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    Abstract


    We show a fundamental equation that yields a caldera morphology caused by a single magma chamber in an anisotropic homogeneous regional stress field, where the ratio between the maximum and minimum horizontal principal stresses is constant. The equation was obtained by evaluating the surface stress field due to the magma chamber's change in volume and the regional stress field using the Coulomb failure criteria. The fundamental equation included information on the crust, magma chamber and regional stress field. The caldera morphology given by the equation was consistent with caldera morphology observed in the field and previous analogue experiments, and it was found that changes in the stress ratio and the maximum principal stress of the regional stress field greatly affected the aspect ratio of the caldera. In addition, the derived equation gave information on several constraining conditions on the formation mechanism of elliptical calderas in the field, since the formation mechanism of an elliptical caldera is limited by the tensile strength of mother rock.
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    Introduction


    Collapsed calderas are well known as volcanic depressions on the kilometer scale caused by the collapse of the roofs of magma chambers under the Earth's surface [1-3]. They are distributed not only on continents but also on ocean floors [4-6]. Understanding the mechanism that forms collapsed calderas is very important, not only for scientific knowledge but also for social purposes, such as the construction of hazard maps. Thus, many geological and geophysical surveys, analogue experiments, numerical simulations and theoretical studies have been conducted for better understanding the processes and other important factors in caldera formation. They have yielded that the depth, shape and scale of the magma chamber, as well as the magma transfer process, are important factors in determining the morphology and structure of calderas [7-16].


    As it is well known, many calderas are elliptical like those in Taupo (New Zealand), Long Valley (USA), Campi Flegrei (Italy) and Taal (Philippines). Many studies have cited that elliptical magma chambers are caused by the overlapping of several calderas, and asymmetric subsidence due to differences in volcanic edifice loading [17-19]. It has also been considered that the regional stress field affects the elliptical caldera morphology since there are calderas elongated to the minimum compressional stress axis of the regional stress field. In field data, the caldera morphology is used as an indicator of the regional stress field [20-22]. Holohan et al. [23] conducted analogue experiments on the effect of the regional stress field, and found that ring faults and/or peripheral faults of the caldera will be elongated in the minimum compressional stress direction even if the shape of the magma chamber is not elliptical. They also found that changing the regional stress field would affect the aspect ratio of the caldera.


    In this study, we showed a fundamental equation that quantifies how the regional stress field affects the caldera morphology. In order to show the equation, we assumed the magma chamber forming a caldera as a single small sphere and the regional stress field as a homogeneous isotropic or anisotropic field, where the ratio between the maximum and minimum horizontal stresses is constant (Figure 1). To simulate the small sphere, we employed a point source Mogi model [24], and approximated the collapse of the magma chamber as it contracts [15,25]. To facilitate the derivation of the equation, we evaluated the surface stress field due to contraction of the sphere together with the regional stress field, using the Coulomb failure criteria.


    
      Figure 1: Model of small spherical magma chamber (point source model), with depth to center d, in an anisotropic regional stress field. Here, r is the horizontal distance from the surface point directly above the magma chamber to the periphery of the caldera (ring-fault). View Figure 1

    


    Superposition of Local and Regional Stress Fields


    We superimposed the surface stress field caused by the magma chamber's change in volume with the regional stress field by the principle of superposition. As previously mentioned, we assumed a homogeneous regional stress field and a point source magma chamber. Then we solved the problem as a 2D problem (plane stress condition) in order to facilitate the mathematical treatment.


    Actually, this problem should be solved as a 3D problem. However, in 3 D analysis, we have to evaluate stress components of the regional stress field and the stress field caused by volume change of the magma chamber not only in the x and y direction but in the z direction, and it is very difficult to analyze them. It is difficult to observe the calculated results in the field. Thus, in this study, we treated observable caldera morphology at the surface. In addition, since we discuss caldera morphology caused by the anisotropic regional stress and the area through which the regional stress field is distributed is much wider than the size of calderas that would be expected to form, we assumed the plane stress condition.


    The total stress components (σxtotal, σytotal, τxytotal) of a homogeneous regional stress field with a magma chamber changing in volume, can be expressed as a sum of the regional stress field (σx∞, σy∞, τxy∞) and the surface stress field (σx, σy, τxy) caused by the magma chamber's change in volume.


