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Abstract
A method is presented to simulate the magnetic response of a quantum toroid for the purpose of
optimizing the nonlinear characteristics of an induced magnetic dipole. This is a true three-dimensional simulation based on the direct implementation of the time-dependent Schrödinger equation.
We demonstrate that the expectation value the quantum magnetic dipole operator returns results
consistent with a classical electron in a loop under the influence of a magnetic field.
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Introduction
Nonlinear optics is a promising approach to the development of advanced computing [1,2] and communication
technologies [3,4]. One of the challenges in the development
of nonlinear optical systems is the search for materials with
large nonlinear characteristics. Experimental approaches
are both expensive and time-consuming. For this reason,
computer simulation can play a significant role in the development of new nonlinear optical devices. The finite-difference time-domain (FDTD) method offers the possibility of
true three-dimensional simulation of nanoscale nonlinear
optical devices. The FDTD method is one of the most widely used in electromagnetic simulation [5] and has recently
been applied to quantum simulation [6-10].
A previous paper describes the accuracy of the FDTD
method in determining the eigenstates of quantum wires
[11]. A subsequent paper describes the determination of the
hyperpolarizability of quantum wires in close proximity to
an electric dipole [12]. In this paper we describe the simulation of a magnetic dipole formulated as a quantum loop as
well as the FDTD implementation of the quantum magnet-

ic dipole operator. While electric dipoles are represented by
the position operator, magnetic dipoles are represented by
the angular moment operator [13,14]. Hence, the two moments are sensitive to different symmetries. Furthermore, it
is of interest to see whether the magneto-optical response
is bounded in the same manner as the electro-optical response [15,16]. In Mie theory, for example, the magnetic
response can be larger than the electric response for certain
systems [17,18].
In this paper we briefly review the FDTD implementation of the time-dependent Schrödinger equation. Specifically, we describe the simulation of a torus in three
dimensions that will be used as the loop for a magnetic dipole. We then describe the use of signal processing
techniques to determine the eigenenergies and eigenfunctions of a quantum torus [19-21]. Lastly, we describe
the FDTD implementation of the magnetic dipole moment operator and a method based in classical electrodynamics to confirm the accuracy of the quantum operator.

The Finite-Difference Time-Domain Method
We begin by describing the FDTD implementation of
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the time-dependent Schrödinger equation [21], which is
written in the following form
∂ψ ( x, y, z , t )

=i
2me
∂t

 ∂ 2ψ ( x, y, z , t ) ∂ 2ψ ( x, y, z , t ) ∂ 2ψ ( x, y, z , t ) 
+
+


∂x 2
∂y 2
∂z 2



i
− V ( x, y, z )ψ ( x, y, z , t )


(1)

Where me is the mass of an electron and V is the
potential seen by the electron.

We separate ψ ( x, y, z , t ) into real and imaginary
components:

ψ ( x, y, z , t ) = ψ real ( x, y, z , t ) + i ⋅ψ imag ( x, y, z , t )

(2)

Inserting Eq. (2) into Eq. (1) leads to two coupled
equations:
∂ψ real ( x, y, z , t )
 2
1
= −
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(3a)
(3b)

To code these equations, we take the finite-difference
approximations in space and time that results in the following two coupled equations:
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k +1/2
V ( m, n, l )ψ imag
( m, n, l )

k +1/2
k +1/2
 ψ imag ( m + 1, n, l ) +ψ imag ( m − 1, n, l )


 ∆t  k +1/2
k +1/2
m
,
n
1,
l
m
,
n
1,
l
−
+
+
+
−
ψ
ψ
(
)
(
)


imag
imag
2me ( ∆x )2 

k +1/2
k +1/2
k +1/2
m
,
n
,
l
1
m
,
n
,
l
1
6
m
,
n
,
l
+
ψ
+
+
ψ
−
−
ψ
(
)
(
)
(
)
imag
imag
 imag


k +1
k
ψ real
( m, n, l ) = ψ real
( m, n, l ) +

∆t
k +1
V ( m, n, l )ψ real
( m, n, l )

k +1
k +1
 ψ real

( m + 1, n, l ) +ψ real
( m − 1, n, l )

 ∆t  k +1
k +1
+
 +ψ real ( m, n + 1, l ) +ψ real ( m, n − 1, l )

