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Introduction
Titanium alloys have a great combination of proper-

ties, high specific strength which can be retained at even 
elevated temperatures, and exceptional corrosion resis-
tance [1]. However, their poor thermal properties and 
reactivity with tool materials makes manufacturing tita-
nium alloys highly problematic [2]. This difficulty in ma-
chining limits these materials’ use in commercial mar-
kets where rapid manufacturing processes are desired 
for cost reductions [3]. Rapid high temperature forming, 
high speed machining etc. processes create extreme con-
ditions of high temperatures, rapid heating rates, and 
rapid loading rates which are hard to study. In the past 
decade, numerous modeling efforts have been undertak-
en to optimize cutting forces and improve productivity, 
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frequently focusing on the role of chip segmentation on 
tool chatter and tool life [4,5] and the effect of machin-
ing parameters on surface integrity and surface hard-
ening [6,7]. Such studies use advanced finite element 
models now reaching the capability of predicting such 
phenomena, but their reliability still relies on the accu-
racy of the constitutive models used. Understanding the 
material behavior under the conditions imposed by these 
processes is therefore highly critical for cost-effective 
production. At NIST, a new configuration of Split-Hop-
kinson Pressure Bar/Kolsky Bar has been developed, ca-
pable of reaching heating rates upto 10,000 °C/s, loading 
rates 10,000 s-1 with testing temperatures reaching over 
1200 °C [8]. Using this equipment, we investigated the 
dynamic response even beyond the allotropic transition 
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point of 882 °C, upto 1200 °C, at a strain rate of 2000 
s-1. Previous literature on high temperature dynamic 
deformation has been limited to below 750 °C. Studies 
such as Nemat-Nasser, et al. [9] have revealed important 
phenomena occurring in this temperature range, par-
ticularly the presence of dynamic strain aging (DSA) in 
the temperature range between 23 °C and 500 °C. In a 
subsequent publication, Cheng and Nemat-Nasser [10] 
have well described the associated strengthening of DSA 
through a physics based model considering a thermal 
long range, and thermally activated short range barriers 
for dislocation motion and coupling them with evolu-
tion of the core atmosphere. It was a very complex model 
requiring 14 material constants and an iterative process-
ing step. Such models indeed enhance the physical un-
derstanding of phenomena, but are preventive in use of 
machining simulations. Numerical studies find it highly 
practical to use simple models with only a few factors, 
Johnson-Cook’s being the usual choice [11]. Sheikh-Ah-
mad, et al. [12] have previously published a modified 
Johnson-Cook model for CP-Ti where they replaced the 
thermal softening term with an exponential decay term. 
However, this study used only 5 temperatures and the 
predictions of their model had no physical basis, did not 
match other well-recognized studies such as Cheng and 
Nemat-Nasser [9,10]. It is possible their data resolution 
was not sufficient to resolve the thermal softening behav-
ior properly. So this study, we used data from 16 differ-
ent temperatures covering 23-1200 °C. At low tempera-
tures, our data is found to agree with the well-established 

results of Nemat-Nasser, et al. [9,10] study, including the 
DSA peak at ~250 °C for the strain rates used. However, 
we also explore the constitutive behavior beyond the al-
lotropic transition point at 882 °C and discover how this 
transformation causes a distinct shift in both the mate-
rial’s strength and the softening rate. In this paper, we 
attempt to incorporate this phenomenon, as well as the 
DSA, into a simple, modified Johnson-Cook model that 
can be readily used in machining studies.

Experimental Procedure
Material and specimen preparation

Commercial Grade-2 Titanium material was pur-
chased as a 2  mm thick plate and was cut using elec-
trical discharge machining (EDM) to make cylindrical 
compression samples measuring 4 mm in diameter. The 
chemical composition of the material is compared to the 
ASTM standard in Table 1 [13].

Mechanical testing
Dynamic deformation was conducted using the 

Kolsky Bar at strain rates of ~2000 s-1 and at tempera-
tures of 23-1200 °C in a vacuum chamber. Samples were 
resistively heated with a high-amperage, low-voltage 
electric current conducted directly through the sample 
while it sat fixed between the incident and transmission 
bars. Due to the small sample cross-section (4 mm diam-
eter) compared to the bars (15 mm diameter), the bars do 
not undergo significant heating and wave propagation 
would not be affected [14]. Using an infrared spot py-

Table 1: Comparison of the ASTM standard and the chemical composition of the commercial material from spectrographic analysis.

