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Abstract

The focus of our paper is on such basic control charting methods as the X-bar chart, the
R-chart and the chart for individual values (the x-chart). They have long ago been known
and described in all guides and handbooks devoted to Shewhart control charts (ShCC). But
the application of these tools in practice encounters often on the lack of knowledge of some
underlying assumptions which ShCC’ performance is based on. For example, many books on
Statistical Process Control (SPC) claim that the efficiency of the X-bar chart to detect the shift
of the process mean exceeds the efficiency of x-chart significantly and grows when the sample
size n increases. This is true but only for the so-called sustained shift. What will happen if the
shift is not sustained but transient - most of the practitioners simply don’t know because this
issue was rarely discussed in the literature and has not been investigated adequately. Just
this is a goal of our work: We investigated the impact of the transient shift on the X-bar chart
behavior and found that in this case the probability of detecting a shift depends on the amount
of points falling into the shifted part of the subgroup. As a result the X-bar chart may become
less sensitive than the chart for the individuals. Besides, we found that the range chart becomes
sensitive to the mean shift.
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Introduction such charts as X _-R, X _-S, x-mR, p-chart, etc.,
are well-known for many decades and described
in many guides, handbooks, standards, etc. [3-14]
(to name a few). Nevertheless, we are sure that
ShCC are very simple technically and not so simple
for their application in practice at all. The thing is
that the right use of ShCC requires more than mere
knowledge how to construct a chart. A practitioner
has to understand what assumptions her/his chart

There is a widely spread opinion of many experts
in SPC that ShCC are a very simple tool used to
determineifaprocessisinastablestate or not. More
than twenty years ago Bert Gunter called “control
charts” to be archaic, simplistic and honored but
ancient tool [1]. Recently William Woodall called
X-bar and R-chart to be “the simplest monitoring
methods” [2]. The basis for such opinion is clear:
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is based on and if these assumptions are applicable
to the process under consideration. In other words:
The reasonable and useful application of ShCC
can’t be totally algorithmized [15]. The right use of
ShCC requires the participation of a Man knowing
“everything”? about the process. The three main
steps that principally can’t be formalized are: (1)
The choice of the type of ShCC; (2) The choice of the
Phase | duration; (3) The choice of the subgroup size
and the frequency of their taking out if one decided
to use a chart based on rational subgrouping.
Unfortunately, most of the practitioners rarely
know about numerous assumptions and restrictions
of ShCC. For example, many results of the theory
of ShCC are based on the implicit assumption that
the assignable cause of variation changes the mean
or variance or both of the original distribution of
process’ parameters but don’t change the type of
the distribution function (DF) itself. In the work
[16] it was demonstrated that the rejection from
this assumption radically changes the shape of
power function (probability to detect a shift in
the process). Another example: most conclusions
about comparative efficiency of different types
of charts are based on the assumption of total
randomness of all process points. This problem was
discussed carefully by W. Shewhart in his 1939 book
[17] and was raised in the paper [18] where the
authors tried to attract the attention of statistical
community to the problem of nonrandomness of
many real processes. We mention these examples
in order to outline a simple thought: real processes
do not need to follow any assumptions. That is why
we have to analyze all possible rejections from
traditional approaches. This paper is devoted to
the consequences of rejecting from another rarely
discussed assumption of established or sustained
shift. Many guides and textbooks while discussing
the properties of X-bar charts tell practitioners
about “... advantage of the increased sensitivity
that comes with larger subgroup sizes” [12,19].
Such effect does exist but only for the sustained
shift. Our paper is organized as follows. At first
some basic concepts of comparing efficiencies of
different types of charts are discussed. Then the
previous results about transient shifts are reviewed
and the suggested model and its follow-ups are

a. We mean “everything” in that sense that she/he
knows all details of factual process flow. In quality
management systems such person is often called the
process owner.

considered. Conclusions are given in the final
section of the paper.

