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Abstract
Modern mixed-model production/assembly lines contain several inspection stations and the 
quality control tests made at such stations may lead to sending the tested unit to an off-line 
rework shop in order make the necessary repair operations before reinserting the unit back in 
the line. Consequently, the order (sequence) at which processed units leaves the production/
assembly line is different from its initial entering order. The consequences of these sequence or 
rank changes are quite important on the efficiency and balancing of mixed-model production 
lines such as motorcar assembly lines. In this paper we derive the probability density function 
of the rank change of a given unit. Having the exact form of this function is a prerequisite for a 
better and complete analysis of this rank change phenomenon, of its impact as well as for the 
design of efficient solutions to avoid its disruptive effects.
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Introduction
Modern quality standards and quality requirements make it necessary to add a number of inspection 

or quality control stations to most production/assembly lines with large number of work stations. There 
are two possible outcomes of an inspection operation in such a context. Either the inspected unit passes 
the inspection test and goes to the next workstation of the assembly line, or it fails the test, which implies 
that this unit should be withdrawn and send to a rework shop or a rework line to be repaired. Afterwards, 
the unit returns to the main line. The unit is brought back either to the inspection station that sent it for 
repairs or to the following workstation. This depends on whether an equivalent inspection is done in 
the repair shop or not. In many cases, it is required that the unit under repair does not leave the repair 
shop until it is re-inspected and passes the inspection tests that caused its withdrawal from the main 
production/assembly line.

In a mixed-model production line, different product models are introduced to the line according to 
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a predetermined sequence, which gives to each unit or model a rank in the sequence. This sequence is 
determined in a way that maximizes the efficiency of the line. The withdrawal and return of a unit imply 
a rank change for this unit as well as for some other units. Thus, in general, the final sequence is different 
from the initial sequence. Generally, this reduces the line efficiency and its balance.

If no other unit is withdrawn until the return of this unit, it will lose a number of positions in the 
sequence that depends on the repair time of the unit and the cycle time of the main production/assembly 
line. But, if some of the preceding and/or succeeding units are also withdrawn and require more repair 
time than our unit, the new position of the unit is different of its old one. This rank change phenomenon 
is of interest for many industries that use mixed-model production/assembly lines particularly for the car 
manufacturing industry. That is why we will focus hereafter on the impact and the analysis of this problem 
in this industry.

Problem Description
It is a usual practice to have a buffer stock after each inspection station (see Figure 1). This is needed 

to prevent line stoppage when a car is withdrawn for repairs and also allows re-sequencing the flow 
in order to overcome some of the negative effects of sequence or rank changes. These effects will be 
discussed later but let us first give the definition of some terms that will be used in this paper. We define 
the rank of a car under assembly at the entrance of a given production/assembly line as its position in the 
production sequence at this entrance point. Thus, the initial rank of a car is its order number or position in 
the sequence at the entrance of the first workstation of the assembly line. Similarly, the final rank of a car 
is its rank at the entrance of the final stocking area at the end of the line. The difference between the rank 
of a given car at a workstation B and its rank at a preceding workstation A, will be referred to as the rank 
change of this car between A and B. The overall rank change is the difference between the final rank at the 
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Figure 1: Schematic representation of a car assembly line.
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final work station of the line and the initial rank at its first work station. A rank change could be positive, 
negative or nil. A positive rank change (called lag) means that the car will come out of the line later than 
initially planned and a negative rank change (called advance) means that it will come out earlier.

Obviously, there are no rank changes between a workstation A and a following workstation B if there 
is no inspection station in between and no withdrawal is allowed over this line segment. The rank change 
of a given car at a given inspection station, which is measured by the difference between its rank at 
the entrance of the following workstation and its rank at the entrance of the given inspection station, 
depends not only on what happens to this car but also on what happens to some of the succeeding and 
preceding cars.

Figure 2a shows that if the car in the ith position fails the inspection test losing k positions (due to its 
repair time), and all the other cars pass the test, then each of the cars in positions i + 1, …, j, …, i + k will 
get a negative rank change (advance) of 1 position (i.e., moves forward one position). Figures 2b presents 
a situation where the car in position i needs repairs that requires a time equivalent to the time of k line 
cycles but loses only k-1 positions (positive rank change of k-1) as the car in position i + j (with j < k) 
requires repairs for more than k-j cycles (in the figure it require k-j + 1 cycles).

The consequences of rank changes are discussed in detail in Danjou, et al. [1]. Hereafter we give a 
short discussion of these consequences. But to better understand rank changes effects, let us recall that 
modern assembly lines generally adopt a just-in-time policy for the delivery of components to the line. 
Also notice that the initial production sequence is mainly made in a way that uniformly disperses the cars 
having a component requiring large installation time. In cars assembly facilities, this is usually called the 
“model or option spacing constraint”. Uniformly spacing cars that require higher operations time at a 
given workstation helps the workers at this station to follow the line pace. Actually, a car requiring more 
time than the line cycle time, is followed by a sufficient number of cars that require less time than the 
cycle time, then the line balance will be improved.