Chemical composition (%) Carbon Iron Nitrogen Oxygen Hydrogen Others
ASTM standard [13] < 0.08 < 0.3 < 0.03 < 0.25 < 0.015 < 0.1
Spectrographic analysis 0.01 0.12 0.008 0.12 19 ppm
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Figure 1: Linear variation of thermodynamic temperature, measured from thermocouple, with a) The heating current; b) The 
radiance temperature from pyrometer.
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rometer as a feedback sensor, the heating power is mod-
ulated through a PID controller to obtain the set radiance 
temperature. Temperature uniformity during heating is 
monitored through a second pyrometer focused on the 
other side of the specimen. A thermocouple is also spot 
welded to obtain the thermodynamic temperature of the 
specimen before impact as well as the subsequent cool-
ing rate. Arrival of the loading wave is timed to occur 
approximately 30 ms after heating is turned off. At the 
impact time, the thermodynamic temperature measured 
by the thermocouple was linearly correlated to the ra-
diance temperature measured by the pyrometer, as well 
as the heating current used (Figure 1). This correlation 
makes it possible both to adjust amperage as well as set 
temperature values to obtain the desired thermodynam-
ic temperature of a test. Further details of this heating 
method, its performance capabilities and assessment of 
its uncertainties have been described elsewhere [8,14].

All the specimens were impacted at 20 psi gas gun 
pressure to compress at a true strain rate of about 2000 
s-1. The strain gauge measurements of incident, reflect-
ed and transmitted pulses were analyzed to obtain the 
true stress-strain curves, which are presented in the re-
sults section below. These flow stresses at a fixed strain 
value are studied to understand the thermal softening 
behavior. The other factors of the constitutive model, 
work hardening and strain rate dependence, are derived 
from quasi-static deformation response. Compression 
tests were performed at room temperature using a servo 
hydraulic test machine using fixed displacement rates to 
achieve strain rates of 0.00008 s1, 0.008 s-1, and 0.17 s-1.

Results and Discussion
Dynamic and quasi-static stress-strain curves

The dynamic true stress-strain curves obtained from 
Kolsky-Bar testing conducted between 23 °C and 1200 
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Figure 2: a) High temperature dynamic stress-strain curves; b) Room temperature quasi-static stress-strain curves.
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to 800 MPa at 0.25 strain. Table 2 summarizes data from 
these literature sources and compares with flow stresses 
from our experiments [6,16-20].

But when it comes to high temperature dynamic re-
sponse, the literature is extremely limited. The few ex-
isting studies were restricted to below 750 °C [9]. In this 
study, we will explore thermal softening trends at much 
higher temperatures, such as those occurring in rapid 
machining conditions, and incorporate them into a sim-
ple constitutive model, Johnson-Cook’s.

Johnson cook model
The Johnson-Cook (J-C) equation [11] is an empir-

ical model commonly used for describing mechanical 
response of metals subjected to large plastic strains, high 
strain rates and high temperatures. The flow stress is giv-
en by a combination of three terms which delineate the 
work hardening, the strain rate sensitivity, and the ther-
mal softening behavior of the material respectively.

0

( ,  ,  )     ( )  1    ( )pn
p p p

p

T A B C ln
ε

σ ε ε ε
ε

 
 = + +  

  







[1 – (T*)m]  (1)

Where pε  and pε  are the plastic strain and plastic 
strain rate respectively, and T*, the homologous tem-

perature is given by T* = ref

melt ref

T T
T T

 −
  − 

and we use Tref = 23 

°C and Tmelt = 1668 °C. The first term on the right hand 
side of Equation 1 describes the yield stress and strain 
hardening. A defines the yield stress, and strain hard-
ening behavior is described by the strength coefficient, 
B, and the work hardening exponent, n. The strain rate 
dependence is incorporated in the second term by C, the 
strain rate sensitivity parameter. Typically, the reference 
plastic strain rate, 

0pε , is set at 1 s-1 and we follow the 

same. The temperature dependence is given by the term 

[1 - (T*)m where m is a material constant that signifies the 
thermal softening effect. Each of the three constituents 
of the Johnson-Cook model, will be comprehensively ex-
plored in the following sections.

Plastic strain and adiabatic temperature rise
The Johnson-Cook model requires an estimation of 

both plastic strain as well as the temperature rise from 
the plastic work due to the adiabatic heating. Plastic 

°C are depicted in Figure 2a. At the beginning of a 
Kolsky-Bar test, strain rate changes very rapidly and 
these portion of initial rise of the stress-strain curve is to 
be ignored. Only the portion of the stress strain curves 
where the strain rate was stable is plotted. The tempera-
tures quoted are the initial thermodynamic temperatures 
measured by the thermocouple just before impact. As 
dynamic testing at such high strain rates becomes adia-
batic [15], the temperature of the sample would rise due 
to the conversion of plastic work to heat.

