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Introduction
The generation of ultrashort pulses [1,2] revolutionized the 

field of molecular spectroscopy [3]. Not only that ultrashort pulses 
enable to observe molecular motion in time [4-6], but they allow also 
manipulation of the molecular dynamics [7-9] by controlling the 
spectral properties of the pulses. For this end, many types of pulse-
shaping techniques and configurations are common in spectroscopy-
oriented experiments. When complete control of the spectral 
amplitude and phase is required, a general Fourier-domain pulse-
shaper [10] can be used, which provides independent control of both 
phase and amplitude for each frequency component of the light (e.g. 
with a spatial light modulator [11,12] or deformable mirrors [13]). 
However, most applications require only much simpler control of 
the group delay dispersion (GDD) and higher order dispersion to 
compensate for the dispersive effect experienced by an ultrashort 
pulse when passing through optical media and setups. For these 
applications, the high internal loss and technical complexity of a 
general pulse-shaper are a burden, and simpler configurations are 
commonly used, such as the grating-pair [14], chirped mirrors [15] or 
the Brewster prism-pair [16] - the subject of this mini-review. Prism-
pairs can provide tuned compensation with ultra-low loss of up to 
two orders of dispersion (GDD and sometimes an additional higher 
order), along with simple amplitude control using a slit or transmission 
mask in the dispersive arm. Due to the low loss of the prism-pair, it 
is often the main ’tool of choice’ for intra-cavity applications [17-19], 
low light level spectroscopy [20-22], and quantum optics experiments 
[23-27]. This mini-review presents a simple and intuitive formulation 
of the total wavelength-dependent phase accumulated by light passing 
through a prism-pair, and demonstrates how this major component 
is used for tuned, precise control of dispersion and spectral phase.

Abstract
A simple and intuitive formulation is reviewed for the Brewster prism-pair - A most common component in 
spectroscopy-oriented experiments using ultrashort pulses. This review aims to provide students and beginners 
in the field of spectroscopy with a unified description of a major experimental component. The total spectral 
phase experienced by a broadband light field is calculated after passing through a pair of Brewster-cut prisms, 
demonstrating the flexibility of the prism pair to provide tuned, low-loss control of the dispersion and spectral 
phase experienced by ultrashort pulses.

A Single Prism
The analysis starts by reviewing the geometry of a single prism. 

When a ray passes through a prism at minimum deviation, the angles 
of refraction through the prism are symmetric [28], as illustrated in 
figure 1, resulting in:

1 4
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2

θ θ
αθ θ

=

= =

where α is the apex angle of the prism. If the entrance angle 
matches with the Brewster angle θB (for a certain wavelength λ0), the 
refraction angles obey

 

 

Figure 1: Symmetry relations between the refraction angles in a prism. 
At minimum deviation, the entrance and exit angles are equal and the ray 
propagates through the prism parallel to its base.
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wavelength λ. Since the wavefront R1 is common for all wavelengths, 
shifting its position only results in a simple optical delay, hence, the 
position of R1 can be chosen freely to pass through the point A. 
The same argument applies also to R5, which can be chosen to pass 
through point C.

Consequently, for calculating the geometric dispersion, it is 
sufficient if the optical path through the entire prism-pair is reduced 
to the segment:

                   [4]P AA CC′ ′= +

Note that although this path is composed of free-space rays 
without refractions, it already takes into account refraction of the 
planar beam in the material. As illustrated in figure 4 (which shows 
the rays without the prisms for clarity), the optical path in Eq. 4 is 
identical to the segment EC, where the point C is the vertex of the 
2nd prism. The conclusion is that the optical path of the deviated ray 
through the entire prism pair is simply given by:

                  [5]P EC ED DC= = +

where cosED R δθ= , and cos ( ).H HDC H DCBθ θ= = ∠

Since EC is parallel to AA' and R2 is parallel to R4, one can see 
that Hθ is also the angle between R2 and the deviated ray (blue line) in 
the 1st prism, as illustrated in figure 5:

                     [6]
2 2H B
α πθ θ δθ= + − −

Substituting Eq. 3 into Eq. 6 obtains:

2 ,                 [7]H Bθ π θ δθ α δθ= − − = −
indicating that ( )cos cos cos sin 2 sinBDC H H Hα δθ α δθ θ δθ= − = + .

By substituting the above relations into Eq. 5, the total optical 
path through the prism-pair is:

( )cos cos sin 2 sin                 [8]BP R H Hα δθ θ δθ= + +

and the optical phase experienced by frequency ω is

                [9]P
c
ωϕ =

Note that Eq. 8 was a generalization of the method presented in 
[31] in which only the special case of H = 0 is presented.