2me ( ∆x )2  k +1

k +1
k +1
 +ψ real ( m, n, l + 1) +ψ real ( m, n, l + 1) − 6ψ real ( m, n, l ) 

k + 3/2
k +1/2
ψ imag
( m, n, l ) = ψ imag
( m, n, l ) −

(4a)

angstroms. The tube of the torus has a diameter of 10
angstroms. The entire problem space is bordered by a
perfectly matched layer (PML) [23,24] that can absorb
outgoing waves that would otherwise interfere with the
simulation. The implementation has been described in a
previous paper [10] and will not be repeated here.
The problem space for the simulation is shown in Figure 2.

Determining the Eigenstates of the Torus
The FDTD method can be used to determine the eigenenergies and eigenstates of a potential that does not
otherwise lend itself to an analytic solution [19,20]. Any
quantum wavefunction of a given quantum system can
be written in the following manner,
N

ψ ( r , t ) = ∑ φn ( r ) e −i(ε

In Eq. (4) integer indices m, n, l representing the positions in a matrix have replaced the Cartesian coordinates
x, y, z, respectively, in Eq. (3). Similarly, the time step k
has replaced t. Once the cell size ∆x is chosen, the time
step ∆t must also be chosen so the constants preceding
the spatial Laplacian are small enough to maintain stability [22]. The alternate iteration of the real and imaginary
Eq. (4a) and (4b) simulates the behavior of the evolution
of ψ in time. Details are available in the literature [68]. Figure 1 illustrates the quantum ring to be simulated.
The ring is represented by a torus with a diameter of 70

Figure 1: A quantum torus that is 70 angstroms in diameter;
the tube is 10 angstroms in diameter.

n /

)t

(5)

		
Where the φn ( r ) are the eigenfunctions of the system and the ε n are the corresponding eigenenergies. We
can write the state variable in this fashion even if we do
not know the eigenfunctions and eigenenergies.
n =0

The eigenenergies can be determined by monitoring
the time-domain data at one point in the torus, say r0 ,
and then taking the Fourier transform,
∞


∫ dt ∑ φ ( r ) e
N


e


ε 

∑ φ ( r ) δ  ω −   (6)

N
− i ( ε n /  )t
iωt
0
n
=
n 0=
n 0
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F {ψ ( r0 , t )} =

(4b)
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The last step results from the following property:
∞

∫e

−∞

− i (ωn −ωm )t

1 n =
m
dt = 
 		
0
n
≠
m



(7)

Figure 2: XY plane of the problem space containing the
Torus. The total problems space is 100 × 100 × 30 cells.
The cells are one angstrom cubed.
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Figure 3: A narrow Gaussian pulse within the torus.

Figure 5: The ground state eigenfunction.

Figure 4: a) The time-domain plot of the wavefunction at
the monitoring point r0 ; b) The Fourier transform of the
time domain data. Only the real part of the state function
is shown.

Figure 6: a) The time-domain plot of the wavefunction at
the monitoring point r0 ; b) The Fourier transform of the time
domain data.

The above transform produces a series of delta functions in the frequency domain corresponding to the
eigenenergies. Normally the initializing test function,
ψ ( r , t ) in Eq. (5), is chosen to be a narrow pulse that
will contain the eigenstates of interest. However, to
search for the ground state of the torus illustrated in
Figure 2, we found it more expedient to start with a test
function that was radial symmetric within the torus, as
shown in Figure 3. The FDTD simulation is started, and
as time progresses the time-domain data is saved at the
point r0 in the torus. This is shown in Figure 4a. The
Fourier transform of the time-domain function is shown
in Figure 4b. Notice that the first peak in Figure 4a corresponds to the ground state energy of ε 0 = 0.6342 eV . The
smaller component at 3.08 eV is likely due to the oscillation of the wavefunction against the walls of the tube.
To determine the corresponding ground state eigenfunction φ0 ( r ) , we take the discrete Fourier transform
(DFT) of the state variable at the frequency ω0 = ε 0 /  at
every point in the problem space:

DFT {ψ ( r , t )}ω =ε
∞

∞
0 /

=


∫ dt ∑ φ ( r ) e

−∞

N

n =0

n


− i ( ε −ε ) /  t 
= ∫ dt  ∑ φn ( r ) e ( n 0 )  = φ0 ( r )
 n =0

−∞
N

− i ( ε n /  )t

 i ( ε 0 /  )t
e


(8)