Control chart efficiency comparison

There is an extensive literature on the different
aspects of the theory of ShCC nowadays. In
addition to original books of Walter Shewhart
[17,20] and very popular books of L. Alwan
[11], D. Montgomery [12], D. Wheeler [8-10],
D. Balestracci [13] a practitioner may obtain a
huge amount of information from the excellent
surveys and research papers that regularly are
being published in such journals as Technometrics,
Quality Engineering, Journal of Quality Technology,
Quality and Reliability Engineering International
[21-29] and many others (our list is by no means
complete). Many efforts are focused on the study
of the statistical performance of charts and on the
creating new types of charts or new methods of
their analysis. But here we intend to return to the
basics because the above-mentioned assertions
about the better efficiency of X-bar chart due to
bigger sample size are being repeated from the
books of 70"-80™ and up to now [3-7,10,12,19].
We don’t touch such problems as the difference
between phase | and phase Il, the influence of the
estimate errors on the performance of charts, the
influence of non-normality and autocorrelation
on chart behavior, and so on. All these topics are
very important, but they are only additions and
improvements to the basic properties of ShCC
derived many years ago. Originally, the comparison
between X-bar charts with different sample sizes
was being made by using the notion of the average
run length or the probability of detecting (or not
detecting) the process shift [3-7,10,12]. These
approaches are equivalent and following Wheeler’s
book [10] we shall use the power functions (PF) -
the theoretical probability to detect a point beyond
the chart limits immediately after the shift. As we
are interested in basic features of the charts the
probabilities will be calculated as if the data were
taken from normal distribution and we knew the
true value of the process mean (u,) and process
standard deviation (6). Surely, the true values are
never known in practice but this facet of reality has
no importance for our analysis (this is a common
approach to such comparison -see, e.g., [3,10,12]).

For X-bar chart the probability of a point to be
within the k-sigma limits (B) equals [12]
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UCL —(py + ko)

(19/\n o/n

Where @ denotes the standard normal
cumulative distribution, UCL and LCL - upper and
lower control limits, correspondingly,

5— 3 LCL—(p, +ko)

9

U, - mean value for the original process,

o - standard deviation (SD) of the original
process,

n - the subgroup size,

k - a multiplier, which defines the value of the
mean’s shift (measured in o).

Because L = uo+La/\/; and
LCL = ,uO—LO'/\/;, where L = 3 for standard
3-sigma limits, one can easily obtain from (1)
(coincides with (6.19) in [12]):

3 = @(3—k\/;)—®(—3—k\/;) (2)

Below we’ll consider the probability of a point
to fall outside the upper control limit under the
assumption that the shift was in the same direction.
So we'll omit the second member in (2) and will go
to the PF - the probability of a point to be above
the UCL:

PF = 1-8 = 1-3(3—k/n) (3)

By using (3) one can easily calculate the
dependence of the probability to detect the mean
shift on the value of k. These curves are shown
in Figure 1. They are the source of traditional
conclusion about the efficiency of different types
of charts. In fact, the probability to detect the shift
of the mean of one SD (k = 1) for individual chart
(n = 1) is equal approximately to a quarter of one
cell on Figure 1, i.e., about 0.025 (the exact value =
0.023), while for n = 10 this probability is growing
up to about 0.55 (the exact value = 0.56), and for n
=20itis 0.93.

But all these calculations imply that the shift of a
process was sustained.

The necessity of this assumption is closely
related to the notion of rational subgrouping. The
gist of rational subgrouping is quite simple. One
over a short period selects a sample from the
process - a subgroup and using this subgroup data
gets information (the values of mean, variance,
etc.) about the current state of the process. The
shortness of the time interval give her/him the
sound base to hope that the system where the

1.1

The probability to find out a point beyond the UCL immediately after
the interference into the process
The lower curve - n=1, then n=2, 3, 4,5, 7, 10,151 20
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Figure 1: The dependence of PF on k values for different n. Axis X - A value of process shift; Axis Y - The
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entirely inside the step we denoted as m. Here m = 1.