Rank changes have two main effects. First, the just-in-time, components-supply plan, which is 
established based on the initial production sequence, can no longer guarantee the continuous functioning 
of the line. Some components will stay longer before they are used and some others will not be available 
when needed. Consequently, rank changes force the holding of a larger safety stock of components. 
Second, rank changes make it harder for some workstations to keep up the pace. Consequently, additional 
workers should be sent to such workstations from time to time in order to help rebalance the line.
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(a) Car in position i moves backward k positions and cars in positions i+1 to i+k move forward one position. 
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(b) Car in position i requires k cycles of repairs but moves backward only k-1 positions 
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Figure 2: Rank change depends on repair time of the car and repair time of its neighbours.
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In this paper we study the following important and fundamental problem. Given the probability density 
function of R, the number of cycles a car needs for repairs (R depends directly on repair times and the 
line cycle-time), determine the probability density function of ∆, the rank change between the entrance 
to an inspection station and the entrance to the following station. Thus we seek to determine P(∆ = δ) as 
a function of P(R = r).

Also, we provide a preliminary analysis of some related problems such as the determination of the 
size of the buffer stock that follows an inspection station, how to determine the probability distribution 
of rank changes for lines with multiple inspection stations, and how to organize the rework line or the 
rework shop.

Obviously, determining the form and parameters of the probability density function of ∆ is a prerequisite 
for a precise analysis of the economic impact of or rank changes. In other words, knowing the form and 
parameters of the probability function of rank changes, P(∆  = δ), is needed to calculate the resulting 
increase in components safety stock and the resulting increase in work force cost. In addition, knowing 
the form and the parameters of this function is also necessary if we want to evaluate the impact of 
a specific action to improve the production process. This is because production process improvements 
should lead to a modification of the probability density function P(R = r), and consequently, will modify 
the function P(∆ = δ).

The form and parameters of the function P(∆ = δ) can be found empirically by simulation. This is the only 
available method if the exiting rule from buffer stock, between the inspection station and the following 
workstation, is not a “first in first out (FIFO)” rule (see Danjou, et al. [1]). Hereafter, we assume that the 
flow through this buffer stock is FIFO and we shall derive the exact form of P(∆ = δ). Knowing the exact 
analytical form of this function should be much more helpful than just having an approximate empirical 
form if we need to study the response of the manufacturing system to any improvement action.

In addition to the above-mentioned assumptions, we also assume that:

1.	 The repaired cars do not come back to the main line until all the defects that caused their withdrawal 
are completely corrected. When they return, they are directly inserted into the buffer stock that 
follows the inspection station.

2.	 The number of cars in this buffer stock is sufficiently large to prevent any line stoppage due to 
withdrawal of cars. Actually, to prevent such line stoppage, the number of cars to place in the buffer 
stock should equal ρ, the maximum number of cycles that a car may need for repairs. However, we 
may accept placing fewer cars in the buffer if we can accept a limited probability of line stoppage. 
This point will be studied in more detail in section 5.

3.	 There is complete independence between the event “a car needs repair” and the event “the 
following car needs repair”.

4.	 The rework line or shop has sufficient capacity. Consequently, there is no waiting time in this shop 
or line. The repair time depends only on the needed repairs and does not depend on the number of 
cars under repair.

5.	 The production/assembly line is in a steady state. We are not studying the transition state of the line.

Literature Review
Although several contributions to mixed-model production/assembly line problems have been 

proposed in the literature over the last five decades, to the best of our knowledge, the rank change 
problem and its economic impact have never been the subject of any publication.

The assembly line problem that received the greatest attention in the literature is the line balancing 
problem. Recently, Sivasankaran and Shahabudeen [2] presented an extensive review of the line balancing 
literature. Also, Jiao, et al. [3] proposed a review of 89 recently published papers. They divided the line 
balancing problems into three subproblems according to the number of models produced by the assembly 
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line. These three subproblems are the single-model, the mixed-model and multiple-model assembly line 
balancing problems. Jackson [4] proposed one of the first enumeration methods designed to solve small 
single-model line balancing problem. Thomopoulus [5,6] showed how to adapt single-model balancing 
methods to solve the mixed-model balancing problem. Chakravarty and Shtub [7] designed an algorithm 
to assign tasks to work stations in a way that minimizes the total production cost. Bolat, et al. [8] studied 
the problem of real-time line rebalancing where such rebalancing is needed. Gokcen and Erel [9] presented 
a goal programming formulation of the problem and Gokcen and Erel [10] developed a binary integer 
formulation for the mixed-model assembly line balancing problem in which the number of stations is 
minimized for given cycle time. Matanachai and Yano [11] proposed a method to assign tasks to stations 
that provide stable workloads. Bukchin and Rabinowitch [12] proposed a branch-and-bound algorithm 
that can solve this same problem.