This results in the waveform shown in Figure 5. To
check that this is truly an eigenfunction we can once
again monitor the time variation of the ground state
function as the FDTD simulation is run. The time-domain data is shown in Figure 6a, and the Fourier transform is shown in Figure 6b. Note that only the frequency
component corresponding to the ground state energy
results, indicating that the function in Figure 5 is indeed
the ground state eigenfunction.
This process can be repeated for the higher order
eigenstates, as shown in Figure 7. Figure 7a shows the
real and imaginary parts of the wavefunction of the 1st
eigenstate. The wavefunction will rotate in the counterclockwise direction in time, as will any of the positive eigenstates. Eigenstates corresponding to negative integers
will rotate clockwise.
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Figure 7: The real part (a) and the imaginary part (b) of the first excited state in the torus.

Figure 8: The sixth eigenstate confined within a radial Gaussian exponential. The waveform moves counterclockwise around
the torus and returns to its original position after 111.6 fs.

Calculation of the Magnetic Dipole Moment

to the magnetic dipole moment.

The magnetic dipole operator when no B field is present is [25,26]

With the spin contribution determined, the remainder of the paper will focus on the orbital contribution
to the dipole moment, the pertinent operator now being

M tot = −

1q 
( L + 2S ) = M + M s
2m i

In this situation we need to include the spin component of the state. We write the total state as

Ψ ( x, y , z , t ) = ψ ( x, y , z , t ) χ

Where χ describes the spin of the electron. The expectation value of the magnetic dipole moment is then
Ψ M tot Ψ =

1q
ψ Lψ L+2 ψ Sψ
2m

(

) = M+M

s

The spin term is quite simple and can be evaluated
analytically. It introduces a constant offset of ( q / 2m )

M= −

1q 
r × ∇ 				
2m i

(9)

If the torus is in the XY plane, we need only be concerned with that component of M in the z direction
1 q  ∂
∂ 
(10)
Mz =
 x − y  		
2 m i  ∂y
∂x 
The partial derivatives are easily implemented in the
FDTD formulation,
ψ ( j + 1) −ψ ( j − 1)
ψ ( i + 1) −ψ ( i − 1)
 ∂
∂ 
− ( j − jc )
 x − y ψ ≅ ( i − ic )
∂x 
2
2
 ∂y

The constants ic and jc are the centers of the problem
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space in the x and y directions, respectively. Note that the
derivatives are approximated over two cells.
To verify the accuracy of the quantum magnetic dipole moment calculation, we use the classical magnetic
dipole moment for a current loop [27]:
2
m = I π Rloop
aˆ z

( A ⋅ m ) 			
2

(11)

Where Rloop is the radius of the loop. To simulate the
current of an electron moving around the torus, we start
with the n = 6 eigenstate, but confine the waveform with
a radial Gaussian envelope around the z axis, as shown
in Figure 8. As the waveform makes one complete circle
around the loop, this represent a current of I = − e / T ,
where T is the time to make the circle.
To quantify the above simulation, the expectation
values of the X and Y directions are determined at each
step during the simulation, as shown in Figure 9. The angle of the particle can be determined by
 y 

 x 

φ = tan −1 

This makes it easier to observe the length of time for
one complete cycle.
One lap of the wavefunction around the torus, which
corresponds to a classical current of one electron traveling the circumference of the torus, results in
I =

−e
−1.6 ×10−19 C
=
= − 1.434 ×10−6 A
Tlap
111.6 ×10−15 s

		

(12)
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Where Tlap = 111.6 fs , as shown in Figure 9 when the
wavefunction has returned to its original position. Putting this in Eq. (11) gives
2
2
 o ˆ
o
−6
m = ( −1.434 ×10 A ) π  35 A  a z = − 5.5175 mA ⋅  A 


 
2

(We chose the units of mA ⋅  A  to get manageable
 
numbers.) The process was repeated for the eigenstates
between -10 and 10. The results are shown in Table 1 and
Figure 10. Clearly the agreement is very good.
o