    σ x total = σ x + σ x ∞ σ y total = σ y + σ y ∞ (1) τ xy total = τ xy + τ xy ∞


    In this case, the principal stress components, σ1 and σ3 are given by


    σ 1 σ 3 }= σ x total + σ y total 2 ± 1 2 ( σ x total − σ y total ) 2 +4 ( τ xy total ) 2 (2)


    And the angle, θ, defined between σ1 and x-axis is given as follows [26]:


    tan2θ= 2 τ xy total σ x total − σ y total (3)


    The surface stress field (σx, σy, τxy) caused by the magma chamber's change in volume, ΔV, is given as follows,


    σ x = μΔV π( λ+μ ) R 3 [ −( 3λ+4μ ) x 2 +2μ y 2 +( 3λ+2μ ) d 2 R 2 ] σ y = μΔV π( λ+μ ) R 3 [ 2μ x 2 −( 3λ+4μ ) y 2 +( 3λ+2μ ) d 2 R 2 ](4) τ xy =− 3μ( λ+2μ )ΔV π( λ+μ ) R 5 xy


    Where d is depth of the magma chamber and λ and μ are Lame's constants for the medium. R2 = x2 + y2 + d2 (Figure 1). Equations (4) were derived by applying Hooke's law under plane stress conditions to the surface strain due to the volume change of the magma chamber, which was approximated as a point source [25].


    Although the regional stress field is given by σx∞, σy∞ and τxy∞ in equation (1), a more general form can be written for the principal stress. We identify the principal stress components of the homogeneous regional stress field as σ∞Hmax and σ∞Hmin, with the orientation of σ∞Hmax being given by θ∞Hmax, which is measured counterclockwise from the x axis (Figure 2). In this case, by replacing σ1, σ3, σx, σY, τxY and θ in equations (2) and (3) with σ∞Hmax，σ∞Hmin, σx∞, σY∞, τxY∞ and θ∞Hmax, we obtain σx∞, σY∞, τxY∞ as follows.


    
      Figure 2: Relationship between the x-y coordinate system and the regional stress field (σ∞Hmax, σ∞Hmin, θ∞Hmax). σ∞Hmax, and σ∞Hmin are the maximum principal stress and minimum principal stress, respectively. θ∞Hmax is the angle of σ∞Hmax measured counterclockwise from the x-axis. View Figure 2

    


    σ x ∞ = σ Hmax ∞ + σ Hmin ∞ 2 + σ Hmax ∞ − σ Hmin ∞ 2 cos2 θ Hmax ∞ σ y ∞ = σ Hmax ∞ + σ Hmin ∞ 2 − σ Hmax ∞ − σ Hmin ∞ 2 cos2 θ Hmax ∞ (5) τ xy ∞ = σ Hmax ∞ − σ Hmin ∞ 2 sin2 θ Hmax ∞


    If we introduce the following stress ratio k,


    σ Hmin ∞ σ Hmax ∞ =k(6)


    Then we can rewrite equation (5) as,


    σ x ∞ = ( 1+k ) 2 σ Hmax ∞ + ( 1−k ) 2 σ Hmax ∞ cos2 θ Hmax ∞ σ y ∞ = ( 1+k ) 2 σ Hmax ∞ − ( 1−k ) 2 σ Hmax ∞ cos2 θ Hmax ∞ (7) τ xy ∞ = ( 1−k ) 2 σ Hmax ∞ sin2 θ Hmax ∞


    The maximum and minimum horizontal principal components of the regional stress field are then separate x-y components in the x-y coordinate plane as in equation (7) and can be used in equation (1).


    Evaluation of Stress Field


    Here, we evaluate the stress field made by superposition of a regional stress field and a surface stress field caused by a volume reduction, using the Coulomb failure criteria, and show the relationship between the regional stress field and the morphology of an elliptical caldera.


    The Coulomb failure criteria is given as [26]


    c 0 = σ 1 − σ 3 tan 2 ( 45 ∘ + φ 2 )(8)


    Where c0 is the compressional strength and φ is the angle of interior friction. By substituting the principal stresses given by equation (2) into equation (8), we obtain


    2 c 0 =( 1−w )( σ x total + σ y total )+( 1+w ) ( σ x total − σ y total ) 2 +4 ( τ xy total ) 2 (9)


    Here, w is w = tan2 (45°+φ/2).


    We substitute equations (4) and (7) into equation (9), and assume θ∞Hmax = 0 to simplify the mathematical treatment of the equations. This assumption of θ∞Hmax = 0 means the condition that the maximum principal stress axis of the regional stress field corresponds to the x-axis (Figure 3). In this case, equation (9) is described as follows.


    
      Figure 3: Relationship between the x-y coordinate system and the polar coordinate system. In order to facilitate mathematical treatment, the direction of the maximum principal stress of the regional stress field corresponds to the x-axis, so that θ∞Hmax = 0°. View Figure 3

    


    2 c 0 =( 1−w )[ μ( 3λ+2μ )ΔV π( λ+μ ) R 3 2 d 2 − r 2 R 2 +( 1+k ) σ Hmax ∞ ]+ ( 1+w ) { [ 3μ( λ+2μ ) π( λ+μ ) R 5 ΔV r 2 ] 2 +2[ 3μ( λ+2μ ) π( λ+μ ) R 5 ΔV r 2 ]( 1−k ) σ Hmax ∞ cos2ψ+ [ ( 1−k ) σ Hmax ∞ ] 2 } 1 2 (10)


    Where r2 = x2 + y2, x = r cos ψ and y = r sin ψ (Figure 3). The r that satisfies equation (10) gives locations of ring faults and the track of r will be the morphology of caldera. Since it is difficult to solve algebraically for an r that satisfies equation (10), r is determined by numerical methods, such as the bisection method, secant method, and Laguerre's method [27]. In this study, we employed the bisection method for simplicity. In the calculation, we obtained the r satisfying the equation (10) at the interval of π/180 radian in the range of ψ = 0 - 2π, by the bisection method.