In addition, many heuristics and metaheuristics were designed to solve the mixed-model line balancing 
problem. Haq, et al. [13] developed a hybrid genetic algorithm to solve the problem in which the objective 
is to minimize the number of workstations for a given cycle time. Simaria and Vilarinho [14] presented an 
ant colony optimization algorithm to balance the two-sided mixed-model problem with the objective of 
minimizing the number of work stations for a given cycle time. Ozcan, et al. [15] developed a simulated 
annealing algorithm to minimize the number of workstations while equalizing stations work load. Also, 
Ozcan, et al. [16] proposed a Tabu search algorithm to balance two or more two-sided mixed-model 
assembly lines.

Another widely studied problem in the assembly line literature is the mixed-model sequencing problem. 
This problem consists of sequencing a given set of models to be produced in each day. Inman and Buffin 
[17], and Danjou, et al. [1] studied this problem and proposed methods to solve it.

More recently, Solnon, et al. [18] presented a review of exact and heuristic methods proposed to solve 
the standard mixed-model sequencing problem. Estellon, et al. [19] presented a very fast local search 
method that won the ROADEF’ 2005 challenge where real-life car sequencing problems proposed by the 
car manufacturer RENAULT was solved. The second winners of this challenge were Ribeiro, et al. [20] 
who designed a set of heuristics based on variable neighbourhood and iterated local search concepts. 
Afterwards, Sun and Fan [21] proposed a lexicographic approach based on ant colony optimization to 
solve a bi-objective version of the car sequencing problem. The first objective is to minimize the number 
sequencing rules violation and the second one is minimizing a criterion they proposed and called changeover 
complexity. Sequencing rules, also called spacing constraints, are discussed in Lesert, et al. [22].

The organization of this paper is as follows. In section 4, we analyse the rank change problem under the 
special assumption of identical repair time for all cars. In section 5 we discuss some related problems such 
as how to determine the size of the buffer stock that follows an inspection station, how to determine the 
probability distribution of rank changes for lines with multiple inspection stations, and how to organize the 
rework line or the rework shop. In section 6, we generalize the model to consider the case where cars may 
have different repair times. Section 7 deals with the question of how to model the case where cars may 
require more than one visit to the repair shop. Finally, the conclusions of this research are drawn in section 8.

A Simplified Rank-Change Probability Function
Let us consider the simplified situation where R, the number of cycles required for repairs, takes either 

the value 0 (the car passes the inspection test) or a fixed value ρ. This means that the repair time is the 
same for all cars that fail the inspection test. This situation occurs for example if the repairs are done on a 
paced parallel line with a fixed number of workstations.

Let us also assume that the rework shop will repair all defects and consequently a repaired car will 
always be able to pass the inspection test with success. Thus, a repaired car will be sent to the buffer stock 
following the inspection station and will not be sent back to the inspection station. In the next section we 
will show how to deal with the case where we cannot make this assumption, i.e., how to deal with the 
case where a car requires several visits to the repair shop or the repair line before it becomes acceptable.
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Under the above assumptions, the car in position j either passes the inspection and immediately enters 
the buffer stock or fails the test and is sent to the rework line to come back and enters the stock ρ cycles 
later. When it comes back, its position in the sequence depends on x, the number of cars, among the 
succeeding cars (those originally in positions j + 1 through j + ρ, that failed the inspection test. Precisely its 
new position will be j + ρ-x and, in this case, its rank change δ = ρ-x.

Rank change δ is negative (the car moves to a forward position), nil, or positive (the car moves to a 
backward position). Rank change is negative (δ < 0; also called position advance) if the car passes the 
inspection and x of the preceding δ cars (those in positions j-ρ to j-1) fail (R = 0 and x > 0). Rank change is 
nil (δ = 0) if R = 0 (the car passes) and x = 0 (no one of the preceding ρ cars fail) or if R = ρ (the car fails) and 
x = ρ (all the succeeding ρ cars fail). Finally, rank change is positive (δ > 0; also called position lag) if R = ρ 
and some but not all the succeeding cars fail the inspection (x < ρ).

Let po be the probability that a given car passes the inspection, X stands for the random variable 
indicating the number of cars among ρ successive cars that fail the inspection, and P(X = x) the probability 
that exactly x among ρ successive cars fail the inspection. Then we have P(R = 0) = po, P(R = 0) = 1-po and 

( )     ; 0(1 )
x xxP X x xpC p oo

ρ ρρ
−= = ≤ ≤− . Recall that we assumed that the events “a car fails the test” and 

“the succeeding car fails the test” are independent; thus P(X = x) is a binomial distribution.

