20, the agreements between the 
calculations are seen to be very good. These agreements 
allow us to extend the MAOT calculations up to n = 30 
and the data are expect them to be accurate. As far as 
the natural widths of the 2pns 1P° and 2pns 1P° Rydberg 
states are concerned, the results obtained in this work us-
ing Eq. (5) and (6) are respectively listed in Table 4 and 
Table 5 an converted into (eV) for direct comparison 
with the ALS experimental values of Schippers, et al. [3] 
and with the theoretical R-M calculations of Tully, et al. 

satisfactory with the SCUNC [7] and the MCRRPA [6] 
calculations respectively at 31.0114 eV and 31.0125 eV. 
Here the present deviations with respect to the SCUNC 
[7] and the MCRRPA [6] calculations respectively equal 
to at 0.0023 eV and 0.0012 eV. For the 2p24s 1P° level, the 
present MAOT equal to 31.0575 eV is shifted at 0.0021 
eV to the 31.0554 eV SCUNC [7] prediction. These good 
agreements enable one to expect as accurate the present 
MAOT calculations for high lying 2pns 1P° (n ≥ 20) levels. 
Table 2 indicates the present MAOT calculations for the 
2pnd 1P° compared to the experimental measurements 
[2,3] and theoretical calculations [4-7]. Here again, the 
agreements between the current results and the quoted 
literature data are seen to be very good. Thus up to 2p12d 
1P° level, the agreements between theory and experiment 
is seen to be very good. For the high lying level 2p20d 1P° 
the agreement the present MAOT data at 31.01818 eV 
agrees well with the SCUNC [7] and the MCRRPA [6] 

Table 2: Energy positions (E) of doubly (2pnd) 1P° excited states of B+. The present MAOT results are compared to the Screening 
Constant by Unit Nuclear Charge (SCUNC) results of Sakho, et al. [7]; Multiconfiguration Relativistic Random-Phase Approximation 
(MCRRPA) computations of Hsiao, et al. [6]; Noniterative Eigenchannel R-Matrix (NER-M:) results of Kim and Manson [5]; R-Matrix (R-
M) calculations of Tully, et al. [4]; Advanced Light Source (ALS) experiments of Schippers, et al. [3] and to the Vaccum Ultraviolet (VU) 
measurements of Janniti, et al. [2]. The results are expressed in eV.

nd

Theory Experiment

MAOT SCUNC MCRRPA NER-M R-M ALS VU
E E

3d 25.4587 (10) 25.4578 (10) 25.5731 25.4262 25.47 25.458 (1) 25.43
4d 27.8894 (10) 27.8889 (10) 27.9453 27.861 27.90 27.889 (1) 27.91
5d 29.0432 (8) 29.0443 (8) 29.0747 29.0166 29.05 29.041 (1) 29.06
6d 29.6790 (6) 29.6804 (6) 29.6983 29.6533 29.68 29.676 (1) 29.7
7d 30.0659 (5) 30.0670 (5) 30.0784 30.0408 30.064 (2)
8d 30.3184 (4) 30.3194 (4) 30.3269 30.2935 30.320 (2)
9d 30.4923 (3) 30.4931 (3) 30.4983 30.4676 30.490 (4)
10d 30.6170 (3) 30.6177 (3) 30.6215 30.5924 30.610 (1)
11d 30.7095 (2) 30.7101 (2) 30.713 30.685
12d 30.7800 (2) 30.7805 (2) 30.7828 30.7556
13d 30.8349 (2) 30.8354 (2) 30.8372
14d 30.8785 (1) 30.8790 (1) 30.8805
15d 30.9138 (1) 30.9142 (1) 30.9156
16d 30.9426 (1) 30.9430 (1) 30.9443
17d 30.9666 (1) 30.9669 (1) 30.9681
18d 30.9867 (1) 30.9870 (1) 30.9881
19d 31.0036 (1) 31.0040 (1) 31.0051
20d 31.0182 (1) 31.0185 (1) 31.0196
21d 31.0307 (1) 31.0310 (1)
22d 31.0415 (1) 31.0418 (1)
23d 31.0510 (1) 31.0513 (1)
24d 31.0593 (1) 31.0596 (1)
25d 31.0666 (1)
26d 31.0731 (1)
27d 31.0789 (1)
28d 31.0841 (1)
29d 31.0888 (1)
30d 31.0930 (1)
…
∞d 31.1533
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agreements are obtained between the present MAOT 
calculations and the quoted literature data, it should 
mentioned slight discrepancies between the present re-
sults and those from the NER-M computations [5]. Let 
us for instance consider the 10s-state for which ab initio 