a subgroup lying entirely
inside the transient shift

Figure 2: (a) - Sustained shift, (b) - Transient shift, n - sample size, here n = 3 the number of subgroups lying

process is running will not change during the time
of data collection. Then - after much longer time
- she/he selects another subgroup from the same
process, then another one, etc. As a result one
gets an opportunity to compare the instant values
of key process parameter (e.g., variance within a
subgroup) with their values during much longer
period of time (e.g., variance between subgroups).
If these values differ insignificantly then one has a
good reason to claim that the process is stable. This
deep Shewhart’s idea [17,20] is the basis for X-bar
charts since their appearance in the middle of 20*"
century. However, as the ShCCs were spreading
around the World the principal importance of time
shortness for extracting a subgroup was lost by
many practitioners - we saw many cases in practice
when a subgroup was selected, e.g., hourly,
or during a shift, a day, or even a month. Does
anyone have a solid ground to hope that in such
cases nothing interfered into the process while the
subgroup was being taken out? Of course, not. It is
worth noting that Dr. Deming wrote in his Foreword
to the reprint of Shewhart 1939 book: “The great
contribution of control charts is to separate
variation by rational methods into two sources: (1)
The system itself (“chance causes” Dr. Shewhart
called them), the responsibility of management;
and (2) Assignable causes, called by Deming “special

causes”, specific to some ephemeral event ...” [17].
An adjective “ephemeral” means “lasting a very
short time; short-lived; transitory” (see Webster’s
Encyclopedic Unabridged Dictionary). The general
scheme of sustained and transient shift is shown in
Figure 2.

The necessity to differentiate between sustained
andtransientcaseswasrecognized longago by many
authors. For example, D. Hawkins and D. Olwell in
their book [30] wrote:” It is helpful to recognize
two distinct types of special cause variability. One
is transient... and may affect the process for a short
while, then disappear only to reappear at some
future time... The other type of special cause is one
whose effects persist until the problem is detected
and diagnosed”. Moreover, many authors while
explaining the X-bar chart performance made the
remark that the shift occurs between subgroups
on a chart for averages (see Figure 2a). This is
important because “..a shift in the means alone
between subgroups should not affect the subgroup
ranges. The more general case where the shift
does not necessarily occur between subgroups is
more complex and has not been investigated” [31].
Montgomery made a hint on this circumstance:
“If a shift does occur while a sample is taken, the
sample average can obscure this effect” (see [12] p.
239). Nevertheless, the number of works where the
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impact of transient shift on the behavior of ShCC has been investigated is very little. Most of such works
deal with CUSUM and EWMA charts or with the change-point charts. The exception is a cycle of works
by Reynolds, Stoumbos [32-34]. These authors investigated the comparative efficiency of ShCC as well as
CUSUM and EWMA charts for sustained and transient shifts and for condensed and dispersed samples.
But in order to have an opportunity to compare all these types of charts the authors used the specific
condition “when all of the charts have the same false alarm rate and the same sampling rate” [33, p.348].
They name this condition “fair”. We think that it is fair only from the viewpoint of statistical calculations.
It is unfair from the viewpoint of a practitioner because they compare, for example, the performance of
the X-bar chart with 3-sigma limits and the performance of the chart for individuals with 3.205-sigma
limits. This makes questionable their conclusions for traditional application of ShCC with 3-sigma limits
used by all practitioners. On the other hand, the traditional approach used in our paper does not take into
account that charts with different sample sizes require different resources for their accumulation. Such
considerations justify the technique of Reynolds, Stoumbos [32,34], but we prefer more simple and more
intuitively clear traditional way of comparison from [3,10,12]. The most recent work where the authors
discussed the issues of transient shift is the paper of |. Zwetsloot and W. Woodall in JQT [35]. One of
the conclusions of that work coincides with ours assertions: “4. Almost all of the work thus far is under
the assumption of sustained shifts in the process. The possibly substantial effect of data aggregation on
the detection of transient shifts has been studied only by Reynolds and Stoumbos”. We presented our
considerations about these works above.