Magnetic Dipole Moment in a Magnetic Field
When a magnetic field is present, the Hamiltonian
Table 1: The expectation value of the magnetic dipole moment
operator (Eq. 10) for the torus of Figure 1, and the corresponding classical calculation (Eq. 11) as illustrated in Figure 10 for
the various eigenfunctions of the torus.
Eigenstate
Number
-10
-8
-6
-4
-2
0
2
4
6
8
10

Quantum M Classical M Difference (%)
9.08
7.29
5.48
3.66
1.82
0
-1.83
-3.66
-5.48
-7.29
-9.08

9.06
7.31
5.50
3.70
1.83
0
-1.85
-2.60
-5.52
-7.31
-9.06

0.22
-0.27
-0.36
-1.08
0.55
NA
-1.08
-0.81
-0.72
-0.27
0.22

Figure 9: Plot of the expectation values in the X and Y directions as a function of time. The units of M are

o2

mA ⋅ A

.

Figure 10: Comparison of the quantum expectation values and the classical values of the magnetic dipole moment for different orders of eigenstates.
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Figure 11: A repeat of the simulation illustrated in Figure 8, but with magnetic field of -100 Tesla in the z direction.

Figure 12: Plot of the expectation values in the X and Y directions as a function of time, similar to Figure 9, but for the magnetic
o 2

field of -100 Tesla in the z direction. The units of M are

becomes
H =

2

1 

 ∇ − q ⋅ A  + Vtorus ( x, y, z )
2m  i


mA ⋅ A

(13)

If the magnetic field is restricted to the z direction,
i.e.,

B = Bo zˆ 					

(14)

Then A becomes

A=

1
( − yB0 xˆ + xB0 yˆ )
2

And the Hamiltonian is
2

H =

2  ∂ 2
∂2
∂ 2  B0 q 
∂
∂  q 2 B0 2
( x + y 2 ) + Vtorus ( x, y, z )
 2 + 2 + 2 +i
−y + x  +
∂y  8m
2m  ∂x ∂y ∂z 
2m  ∂x

(15)

We have ignored the electric dipole interaction. The
details of the implementation of Eq. (15) into FDTD
have been described previously [6,7].
In the presence of a magnetic field in the z direction
the angular momentum acquires another term [28], resulting in a modified magnetic dipole moment,

.
Table 2: The expectation value of the magnetic dipole moment
operator (Eq. 16) for the torus in Figure 1, and the corresponding classical calculation (Eq. 11) as a function of the applied
magnetic field.
B field (T)

Quantum M

Classical M

200
150
100
50
0
-50
-100
-150
-200

-3.62
-6.81
-4.57
-5.03
-5.48
-5.93
-6.37
-6.81
-7.25

-3.74
-6.83
-4.62
-5.07
-5.52
-5.96
-6.40
-6.83
-7.28

M= −

1q 
e2
r×∇ −
Bz ( t ) ( x 2 + y 2 )
2m i
4m

Difference
(percent)
-3.21
-1.67
-1.08
-0.79
-0.72
-0.50
-0.47
-0.29
-0.41

(16)

The implementation of the second half of Eq. (16)
into FDTD is straight forward.
The simulations illustrated in Figure 11 and Figure

Citation: Houle J, Sullivan DM, Crowell E, Mossman S, Kuzyk MG (2018) Three Dimensional Time Domain Simulation of the
Quantum Magnetic Dipole. Int J Magnetics Electromagnetism 4:011

Houle et al. Int J Magnetics Electromagnetism 2018, 4:011

ISSN: 2631-5068 |

• Page 7 of 8 •

Figure 13: Comparison of the quantum expectation values and the classical values of the magnetic dipole moment for various
magnetic field strengths.

12 are repeated for magnetic fields between -200 Tesla
and 200 Tesla at 50 Tesla intervals. The results are tabulated in Table 2, and are plotted in Figure 13. Clearly,
the agreement is very good, but the error between the
quantum and classical values increases for higher positive values of B, as seen in Table 2, where the errors between the quantum and the classical values only exceed
one percent for B > 50 T .

Conclusion
We have shown that the FDTD method can be used
to determine the characteristics of a nanoscale magnetic
dipole. The accuracy of this method was established by
comparing expectation values of the quantum magnetic
dipole operator with the classical magnetic dipole moment.
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