    Numerical Examples and Discussion


    There are many studies on stress fields at and around plate boundaries [28-30], and a world stress map database has been compiled [31,32]. In addition, because it is well known that in Iceland, which has been subjected to an extensional stress field of several MPa [33,34], and the general tensile strength of the rock is around -10 MPa (in a compressional stress system), we set -10 MPa as the upper limit of the regional extensional stress field.


    It was assumed that Young's modulus, Poisson's ratio, the angle of internal friction, and compressional strength of the crust (basaltic crust) are 40 GPa, 0.25, 30° and 150 MPa respectively [25,35]. We employed the equation giving the necessary minimum volume change to form a caldera shown by Kusumoto and Gudmundsson [15] to set our volume change, ΔV. Since we assumed a point source model in this paper to simulate the magma chamber, the magma chamber radius is set to zero in their equation and the depth of the chamber is 10 km (d = 10 km).


    In figure 4, we show caldera morphology estimated under the following conditions: (a) no regional stress field, (b) a regional stress field that is isotropic and homogeneous, with a magnitude of 25 MPa, (c) a regional stress field where σ∞Hmax = 25 MPa, σ∞Hmin = 5 MPa (stress ratio k = 0.2, as per [36]) and (d) a regional stress field where σ∞Hmax =-10 MPa, σ∞Hmin =-2 MPa (stress ratio k = 0.2).


    
      Figure 4: Caldera morphology under some regional stress field (solid black shape). The solid gray circles in (b) - (d) indicate the caldera morphology when there is no regional stress; (a) Caldera morphology when there is no regional stress. Under this condition, the caldera is circular; (b) Caldera morphology under an isotropic homogeneous regional stress field of 25 MPa. Although the caldera is circular, its radius is smaller than the caldera formed when there was no regional stress; (c) Caldera morphology under an anisotropic homogeneous regional stress field with a stress ratio, k, of σ∞Hmin to σ∞Hmax of 0.2 and σ∞Hmax = 25 MPa. The caldera is elongated in the direction of the minimum compressional stress axis; (d) Caldera morphology under an anisotropic homogeneous regional stress field with a stress ratio, k, of σ∞Hmin to σ∞Hmax of 0.2 and σ∞Hmax = -10 MPa. The caldera is elongated in the direction of the maximum tension axis.View Figure 4

    


    As shown in figure 4a, the caldera is circular when there is no regional stress. This supports the results of previous analogue experiments [10,11]. When the regional stress field is isotropic and homogeneous, the caldera morphology is circular as shown in figure 4b, but its radius is smaller. The gray circle shown in figure 4b shows the caldera morphology when there is no regional stress (Figure 4a). From this result, in a regional stress field with isotropic compression, circular calderas form with radii smaller than those without regional stress fields.


    In an anisotropic compressional stress field, a caldera will shrink towards the maximum compressional principal stress axis and will elongate towards the minimum compressional principal stress axis (Figure 4c). While in an anisotropic extensional stress field, a caldera will elongate towards the maximum extensional principal stress axis and will shrink towards the minimum extensional principal stress axis (Figure 4d). The gray circles shown in figures 4c and 4d are caldera morphology when there is no regional stress (Figure 4a). These results support the relationship between the regional stress field and caldera morphology as shown in analogue experiments given by Holohan et al. [23] and also support the relationship between the caldera morphology and the regional stress field in the field, such as Valles caldera (New Mexico), Suswa caldera (Kenya), Krafla (Iceland), Katmai (Alaska), and mud calderas located in Azerbaijan [21,37-40].


    In this study, as shown in figure 5, we defined the aspect ratio of an elliptical caldera as the semi-major axis b/semi-minor axis a, and we estimated the relationship between the magnitude of the maximum horizontal stress and the aspect ratio of the caldera being formed when the stress ratio, k, defined in equation (6) is a constant value of 0.2.