[4], NER-M results of Kim and Manson [5], MCRRPA 
values of Hsiao, et al. [6], and with the SCUNC results of 
Sakho, et al. [7]. Here, the agreements between the cur-
rent MOAT results and all the listed theoretical results 
are seen to be good up to n = 12. Overall, although good 

Table 3: Energy (E) of doubly (2pns) 3P° and (2pnd) 3P° excited states of B+. The present MAOT results are compared to the Screening 
Constant by Unit Nuclear Charge (SCUNC) results of Sakho, et al. [7] and to the Multiconfiguration Relativistic Random-Phase 
Approximation (MCRRPA) computations of Hsiao, et al. [6]. The results are expressed in eV.

MAOT SCUNC MCRRPA MAOT SCUNC MCRRPA
ns nd

3d 25.1527 (20) 25.1515 (32) 25.1505
4s 26.6636 (50) 26.7126 (53) 26.705 4d 27.7556 (15) 27.7757 (18) 27.7498
5s 28.4759 (33) 28.4836 (32) 28.4707 5d 28.9720 (15) 28.9891 (12) 28.9706
6s 29.3654 (30) 29.3673 (22) 29.3586 6d 29.6364 (10) 29.6490 (8) 29.637
7s 29.8733 (20) 29.8739 (16) 29.868 7d 30.0383 (10) 30.0472 (6) 30.0394
8s 30.1919 (20) 30.1915 (12) 30.1874 8d 30.2995 (10) 30.3060 (5) 30.3008
9s 30.4051 (2) 30.4038 (9) 30.4008 9d 30.4788 (10) 30.4835 (4) 30.4801
10s 30.5548 (2) 30.5528 (7) 30.5504 10d 30.6070 (10) 30.6106 (3) 30.6083
11s 30.6640 (2) 30.6613 (6) 30.6593 11d 30.7019 (10) 30.7046 (3) 30.7032
12s 30.7460 (2) 30.7429 (5) 30.741 12d 30.7741 (10) 30.7762 (2) 30.7754
13s 30.8090 (2) 30.8057 (4) 30.8039 13d 30.8302 (10) 30.8319 (2) 30.8315
14s 30.8586 (2) 30.8551 (3) 30.8533 14d 30.8747 (10) 30.8761 (2) 30.8761
15s 30.8983 (2) 30.8947 (3) 30.8929 15d 30.9107 (10) 30.9118 (2) 30.912
16s 30.9304 (2) 30.9269 (3) 30.925 16d 30.9400 (7) 30.9410 (1) 30.9414
17s 30.9569 (2) 30.9534 (2) 30.9515 17d 30.9644 (7) 30.9652 (1) 30.9658
18s 30.9790 (2) 30.9755 (2) 30.9736 18d 30.9848 (7) 30.9855 (1) 30.9862
19s 30.9975 (2) 30.9942 (2) 30.9922 19d 31.0021 (5) 31.0027 (1) 31.0035
20s 31.0133 (2) 31.0100 (2) 31.008 20d 31.0168 (5) 31.0174 (1) 31.0183
21s 31.0268 (2) 31.0236 (1) 21d 31.0295 (2) 31.0300 (1)
22s 31.0384 (2) 31.0354 (1) 22d 31.0405 (2)
23s 31.0485 (2) 23d 31.0501 (2)
24s 31.0573 (2) 24d 31.0585 (2)
25s 31.0651 (2) 25d 31.0659 (2)
26s 31.0719 (1) 26d 31.0725 (2)
27s 31.0780 (1) 27d 31.0784 (1)
28s 31.0835 (1) 28d 31.0836 (1)
29s 31.0883 (1) 29d 31.0883 (1)
30s 31.0927 (1) 30d 31.0926 (1)