It is easy to see that if R = 0, which has a probability P(R = 0) = po, and if x > 0, which has a probability 

 (1 )
x xx pC p oo

ρ
ρ

−
− , we obtain a negative rank change (δ < 0) with a probability ( )     (1 )

xx x
o ooP Cp pp ρ

ρδ
−

∆ = = −
. Also, R = ρ, which has a probability P(R = ρ) = 1-po, and ρ > x ≥ 0, which has a probability  (1 )

x xx
oo ppC ρ

ρ
−− , 

leads to a positive rank change (δ > 0) with a probability ( ) )       (1 (1 )
xx xCP p ppo oo

ρδ ρ
−∆ = = − − . Finally, the 

probability P(∆ = 0) equals the sum of P(R = 0).P(X = 0) and P(R = ρ).P(X = ρ). Thus ( ) 11 (1 )  0   .P pp oo
ρρ ++ −∆ = = +  

In summary we have:

( ) 1    ; 0(1 )
x xx

ooP ppC ρ
ρδ δ− +∆ = = <−

( ) 11    (1 ) ;   0ooP pp ρρδ δ++∆ = = −+ =

( )
1

    ; 0(1 )
x xx

ooP ppC ρ
ρδ δ

+ −∆ = = <−
As an illustration, Table 1 gives the probability P(∆ = δ) for ρ = 10 and some values of po ranging from 

0.80 to 0.98. Figure 3 gives the general form of this probability density function. This figure shows that P(∆ 
= δ) is, in general, not symmetrical. This can be explained by examining the probability function. It implies 

that ( ) 1  ; 0    (1 )
x xxP pC p oo

ρδ δ ρ
− +∆ = < = −  while ( )

1
  ; 0    (1 )

x xxP pC p oo
ρδ δ ρ

+ −∆ = > = −  and if we agree that 
po have in general a value larger than 0.50, we can see that P(δ < 0) is generally higher than P(δ > 0). 
However, this probability density function becomes symmetrical in the case where po = 0.50.

Table 2 and Figure 4 show the effect of ρ on the probability P(∆ = δ) for a given value of po (po = 0.98). 
Obviously, the standard deviation of rank changes decreases as ρ decreases.

Preliminary Analysis of Some Rework Related Issues
In this section we study three issues related to the rework and rank changes: (1) The determination 

of the size of the buffer stock that follows an inspection station, (2) How to determine the probability 
distribution of rank changes for lines with multiple inspection stations, and (3) How to organize the repair 
line or the repair shop.

Buffer size
As mentioned an inspection station is usually followed by a buffer stock. This is essential to avoid line 

stoppage if a car is withdrawn for repairs. Instead of sending the cars that pass the inspection directly 
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Table 1: The probability P(∆ = δ) for ρ = 10.

δ
po (the probability of passing the inspection test with success)

0.80 0.82 0.84 0.86 0.88 0.90 0.92 0.94 0.96 0.98

AD
VA

N
CE

-10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-9 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-8 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-7 0.0006 0.0003 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-6 0.0044 0.0026 0.0015 0.0007 0.0003 0.0001 0.0000 0.0000 0.0000 0.0000
-5 0.0211 0.0145 0.0093 0.0055 0.0029 0.0013 0.0005 0.0001 0.0000 0.0000
-4 0.0705 0.0550 0.0406 0.0281 0.0178 0.0100 0.0048 0.0018 0.0004 0.0000
-3 0.1611 0.1431 0.1218 0.0985 0.0746 0.0517 0.0315 0.0158 0.0055 0.0008
-2 0.2416 0.2444 0.2399 0.2270 0.2051 0.1743 0.1360 0.0928 0.0499 0.0150
-1 0.2147 0.2474 0.2798 0.3098 0.3342 0.3487 0.3475 0.3232 0.2659 0.1634

0 0.0859 0.1127 0.1469 0.1903 0.2451 0.3138 0.3996 0.5063 0.6382 0.8007

LA
G

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
4 0.0011 0.0006 0.0003 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
5 0.0053 0.0032 0.0018 0.0009 0.0004 0.0001 0.0000 0.0000 0.0000 0.0000
6 0.0176 0.0121 0.0077 0.0046 0.0024 0.0011 0.0004 0.0001 0.0000 0.0000
7 0.0403 0.0314 0.0232 0.0160 0.0102 0.0057 0.0027 0.0010 0.0002 0.0000
8 0.0604 0.0536 0.0457 0.0369 0.0280 0.0194 0.0118 0.0059 0.0021 0.0003
9 0.0537 0.0543 0.0533 0.0504 0.0456 0.0387 0.0302 0.0206 0.0111 0.0033
10 0.0215 0.0247 0.0280 0.0310 0.0334 0.0349 0.0348 0.0323 0.0266 0.0163