Figure 2b shows the room temperature quasi-static 
test results (the dynamic flow stress curve is also includ-
ed for comparison) at 8 × 10-5 s-1, 8 × 10-3 s-1, and 0.17 s-1 
strain rates. These three isothermal curves show compa-
rable work hardening which is substantially higher than 
that of the adiabatic curve at 2000 s-1 strain rate. Hence 
this drop in work hardening at high strain rates is at-
tributed to an effective softening caused by the progres-
sive rise of temperature with deformation.

During room temperature compression in the Kolsky 
Bar at 2000 s-1, Figure 2a shows the dynamic flow stress 
increasing from about 750 MPa at 0.025 strain to 950 
MPa at 0.25 strain. These results are quite comparable to 
those reported in literature. Gurao, et al. [16] at a strain 
rate of 1500 s-1 during dynamic compression in Kolsky 
Bar at room temperature reported the flow stresses of 
650 MPa at 0.025 strain increasing to 900 MPa at 0.25 
strain. Li, et al. [17] reported higher flow stresses of 700 
MPa at 0.025 strain increasing to almost 1200 MPa at 
0.25 strain, but at a higher strain rate of 3000 s-1. Similar-
ly, Wang, et al. [18] also have reported even higher flow 
stresses at a larger strain rate of 4000 s-1, 800 MPa at 0.025 
strain. But this ultra-fine grained ECAP processed mate-
rial had a weaker work hardening and the flow stress at 
0.25 strain was only 1000 MPa. W. Huang, et al. [19] and 
Yuan and Shim [20] used a tensile SHPB at 1400 s-1 and 
1100 s-1 strain rates respectively yielding flow stresses of 
around 500 MPa at 0.025 strain, much smaller than the 
above mentioned studies. S. Nemat-Nasser, et al. [9,10] 
reported results from compression SHPB at a strain rate 
of 2200 s-1. Their flow stresses were smaller than even 
Huang and Yuan at low strains, 300 MPa at 0.025 strain, 
but due to stronger work hardening the flow stresses at 
larger strains increased beyond Huang and Yuan’s data, 

Table 2: Room temperature dynamic flow stress comparison.

Data source Test method Strain rate (s-1) Stress (MPa) at true strain
0.025 0.1 0.25

Current work SHPB compression 2000 750 950
Gurao, et al. [16] SHPB compression 1500 650 900
Li, et al. [17] SHPB compression 3000 700 1200
Wang, et al. [18] SHPB compression 4000 800 1000
Yuan and Shim [20] SHPB tension 1100 500 650
Huang, et al. [19] SHPB tension 1400 450 700
Nemat-Nasser, et al. [9] SHPB compression 2200 300 800
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of equation, ( ) + B 
n

pA ε 
   . All the stress-strain curves, 

quasi-static and dynamic, appear to suit this equation. 
The work hardening rate, dσ/dε, was strong initially at 
small strains but decreased exponentially with increasing 
strain. Figure 3 is a plot of normalized work hardening 
rate, 1/σ (dσ/dε), in the room temperature stress-strain 
curves all of which demonstrate this exponential decline 
with increasing strain indicative of a small work hard-
ening exponent, “n”, value. With increasing strain rate, 
work hardening at a given strain decreases. This is es-
pecially pronounced in the dynamic stress-strain curve 
at 2000 s-1 strain rate due to the adiabatic softening de-
scribed in the previous section.

Strain rate sensitivity
The second term of the Johnson-Cook model de-

scribes the effect of strain rate on the flow stresses. In this 
study, the strain rate sensitivity is investigated through 
room temperature tests conducted at strain rates ranging 
from 8 × 10-5 s-1 to 1800 s-1. Figure 4 plots the flow stresses 
at a fixed strain value (0.01 plastic strain) as a function 
of the logarithm of strain rate. Even as adiabatic heating 
occurs during compression at 1800 s-1, the temperature 
increment by the small strain of 0.01 would be insignifi-
cant. The increase in flow stress with logarithm of strain 

rate is highly linear, complying with the 
0

1 + C  p

p

ln
ε
ε

  
      





 

equation in the J-C model. The slope of this line is pro-
portional to the strain rate sensitivity, C.

Thermal softening
Johnson-Cook model attempts to describe the effect 

of temperature in its last term. However the deteriora-
tion in the flow stresses with temperature is very often 
not monotonic, as is also the case here (Figure 2a). Fur-
ther, CP-Ti undergoes allotropic transformation from 
hcp (α) to bcc (β) crystal structure at 882 °C. In this se-

Strain is obtained from subtraction of elastic strain from 
the true strain data using a temperature dependent elas-
tic modulus: E [GPa] = 129.3 - 0.0633 T[°C] [21]:

( )
( )

( )
( ) 