The Model and some results

Let us consider the case when the transient shift starts between subgroups and ends after m shifted
subgroups within the (m + 1)™. That is, we will assume that the X-bar chart with subgroups of size n is
being constructed and an assignable cause of variation emerges between subgroups and lasts so that it
covers m subgroups totally and r points within the last (m + 1)™. In this case one obtains for the average:

— [, ko) r(p ko) +(n—r) ] m rko

X = = ly +——ko+—=
n(m—l—l) m—+1 n(m+1)

Obviously, the bias of the average will be approaching the sustained value when m — oo, and the
impact of the transient shift will be maximal for m = 0. In this case one has for the average:

7 _ [r(,u0+ka)+(n—r)uo] _ ,u0+rk_o' )
n

(4)

n

Obviously, the shift of the average will decrease and therefore the probability to detect it will decrease
as well. The value of SD is constant (at least at the first approximation) and is equal to a/\/; . So one can
obtain:

PF = 1—@[3—ﬁ] (6)
Jn

As usual, we use the assumptions of data normality and the property of being i.i.d. (identically

independently distributed). The results of calculations on the base of (6) for different values of n and r are

shown in Figure 3. Looking at Figure 3 one can make the following conclusions:
As one could expect before, when ris equal to n the PF coincides with the traditional one in Figure 1.

As soon as not all the subgroup’s points fall into the changed process the PF starts to decrease, and for
some value of r - we named this value boundary, r, - the PF becomes less than the corresponding PF for
n = 1 (the PF of the chart for the individual values). It is quite easy to find out the value of r, for which the
PF of X-bar chart becomes less than the PF of the chart for individuals:

r, < \/Z (7)

It means that the traditional arguments about better performance of the chart for averages in
comparison with the chart for individuals in case of transient shift do not matter. All depends on the
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PF for n=2
Upper curve for r=2, dashed - for n=1,
lower - for r=1

11

PF for n=5
Upper curve for r=5, then - for r=4, then for
r=3, then dashed for n=1, then - for r=2 and
lower - for r=1

PF for n=3. Upper curve for r=3, next one - for
r=2, dashed - for n=1, and lower - for r=1

Upper curve for r=10, then - for r=7, then for
r=5, then dashed line for n=1, then - for r=3

PF for n=4. Upper curve for r=4, next - for r=3,
then - for r=2 - coincides with dashed line for
n=1, and lower - for r=1
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Figure 3: PF for different combinations of nand r.
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Figure 4: EDFs for ranges, n = 5, two points from the original DF, and 3 points from the DF with mean = k6 = k.

amount of points falling into the changed part of
the subgroup. This conclusion shows that even for
the simplest ShCC everything is not so simple as it
seems to be. And even for the values of r > r, the
resulting values of probability to signal about the
shift may be essentially lower than it is traditionally

mentioned in SPC textbooks. For example, for
X-bar chart with n = 10 the probability to detect the
mean’s shift of one sigma falls down from 0.564
when the shift is sustained to 0.078 when only 5
points are within the changed process and 5 points
belong to the unchanged process.
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Another interesting result was obtained from
the analysis of the impact of a transient shift on
the range chart. It is obvious that for a sustained
shift variance is constant and R-chart has the
central line going horizontally, that is R-chart is
insensitive to the mean’s shift. But, for a transient
shift variance within a subgroup will increase so the
R-chart has to become sensitive to a mean shift.
In order to check this consideration we simulated
10000 subgroups of size 5 where two points were
from standard normal distribution with mean =
0 and 6 = 1, and three points were from normal
distribution with mean=k6, 6 =1, k=0.0, 0.5, 1.0,
1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5. For each k we got
10000 values of range, which let us to construct
an Empirical Distribution Function (EDF). The EDFs
give one a possibility to estimate the probability of
falling beyond the Upper Control Limit for R-chart
(UCLR). In case of the standard normal distribution
the UCLR is equal to 4.917 (D,’d,) and after finding
out the corresponding value of probability on the
EDF one can get the probability of our interest®. In
Figure 4 one can see the EDFs for different values
of k. Naturally the curve for k = 0 coincides with the

b. Surely this is rather rough estimate but we were
interested not in the exact probabilities bit in the
existence of the effect itself.

exact values of DF for ranges from [36]. Figure 5
shows the dependence of the probability to exceed
UCLR on the k values for this specific combination
of n and r. It is interesting that for large shifts the
R-chart becomes very sensitive to the shift of the
process mean. For example, for the shift equal to
3 the probability to detect the shift of the mean on
the range chart will be bigger than 30%.