0

0,2

0,4

0,6

0,8

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10

Rank change

Pr
ob
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ili

ty

po = 0.80 po = 0.90 po  = 0.98

Figure 3: Probability density function P(∆ = δ) in case of identical repair times.

line stoppage, the buffer size should be larger than 
or equal to the maximum number of cars that could 
be found in the rework line or shop at any moment. 
Under our assumptions, it is easy to see that this 
number equals the maximum number of cycles a 
car may need for repairs. Thus, to never empty the 
buffer, which leads to line stoppage, the size of the 

to the following station, we send them to a buffer 
stock that is used to feed the following station. 
Assuming that the assembly line is in a steady 
state, then the number of cars in the buffer at any 
moment equals the maximal number of cars that 
the buffer can hold minus the number of cars in the 
rework line or shop at that moment. So, to avoid 
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Table 2: The simplified probability distribution P(∆ = δ) as a function of ρ.

po = 0.80 po = 0.98
δ ρ = 10 ρ = 5 ρ = 10 ρ = 5

Ad
va

nc
e

-10 0.0000 0.0000
-9 0.0000 0.0000
-8 0.0001 0.0000
-7 0.0006 0.0000
-6 0.0044 0.0000
-5 0.0211 0.0003 0.0000 0.0000
-4 0.0705 0.0051 0.0000 0.0000
-3 0.1611 0.0410 0.0008 0.0001
-2 0.2416 0.1638 0.0150 0.0037
-1 0.2147 0.3277 0.1634 0.0904

0 0.0859 0.2622 0.8007 0.8858

La
g

1 0.0000 0.0013 0.0000 0.0000
2 0.0000 0.0102 0.0000 0.0000
3 0.0002 0.0410 0.0000 0.0001
4 0.0011 0.0819 0.0000 0.0018
5 0.0053 0.0655 0.0000 0.0181
6 0.0176 0.0000
7 0.0403 0.0000
8 0.0604 0.0003
9 0.0537 0.0033
10 0.0215 0.0163

0

0,1

0,2

0,3

0,4

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10

Rank change

Pr
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ρ = 10 ρ = 5

Figure 4: The simplified probability distribution P(∆ = δ) as a function of ρ (po = 0.98).

buffer should equal ρ, the maximum number of cycles a car may need for repairs.

We have to mention that the buffer stock is also needed to avoid stoppage of the downstream part 
of the line (stations following the buffer stock) if the up-stream part of the line (the part preceding the 
buffer) stops as a result of any technical problem or any material supply problem. Hereafter, we deal only 
with line stoppage because of cars withdrawal for repairs.

Holding a large number of cars in the buffer leads to an increased inventory holding cost. But as the 
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probability that ρ cars be simultaneously in repair is quite small, we may decide to hold a smaller number 
of cars, say S, in the buffer stock. This decision should be made taking into consideration the inventory 
holding cost and the cost of stopping the line. This later cost mainly depends on the probability of having 
more than S cars withdrawn for repairs. But as shown in the previous section, P(X = x), the probability 
that x among ρ cars fail the inspection test, is given by a binomial probability function. Consequently, the 
probability of having more than S cars withdrawn at a given moment, noted P(X > S) can be obtained by:

( ) ( ) (1 )       
  1   1

x xxP X S P X x p pC o ox S x S

ρ ρ ρ
ρ

−−> = = =∑ ∑
= + = +

Table 3, gives some values of P(X > S) for ρ = 10 and po ranging from 0.80 to 0.98. This table shows that 
for ρ = 10 and po = 0.96 the probability of having more than 2 cars in repair is only 0.62%. For the same 
value of ρ but with po = 0.80, the probability of having more than 5 cars in repair is almost at the same 
level (0.64%).

Lines with multiple inspection stations
Let us consider a mixed model production/assembly line with m inspection stations and assume that 

each of these stations is followed by a buffer stock of sufficient capacity to prevent any line stoppage. 
Also, we assume that the flow rule through these buffers is FIFO (no re-sequencing is done) and complete 
independence between the events (pass or fail) at different inspection points. Then the probability density 
function of the overall rank change between the initial and final sequence can be determined easily as 
the overall rank change δ will be the sum of successive rank changes δ1, δ2, …, δm. The probability density 
function is the sum of m binomial functions, which, based on the central limit theorem and assuming that 
m is sufficiently large, can be approximated by a normal probability density function.

Organization of rework activities
We have mentioned that rework is usually done either in a paced secondary line with a number of 

workstations or in a repair shop with a sufficient number of parallel and identical repair stations. In this 
second case each car is assigned to one and only one rework station, which will perform all the necessary 
repairs. The number of repair stations should be sufficiently large in order to avoid waiting times. This 
implies that, in order to be able to repair cars as soon as they arrive in the repair shop, the number of 
parallel stations should be greater than or equal to ρ, the maximum number of cars that could be found in 
the repair shop simultaneously. However, we may decide to use a fewer number of repair stations, say S 
stations. Then the probability that a car will wait for repairs equals the probability P(X > S). This probability 
can be determined as shown in the previous section.