… …. … … …
∞s 31.1533 …

Table 4: Resonance widths (Γ) of doubly (2pns) 1P° excited states of B+. The present MAOT results are compared to the Screening 
Constant by Unit Nuclear Charge (SCUNC) results of Sakho, et al. [7]; Multiconfiguration Relativistic Random-Phase Approximation 
(MCRRPA) computations of Hsiao, et al. [6]; Noniterative Eigenchannel R-Matrix (NER-M:) results of Kim and Manson [5]; R-Matrix 
(R-M) calculations of Tully, et al. [4] and to the Advanced Light Source (ALS) experiments of Schippers, et al. [3] The a (-b) (c) notation 
means a × 10−b and (c) indicate the uncertainties of the experimental widths given in parentheses. The results are expressed in eV.

Theory Experiment
States MAOT SCUNC MCRRPA NER-M R-M ALS
(2p4s)1P° 2.220 (-1) (80) 2.212 (-1) 2.663 (-1) 2.453 (-1) 2.41 (-1) 2.20 (-1) (1)
(2p5s)1P° 1.060 (-1) (70) 1.066 (-1) 1.188 (-1) 1.153 (-1) 1.10 (-1) 1.06 (-1) (7)
(2p6s)1P° 5.920 (-2) (60) 5.969 (-2) 6.343 (-2) 6.350 (-2) 5.90 (-2) 4.80 (-2) (6)
(2p7s)1P° 3.660 (-2) (60) 3.685 (-2) 3.788 (-2) 3.840 (-2) 2.90 (-2) (7)
(2p8s)1P° 2.437 (-2) (50) 2.437 (-2) 2.442 (-2) 2.490 (-2) 2.00 (-2) (6)
(2p9s)1P° 1.715 (-2) (50) 1.696 (-2) 1.663 (-2) 1.710 (-2) 4.00 (-2) (1)
(2p10s)1P° 1.261 (-2) (30) 1.230 (-2) 1.179 (-2) 1.220 (-2) 2.00 (-2) (2)
(2p11s)1P° 9.593 (-3) (30) 9.207 (-3) 8.629 (-3) 9.000 (-3)
(2p12s)1P° 7.507 (-3) (30) 7.081 (-3) 6.465 (-3) 6.900 (-3)
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ably not well taken into account in the NER-M formal-
ism [5] combined with multichannel quantum-defect 
theory at the R-matrix surface. In the MAOT formalism, 
the σi-screening constants are evaluated using experi-
mental data incorporating all relativistic and electron 
correlation effects. The excellent agreements between the 
MAOT calculations and both the MCRRPA [6] compu-
tations and the ALS [3] measurements indicate that rel-
ativistic and correlation effects are well incorporated in 
the σi-screening constants up to high n = 30 levels.

Conclusion
The energy positions of the 2pns 1,3P° and 2pnd 1,3P° Ryd-

berg series and widths of the (2pns) 1P° and (2pnd) 1P° excit-
ed states of the B+ ion are presented in this paper using the 
Modified Atomic Orbital Theory (MAOT). In general, the 
present results agree very well with both quoted theoretical 
and experimental literature data. For n ≥ 25, no theoretical 
and experimental literature values are available for direct 
comparison. It is shown through this study the simplicity of 
the formalism in contrast with the ab initio methods cited 
in the paper. In addition, although the energy resonances 
of the (2pns) 1,3P° and (2pnd) 1,3P° Rydberg states members 
of the B+ ion have been widely calculated by many ab initio 
methods, the present MAOT calculations have been extend-
ed to the high-n Rydberg states and precise data are tabulat-
ed within simple analytical formulas up to n = 30. The good 
accuracy obtained in this work point out that, the Modified 
Atomic Orbital Theory is suitable for the interpretation of 
atomic spectra. Extension of the present MAOT formalism 
to the Be-like (Z > 5) ions is then very challenging.
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