    
      Figure 5: Definition of the aspect ratio. The aspect ratio is the ratio (b/a) of the lengths of the major axis b and minor axis a of a caldera.View Figure 5

    


    From figure 6a, it can be seen that even if the magnitude of k was constant, if the magnitude of the maximum horizontal compressional stress increased, the caldera was elongated more in the direction of the minimum horizontal compressional stress and has a high aspect ratio. In the case of an extensional stress field, if the magnitude of the maximum horizontal extensional stress increased, the caldera elongated more in the direction of the maximum horizontal extensional stress and has a high aspect ratio (Figure 6b). These are the same results given in analogue experiments by Holohan et al. [23].


    
      Figure 6: (a) Variations of the aspect ratio of the caldera morphology caused by changes in the horizontal maximum principal stress (compressional stress field: positive stress). Stress ratio is constant at k = 0.2; (b) Variations of the aspect ratio of the caldera morphology caused by changes in the horizontal maximum principal stress (extensional stress field: negative stress). Stress ratio is constant at k = 0.2.View Figure 6

    


    Up to this point, we have discussed caldera morphology under the assumption of a constant stress ratio. Next, we discuss the case when the stress ratio, k, varies.


    Figure 7a shows the relationship between the stress ratio of the regional stress field and the aspect ratio of the elliptical caldera when the magnitude of the maximum horizontal compressional stress varies from 5 to 50 MPa. Figure 7b shows the relationship between the stress ratio of the regional stress field and the aspect ratio of the elliptical caldera when the magnitude of the maximum horizontal extensional stress varies from 2 to 10 MPa. These figures show that a small stress ratio, indicating a large difference in stress, is necessary for an elliptical caldera with a large aspect ratio to form. A negative stress ratio here means that the sign of the maximum horizontal stress has been reversed from a compressional stress to an extensional stress. Considering the tensile strength of rock, an extension of 10 MPa (-10 MPa in a compressional stress system) would be suitable as the upper limit for the regional extensional stress field. The grey line in figure 7a shows the relationship between the aspect ratio and the stress ratio for σ∞Hmin = -10 MPa given a range of σ∞Hmax values. For reference, we also include a dotted grey line showing the same curve when σ∞Hmin is -20 MPa. An elliptical-shaped caldera can form only on the left side of the σ∞Hmin = -10 MPa (or σ∞Hmin = -20 MPa) line. This suggests that elliptical calderas can only form under limited conditions, and that a certain magnitude for the compressional regional stress field is necessary to form an elliptical caldera, when the small spherical magma chamber model is employed. Although, it would be necessary to consider the effects of elastic and strength constants of the crust.


    
      Figure 7: Relationship between the aspect ratio of the caldera and stress ratio, k. (a) Relationship between the aspect ratio and the stress ratio, k, with the horizontal maximum principal stress varying from 5 to 50 MPa. Compressional stress is positive. The solid gray line and dashed gray line indicate σ∞Hmin = -10 MPa and σ∞Hmin = -20 MPa, respectively; (b) Relationship between the aspect ratio and the stress ratio, k, with the horizontal maximum principal stress varying from -2 to -10 MPa. Extensional stress is negative.View Figure 7

    


    In the field, there are many elliptical calderas with a large aspect ratio, such as Long Valley, Yellowstone-Snake River Plain, and mud calderas in Azerbaijan [20,21]. In these calderas, there are elliptic calderas that were formed not by the regional stress field but by an elliptical magma chamber or an assembly of several calderas. In order to specify whether a caldera morphology is controlled by structural factors or the regional stress field, it is necessary to carry out careful geological and geophysical surveys and examine the obtained data from a mechanical viewpoint. These conditions should be considered with the modeling and interpretation of other elliptical calderas with a large aspect ratio. Since the equation obtained in this study gives us some constraints on which elliptical calderas would be formed by the regional stress field, the equations contribute quantitative discussions on the formation mechanism of elliptical calderas.


    Conclusion


    The morphology of a caldera is controlled by many important physical factors. In this study, we focused on how the regional stress field affects the morphology of a caldera, and derived a fundamental equation that yields the morphology of a caldera being formed under an arbitrary homogeneous regional stress field. We derived the equation by evaluating the surface stress field due to the change in volume of the magma chamber in combination with the regional stress field using the Coulomb failure criteria. The fundamental equation included elastic and strength constants of the crust, depth and volume changes of the magma chamber, and information on the regional stress field (stress ratios and the magnitude of the maximum horizontal principal stresses).


    The caldera morphology given by the equation was consistent with analogue experiments and field data. In addition, it was found that the magnitude of the stress ratio and the maximum principal stress of the regional stress field had a great effect on the aspect ratio of the elliptical caldera, and that the conditions required to form an elliptical caldera would be quite limited. There are many causes for determining the caldera morphology, such as the magma chamber shape (including activity of multiple magma chambers), and existing structures. It is difficult to specify the cause of a caldera morphology only by surveys. However, since the equation shown in this study give us several constraining conditions on the caldera morphology due to the regional stress field, the equation would contribute to discussions on the main causes that dominate caldera morphology in the field from a mechanical viewpoint.
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