Furthermore, the rework shop can be considered as a queuing system with S parallel and identical 
servers. This allows us to determine the average waiting time and the average sojourn time.

A General Rank-Change Probability Function
In section 4 we derived the probability density function of rank changes in the simple case where R, the 

number of cycles required to perform the necessary repairs, takes either the value 0 or ρ. In this section 
we consider the case where R can take any integer value between 0 and ρ. In such a case, the rank change 
δ, for the car in position j and requiring r cycles for its repairs, will be r-x where x is the number of cars 
with an initial rank between j + r-1 and j + r-ρ that are withdrawn for repairs and reintroduced in the main 
line after the considered car.

Table 3: The probability of having more than S cars in repair.

S
po, the probability that a car passes the inspection test

0.80 0.82 0.84 0.86 0.88 0.90 0.92 0.94 0.96 0.98
2 0.3222 0.2628 0.2064 0.1545 0.1087 0.0702 0.0401 0.0188 0.0062 0.0009
4 0.0328 0.0213 0.0130 0.0073 0.0037 0.0016 0.0006 0.0002 0.0000 0.0000
5 0.0064 0.037 0.0020 0.0010 0.0004 0.0001 0.0000 0.0000 0.0000 0.0000
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As δ = r-x, 0 ≤ r ≤ ρ and 0 ≤ x ≤ ρ, then - ρ ≤ δ ≤ ρ. Also, it is obvious that the same rank change δ can 
be the result of a number of combinations of r and x. For example, a positive rank change value δ can be 
obtained by any value of r in the range δ ≤ r ≤ ρ and x = r-δ. On the other hand, a negative rank change δ 
can be obtained by any value of r in the range 0 ≤ r ≤ ρ-δ and x = r + δ. Thus, to generalize, a rank change 
δ (positive or negative) can be obtained by any value of r in the range max (0,δ) ≤ r ≤ min (ρ, ρ + δ) and 
x = r-δ.

Consequently the probability P(∆ = δ) can be calculated by:

( )
min( , )

    (   ). (   ) ;
  max(0, )

P P R r P X r
r

ρ ρ δ
δ δ ρ δ ρ

δ

+
∆ = = = = − − ≤ ≤∑

= .

As P(R = r) is known, to calculate the probability P(∆ = δ) we need to calculate the probability P(X = x). 
This is more complicated. In the following we start by showing how to calculate the probabilities P(X = 0), 
P(X = 1), P(X = 2) and P(X = 3). Then, by induction, we derive the general formula for P(X = x).

Recall that we are considering the car in position j and our objective is to calculate the probability that 
x among the cars in positions between j + r-1 and j + r- ρ come back to the line behind the considered car. 
Let the probability that the car in position j + r-i require less than i cycles for its repairs be noted P(Rj + r-i < i).

The probability P(X = 0)
In this case none of the cars in positions between j + r-1 and j + r-ρ come back after the car having the 

initial position j. The probability of this combined event is:

P(X = 0) = P(Rj + r-1 < 1). P(Rj + r-2 < 2). ... . P(Rj + r-ρ < ρ).

But assuming that the probability functions of R for all cars are identical and independent, we can 
write:

( )  0   (  )
  1

P X P R i
i

ρ
= = <∏

=
.

Now putting   (  )
  1

P R i
i

ρ
Π = <∏

=
 we can write:

( )  0   P X = = Π

The probability P(X = 1)
In this case only one car among those initially in positions j + r-1 through j + r-ρ come back after the 

car having the initial position j. All other cars that are withdrawn for repairs come back to the main line in 
position preceding this car. The probability of this event is:

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

. ....1 2

                     . ....1 2

                    ...

                    . ....1 2

  1   1 2

1 2

1 2

j r j r j r

j r j r j r

j r j r j r

P X P R P R P R

P R P R P R

P R P R P R

ρ

ρ

ρ

ρ

ρ

ρ

+ − + − + −

+ + − + − + −

+

+ + − + − + −

= = ≥ < <

< ≥ <

< < ≥

Again, assuming that the probability functions of R for all cars are identical and independent; then 
multiplying and dividing each term by P(R < i), we obtain:

( ) { } ( )
  1   ( )

  1  1 ( )

P R i
P X P R i

ii P R i

ρ ρ ≥
= = < ∑∏

== <
.