It is worth noting that different combinations
of n and r influence the probabilities of detecting
the transient shift but this influence is much lesser
than the impact from the shift itself. This is obvious
from Figure 6 where one can see the EDFs for the
subgroup of n =5 and r = 0 (curve 0), r = 1 (curve
1), r = 2 (curve 2), r = 3 (curve 3) and r = 4 (curve
4). The curves for r = 1 and 4 coincide with each
other; the same occurs for the curves with r = 2
and 3. Additionally we constructed these EDFs for
transient shift on the normal probability paper -
see Figure 7. It is interesting that EDFs for mixed
subgroups seem to be much closer to the straight
lines than the EDFs for subgroups with r = 0 or r
= 5. The fact that the DF for range is not normal
has long since been known [37] but a transient shift
obviously decreases the deviation of the DFs from
normality.
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0.5

Probability
o o o
o w IS

o
=

0 1
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2
Shiftink

Figure 5: Probability of detecting the transient shift of mean on R-chart as the function of the shift forn =5,

4 5
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Figure 6: The EDFs for the subgroup of n = 5 with different values of r.
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Figure 7: The same curves as in Figure 6 on the normal probability paper.

y=0.8519x-3.448

Conclusions and Some Thoughts

The ShCCs are being used in all areas of human
activity today because there is no quality without
them. So in this part the words of Kaoru Ishikawa in
the epigraph are being realized in life. But his last
sentence which - we think - may be transformed
into:

Useful application of control charts starts and
ends with education are still waiting for its more
deep realization. It encounters many problems
and one of them is the inadequate education in
the area of the ShCCs. We tried to discuss here
one of the causes of such situation: insufficient

knowledge of many assumptions by practitioners
and not enough explanation of these restrictions in
SPC literature. In order to overcome these problem
statisticians should apply additional efforts for
more clear explanations of all assumptions lying in
the foundation of all types of the ShCCs. We are
sure that a shortage of such information in many
textbooks and guides on SPC hinders the useful
applications of charts by practitioner.

As a special case it was shown that the chart
for averages loses its advantages in front of the
chart for individuals when the process shift is not
sustained but transient one. It turned out that the
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X —chart starts working worse than the chart for
individual values when the number of points from
the shifted process becomes less than a square
root of sample size. In the paper by Haridy, Ou,
Wu and Khoo [38] in the abstract it is written “The
comparative study led to surprising results that
contradict the conventional wisdom in Statistical
Process Control (SPC) niche. It is found that the
simplestsingle X chart (i.e., the Xchart with asample
size n) is always the optimal version of the X chart
for detecting” shift of the mean and SD. We think
that such an abstract is an example of the above-
mentioned problem of difficulties for practitioners.
The thing is that the authors do not mention in the
abstract the conditions which their conclusions are
based on. They used the loss function approach
to compare chart efficiency so their results have
no relation to the traditional comparison. So their
abstract creates much more general conclusion
thanitis in reality. However, combining their result
with ours it seems that simple x-chart may turn
out to be much more useful in practice than it is
considered usually.

Besides, it was found that under conditions of the
transient change in the mean the R-chart becomes
sensitive to the shift of the process location.
Moreover, from Figure 6 and Figure 7 one can see
that the average value of range for mixed samples
increased from the standard value 2,326 (this is a
well-known coefficient d, - see, e.g., [8,10,12]) to
the values close to 4. This is an interesting result
which needs to be discussed in another paper.

We are sure that simple ShCCs while being
applied to real processes are both a statistical tool
and a tool for the growth of process knowledge.
The latter is not elucidated enough in most of
the textbooks and guides on SPC. That’s why we
think that handbooks, guides and other teaching
materials must pay much more attention to the
limits and restrictions of the conclusions they give to
practitioners. Besides, we think that mentioning all
the assumptions (explicit and implicit) in the section
“Conclusions” in our favorite and respectable
journals would be very useful for practitioners.

We hope that the results obtained and
mentioned here may be useful for stimulating
more research in the area of “simple” SPC tools
because the diversity of real processes is unlimited
and reasonable application of the ShCCs must be
established for the cases that cannot be fit to the
Procrustean bed of traditional approach.
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