The expressions in equations [8] and [9] for the optical path P 

1 4

2                      [2]
2

B

B

θ θ θ
πθ θ

= =

+ =

and the relation between the apex angle α and Brewster angle can 
be expressed as

[ ]22 2 2                    3
2 B B
πα θ θ π θ = = − = − 

 

The Optical Path through a Prism-Pair
Our aim now is to calculate the total optical path (and phase) 

through a prism-pair, which will allow to derive the dispersion 
experienced by the passing optical pulse. The coordinate system 
used for the prism-pair has two degrees of freedom (Figure 2): R 
is the separation between the prisms (segment AB), and H is the 
penetration of the prism into the beam (segment BC). The red line 
represents a Brewster ray (at the design wavelength λ0) that enters and 
exits both prisms at Brewster angle θB. The blue line is the deviated ray 
at λ ≠ λ0, which deviates from the Brewster ray by an angle δθ due to 
the prism dispersion.

Wavefront Calculation

To calculate the phase accumulated by an arbitrary wavelength 
component λ (blue line) through the prism-pair, one usually calculates 
the optical path of the deviated beam along a continuous ray, starting 
from point A, through multiple refractions in the 2nd prism until a 
final reference plane perpendicular to the beam, located after the 2nd 
prism where all the colors are parallel [29,30]. This method results 
in somewhat complicated expressions for the optical path, leaving 
little room for intuition. An elegant alternative (outlined in Figure 3) 
that avoids calculations of multiple refractions is to use the concept 
of wavefronts for a non-continuous ray. This concept was originally 
presented in [31] and calculated to include only the prisms separation 
R. The following generalizes the calculation to include also the prism 
insertion H.

Each of the rays within a plane-wave beam experiences the same 
optical path (and phase) through the prism-pair, as illustrated in 
figure 3, starting from reference plane R1 to R5 (all the rays have the 
same wavelength λ0). Note that the optical phase is constant across 
each of the reference planes (dashed black lines), since each of them 
coincides with the wavefront perpendicular to the beam. The above 
argument is true not only for the Brewster ray λ0, but for any other 

 

 
Figure 2: Geometry of a prism-pair, defined using two degrees of freedom: 
the separation between the prisms R and the prism insertion H.

 

Figure 3: Different wavefronts (black dashed lines) of equal phase in a plane 
wave beam passing through a prism pair.

 

 
Figure 4: Complete optical path through a prism-pair. Following a non-
continuous ray by using the concept of wavefronts, the optical path through 
the entire system can be reduced to the segment EC.

 

Figure 5: Definition of the exit angles in the 1st prism.
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Equating both sides yields

0 0cos cos sin sin cos                     [16]B B B B Bn n nθ δ θ δβ θ θ θ δθ+ − = +

Dividing Eq. 16 by sin Bθ provides

0
0 0

2
0

1 1

                                  [17]

n n
n n

n n

δ δθδβ

δ δβ δθ

+ − = +

− =

Substituting Eq. 13 into Eq. 17 yields

( )02 2              [18]n n nδθ δ= = −

Finally, Eq. 18 can be substituted into Eq. 8 and Eq. 9 to retrieve 
the total wavelength dependent phase through the prism-pair. Since 
the wavelength/frequency dependence is now only in ( )nδ λ , a simple 
expression for the 2 2/GDD d dϕ ω= can be derived:

( )
22 2

2 2

2 42 2              [19]d dn d n A dnB A n
d c d d c d

ϕ ωδ ω
ω ω ω ω

   = − + −   
  

where cosA R H α= +  and sin BB H θ= . The wavelength dependent 
refractive index of the prisms n can be obtained from the Sellmeier 
formula.

The exact spectral phase and any of its derivatives ( )/m md dϕ ω  can 
be easily calculated using the chain rule [32]:

2

2 3 2

2 2 2 2

2

                   [20]
2 2

dn dn
d c d
d n dn d n
d c d d

λ
ω π λ

λ λ
ω π λ λ

= −

 
= + 

 

For typical optical bandwidths it is safe to assume that 2B A nδ  
and that R H

, since 10 50 R cm∼ − and 10 H mm∼  are common values. 
Thus, it is intuitive to think of A as the distance between the prisms 
( A R≈ ), and of B as the propagation distance inside the prisms. 
Further approximation can be made since for most practical optical 
materials ( ) ( )2 22 / /dn d d n dω ω ω⋅ ⋅

. Hence, the total GDD of the 
prism pair is the sum of two parts: the accumulated GDD from the 
material dispersion due to propagation through the prisms and an 
additional negative GDD resulting from the geometric dispersion 
from the path between the prisms:

22 2

2 2

2 4              [21]d B d n A dn
d c d c d

ϕ ω ω
ω ω ω

 ≈ −  
 

The geometric dispersion in the second part attributes always a 
negative GDD for any material (independent of the sign of dn/dω), 
whereas the first part depends on the material dispersion, which may 
be either positive (as is usually the case in the visible or NIR range), or 
negative (as is usually the case for the IR in most materials). Hence, a 
simple prism-pair offers tunable GDD, both negative and positive, for 
visible and NIR wavelengths, but for the IR range it will commonly 
provide only negative GDD. Tuned positive dispersion in the IR range 
can still be obtained by inserting a 1x1_telescope between the prisms 
that can flip the sign of the geometric dispersion by imaging the 
first prism beyond the 2nd prism, effectively generating a “negative 
distance” R between the prisms [23].

Summary
The performance of the Brewster prism-pair was reviewed - a 

common major component of ultrafast spectroscopy apparati. The 
total spectral phase was calculated as accumulated by broadband light 

and optical phase φ are exact and can be easily used for numerical 
calculation of the spectral phase φ(ω) and its frequency derivatives

/GD d dϕ ω= , 2 2/GDD d dϕ ω= and higher order dispersion terms. The 
refraction angle δθ for each wavelength/frequency can be calculated 
according to Snell’s law by using the prism’s apex angle and the 
Sellmeier formula for either n(λ) or n(ω).

Approximation of the Prism Angular Dispersion
Although Eq. 8 and Eq. 9 already allow complete calculation of 

the dispersion properties, much intuition can be gained by further 
developing the expressions with the assumption that the angle δθ(λ) 
is small. Replacing 2cos 1 / 2δθ δθ≈ −  and sinδθ δθ≈ yields:

( ) ( ) ( )2cos 1 / 2 sin 2                [10]BP R H Hα δθ θ δθ≈ + ⋅ − + ⋅

The angle δθ can now be expressed using Snell’s law assuming 
small angles, such that: cos 1δθ ≈ and sinδθ δθ≈ . It is assumed that 
the beam enters the 1st prism at the minimum deviation angle for a 
certain wavelength λ0; that the entrance angle matches the Brewster 
angle θB 

for λ0; and that the prism refractive index for λ0 is n(λ0) = n0. 
The refractive index for the deviated beam (λ ≠ λ0) is: ( )0n n nδ λ= + .

The angle of refraction inside the prism for the Brewster beam 
is β0 (equal at both faces of the prism). As illustrated in figure 6, the 
angle of refraction for the deviated beam inside the prism is 1 0β β δβ= +
. It is easy to show that the deviated beam will hit the exit face of the 
prism at an angle of 2 0β β δβ= − . The exit angle for the deviated beam 
will be out Bθ θ δθ= + . In addition, since at Brewster angle 0tan B nθ = and 

0/ 2Bθ π β= − , the following relations hold: 0sin cosBθ β= and 0cos sinBθ β= .

Following Snell’s law from the entrance face to the exit, an 
approximation of the deviation angle δθ can be obtained. At the 
entrance:

                  1sin sin [11]B nθ β=

Expanding the right hand side yields

( ) ( )
( )( )
( )( )

1 0 0

0 0 0

                          0 0 0

0 0 0 0 0

0 0

sin sin
           sin cos cos sin

[12]           sin cos
          sin sin cos
          cos cos sinB B B

n n n
n n
n n

n n n
n n n

β δ β δβ
δ β δβ β δβ
δ β δβ β
β δ β δβ β
θ δ θ δβ θ

= + +
= + +
≈ + +

= + +
= + +

Substituting into Eq. 11 and dividing by sin Bθ  (and noting that
0tan B nθ = ) provides

0
0

2
0

1 1

                               [13]

n n
n

n n

δ δβ

δβ δ

+ + =

= −

Following similar logic at the exit face of the prism, obtains

2sin sin              [14]outn β θ=

Expanding both sides of Eq. 14 yields

 

Figure 6: Definition of the refraction angles for small angle approximation of 
the angular dispersion.
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in passage through the prism-pair. Following a simple and intuitive 
approach using the concept of wavefronts, it was showed how the 
total optical path through a prism pair can be reduced to the path of 
a non-continuous beam, hence avoiding unnecessary computations 
of multiple refractions inside the prisms. Finally, the total phase and 
any of its derivatives can be easily calculated. Specifically, by careful 
choice of the two degrees of freedom of the prism pair R and H, it is 
possible to compensate two orders of dispersion simultaneously (e.g. 
d2φ/dω2

 and d3φ/dω3), which is crucial when using ultra-broadband 
light to maintain high temporal resolution [23].
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