Putting (  )
  

(  )

P R i
gi P R i

≥
=

<
 and   1   1

s gii

ρ
= ∑

=
 we can write:

( ) 1  1   .P X s= = Π



• Page 11 of 15 •Boctor et al. Int J Ind Operations Res 2021, 4:012 ISSN: 2633-8947 |

Citation: Boctor FF, Danjou F, Giard V (2021) Rank Change Probability Distribution in Mixed Model Production/Assembly Lines and 
Impact. Int J Ind Operations Res 4:012

The probability P(X = 2)
In this case exactly two of the cars in positions j + r-1 through j + r-ρ come back after the car having the 

initial position j and all other cars that are withdrawn for repairs come back to the main line in a preceding 
position. Let these two cars be those in position j + r-i and j + r-k with i < k ≤ ρ. The probability of this 
situation is:

( ) ( ) ( ) ( ) ( )
1

1 1
  1   1

  2   1 ... ... ...j r j r j r k j r
i k i

P X P R P R i P R k P R
ρ ρ

ρ ρ
−

+ − + − + − + −
= = +

= = < ≥ ≥ <∑ ∑
As before, we assume that the probability functions of R for all cars are identical and independent. 

Multiplying and dividing each term by P(R < i), we obtain:

( ) { } 1 (  ) (  )
  2   (  )  .   . 

1  1   1(  ) (  )

P R i P R k
P X P R i

ii k iP R i P R k

ρ ρ ρ− ≥ ≥
= = < ∑ ∑∏

== = +< <
Modifying the limits of the first and second summations, we can write:

( ) { }1 (  ) (  )
  2   (  )  .  . 

  1  12 (  ) (  )

P R i P R k
P X P R i

ii k iP R i P R k

ρ ρ ≥ ≥
= = < ∑ ∑∏

== ≠< <

 
 
  .

Which can be written:

( ) { } 2 2
1 1 1

  1   1   1
    2

1 1 1  .  .    .  . ( )    . 
2! 2! 2!i k i i

i k i i i
P X s gg g g gs

ρ ρ ρ

= ≠ = =

==
  Π = Π − = Π −   

   
∑ ∑ ∑ ∑

Putting 2
2

  1  gi is ρ∑ ==  and 2
212   N s s= − , the formula above becomes:

( ) 2 2
21  2   

1  .   .
2! 2!

XP Ns s= =  Π − = Π 

Now we can rewrite P(X = 1) and P(X = 0). Let N1 = s1 and N0 = 1 then:

( ) 1  1     
1!
NP X = = ⋅ Π  and

( ) 0  0   
0!

P X N= = ⋅Π

Notice that we can also write N2 = s1N1-s2N0 = s1N1-1!s2N0.

The probability P(X = 3)
In this case exactly three of the cars in positions j + r-1 through j + r-ρ come back after the car having the 

initial position j and all other cars that are withdrawn for repairs come back to the main line in a preceding 
position. Let these three cars be those in position j + r-i, j + r-k and j + r-l with i < k < l ≤ ρ. The probability 
of this event is:

( ) ( ) ( ) ( ) ( ) ( )
2 1

1 1
  1   1   1

  3   1 ... 1 ... ... 1 ...j r j r j r k j r l j r
i k i l k

P X P R P R P R k P R P R
ρ ρ ρ

ρ ρ
− −

+ − + − + − + − + −
= = + = +

= = < ≥ ≥ ≥ <∑ ∑ ∑ .

Here also we assume that the probability functions of R for all cars are identical and independent. 
Multiplying and dividing each term by P(R < i), we obtain:

( )
2 1

  1   1   1  1

  3   
(  ) (  ) (  )(  )  .   .  . 
(  ) (  ) (  )i k i l ki

P X
P R i P R k P R lP R i
P R i P R k P R l

ρ ρ ρ ρ− −

= = + = +=

= =
  ≥ ≥ ≥

<  < < < 
∑ ∑ ∑∏ .

Modifying the limits of the three summations, we can write:

( )
2

  1  1

  3   
1 (  ) (  ) (  )(  )  . 
6 (  ) (  ) (  )i k i l k ii

P X
P R i P R k P R kP R i
P R i P R k P R k

ρ ρ −

= ≠ ≠ ≠=

= =
    ≥ ≥ ≥

< ⋅    < < <    
∑ ∑ ∑∏ .

Which can be written:
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( ) 1
  1 1

  3   
1 1  .   . ( )
3! 3!ki l i k i k

i k i l k i i k i
P X gg g g g g gs

ρ ρ

= ≠ ≠ ≠ = ≠

= =
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And leads to:
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Putting 3
3   1
  ii

s gρ

=
= ∑  and ( ){ } 3

313 1 2  1
     23i li k i l k i

N sg g s ss
ρ

= ≠ ≠ ≠
= = − −∑ ∑ ∑ , the formula above 

becomes:

( ) 3 3
311 2

1  3    2   3
3! 3!

NP X s s ss = = Π − + = Π 

Notice that we can write N3 = s1N2-2s2N1 + 2s3N0 = s1N2-2!.s2N1 + 2!.s3N0.

Table 4: The probability density function P(∆ = δ) in the general case.

Skewed to the right Skewed to the left
δ po = 0.80 po = 0.90 po = 0.80 po = 0.90

Ad
va

nc
e

-10 0.0009 0.0007 0.0039 0.0046
-9 0.0026 0.0017 0.0182 0.0170
-8 0.0046 0.0027 0.0344 0.0223
-7 0.0066 0.0037 0.0396 0.0189
-6 0.0086 0.0047 0.0343 0.0137
-5 0.0144 0.0084 0.0249 0.0087
-4 0.0223 0.0126 0.0165 0.0056
-3 0.0341 0.0194 0.0108 0.0039
-2 0.0481 0.0265 0.0074 0.0028
-1 0.0377 0.0155 0.0051 0.0018

0 0.3918 0.6299 0.1573 0.4116

La
g

1 0.3110 0.2363 0.2813 0.3374
2 0.0995 0.0353 0.2248 0.1224
3 0.0162 0.0027 0.1044 0.0258
4 0.0015 0.0001 0.0311 0.0035
5 0.0001 0.0000 0.0062 0.0003
6 0.0000 0.0000 0.0008 0.0000
7 0.0000 0.0000 0.0001 0.0000
8 0.0000 0.0000 0.0000 0.0000
9 0.0000 0.0000 0.0000 0.0000
10 0.0000 0.0000 0.0037 0.0000

Table 5: Conditional probability P(R = r/R > 0).

r = 1 r = 2 r = 3 r = 4 r = 5 r = 6 r = 7 r = 8 r = 9 r = 10
Skewed to the right 0.10 0.29 0.22 0.14 0.10 0.05 0.04 0.03 0.02 0.01
Skewed to the left 0.01 0.02 0.03 0.04 0.05 0.10 0.14 0.22 0.29 0.10
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The probability P(X = x)
In this case exactly x cars will come back after the car originally in position j. By mathematical induction 

we can write:

( )    
!
xNP X x

x
= = ⋅Π

Where:

1

  1   1

( 1)!  (  ...)    (-1)
( )!

x
t

t x tx i k l
i k i l k i t

xN g g g s Nx t

ρ
−

−
= ≠ ≠ ≠ =

   − = =    −   
∑ ∑ ∑ ∑ ∑

As an illustration, Table 4 and Figure 5 give the probability P(∆ = δ) for four different probability 
distribution functions P(R = r). For these distributions ρ = 10, po = P(R = 0) is either 0.80 or 0.90 and the 
conditional probability P(R = r/R > 0) is either skewed to the left or to the right as shown in Table 5.

Repeated Failure to Pass Inspection Tests
To simplify our model, we assumed that each repaired car does not leave the repair shop or line until 

all the defects that caused its withdrawal from the main line are correctly repaired. In the opposite case 
where a car fails the inspection several times our results remain valid but we have to use a modified 
probability function of R.

Consider a car that requires r1 cycles for its first visit to the repair line or shop and requires r2 cycles 
for its second visit. Assuming that the number of repair cycles of the two visits have the same probability 
function (i.e., P(R1 = r) = P(R2 = r)∀r), then the probability of requiring a total of r cycles for the two visits 
(with 2 ≥ r ≥ r1) can be obtained by:

( )
1

min( , )

1 1 2 1
  0

    (   ). (   ) ;0 2
r

P R r P P r rR r R r
r

ρ

ρ
=

= = = = − ≤ ≤∑
In the case where the car requires three visits the probability is given by:

( )
1

1 2

min( , ) min( , )

1 1 2 2 3 1 2
  0  

    (   ) (   ) (   ) ; 0 3
r r r

P R r P P P rr rR r R r R r
r r

ρ ρ

ρ
−

=

= = = ⋅ = ⋅ = ≤ ≤− −∑ ∑
And we can generalize this function in a very classical way to the case of a number of visits v. Then we 

can derive the probability density function of rank changes (i.e., P(∆ = δ)) using the generalized probability 
function of R.

Conclusions
In this paper we showed that it is possible to derive and we derived some probability density functions 
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Figure 5: The general probability distribution P(∆ = δ).
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of rank changes in mixed-model production/assembly lines. The results obtained open the door for a 
more rigorous analysis of the rank changes phenomenon and its economic impact. A preliminary analysis 
of some of its consequences is provided here but it is obvious that a deeper investigation is needed.

Some of the important questions to study in the future are: what is the probability density function of 
rank changes after several inspection stations? How to determine the number of inspection stations and 
what is the optimal position for each one?

Other important issues to study are: the effect of the buffer size and its management policy on the 
probability of line stoppage; and the probability distribution function of what is called the “ratio of in-
schedule cars” or the ratio of cars that are finished in their originally scheduled day. This ratio is used to 
measure the performance or the efficiency of mixed-model assembly lines.
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