,   0,  
 -            - 

 p
i

i

T T
E T E T

ε
σ ε σ

ε ε≈=          (2)

where Ti is the initial test temperature and σ (0, Ti) 
is the corresponding flow stress from the stress-strain 
curve at yield, or zero plastic strain. The experimental 
stress value observed immediately after strain rate stabi-
lization is as close an approximation to the yield stress as 
possible with this dataset. The resulting plastic strain is 
used to estimate the adiabatic temperature rise due to the 
conversion of plastic work to heat. The net temperature 
at a given strain is calculated from: 

( ) 0 =                    
p

p
i c

T
d

T +
∫
ε

η σ ε

ρ
ε

          (3)

where Ti is the initial test temperature, ρ is the densi-
ty, cp is the temperature-dependent heat capacity and n  
is the efficiency of the conversion of mechanical energy 
of plastic deformation to thermal energy. For metals, the 
value assigned to n  is usually 0.8-0.9, but values as high 
as 1.0 have been reported for CP-Ti [9]. In this study, 
we used a conversion efficiency of 1. A constant density 
of 4.51 × 103 kg/m3 and a temperature-dependent heat 

capacity given by cp(T) 
J

kg k
 
 − 

 = 669 - (3.7188 × 10-2 

T[°C]) - (1.08 × 107T[°C]-2) [21] were used in Equation 
2 to estimate temperature as a function of plastic strain.

Work hardening
The Johnson-Cook model’s first term describes the 

work hardening in the material through a Ludwik type 
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~250 °C, exactly matching the temperature where we 
observe the deviation in the softening rate at similar 
strain rates of 2000 s-1.

•	 Between the tests conducted at 819 °C (α phase) and 
889 °C (β phase), there is a sudden drop in the flow 
stress. This could be due to the allotropic transforma-
tion at 882 °C from the stronger hcp α phase to the 
weaker bcc β phase, which has more number of the 
available slip systems to accommodate plastic flow 
[22].

•	 The thermal softening rate in the β phase field, tests 
between 889 °C and 1200 °C, also appears monotoni-
cally linear. But the slope is significantly milder than 
that of the α phase field.

Obviously this complex thermal softening behavior 
cannot be described using the Johnson-Cook model’s last 
term (1-T*m). Figure 6a shows the prediction lines with 
different values of the coefficient m = 0.3, 0.7, and 1.0, 
demonstrating that none of these can capture the data 
pattern. Some previous investigations on CP-Ti have also 
used modified thermal softening terms, Sheikh-Ahmad, 
et al. [12] used an exponential term f(T*) = α exp(β(1-T*)) 
to modify the Johnson-Cook equation. Magargee, et al. 

ries of experiments, the range of test temperatures (23-
1200 °C) was designed to cover both α and β phase fields, 
while most of the previous studies were limited to low 
temperatures below this transition temperature. Figure 
5 demonstrates the variation in the dynamic flow stress-
es as a function of temperature. Here the flow stresses 
at different plastic strains are plotted against with their 
corresponding net temperatures, the sum of initial test 
temperature and the strain dependent temperature rise 
from adiabatic heating as calculated by Equation 3. This 
thermal softening trend reveals that:

•	 The flow stresses decreased significantly with tem-
perature in α phase field. The trend is almost linear, 
except for a reduced softening rate between room 
temperature and 500 °C. Similar phenomenon has 
been reported previously by Nemat-Nasser, et al. [9] 
and attributed to dynamic strain aging (DSA). This 
phenomenon occurs at a particular combination of 
temperature and strain rate, when dislocation motion 
defined by the strain rate matches the solute mobil-
ity activated by the temperature. Therefore the peak 
temperature of DSA would vary with the deformation 
rate. During deformation at a strain rate of 2200 s-1, 
Nemat-Nasser, et al. [9] observed the DSA to peak 
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purposes require models with only a few factors. Dy-
namic strain aging is clearly manifested in our data, both 
in the lowered thermal softening rate described above, 
as well as a sharp rise in the work hardening behavior 
in this temperature range. Figure 7 displays the spike in 
work hardening in the temperature range of 23-500 °C. 
The behavior became more distinct at higher strains. We 
attempt to capture this complex behavior while retaining 
the simplicity of the Johnson-Cook empirical model.

The (1-T*m) term in the original model is replaced with 
two terms: The first of which incorporates the different soft-
ening rates in the two phase fields as well as the drop at the 
transition temperature; and the second one accounting for 
the dynamic strain aging effect. In the first term, thermal 

[23] studied electrically assisted tension testing and used 
the above Sheikh-Ahmad’s modification to the John-
son-Cook model. However, this modification had no 
physical basis and was purely derived from their data of 
5 temperatures. It’s predicted softening pattern did not 
agree with either Nemat-Nasser’s [9,10] or our data, as 
shown in Figure 6b. This discrepancy could be arising 
due to the small number of data points used to derive 
the softening trend in these two studies. Sheikh-Ahmad, 
et al.’s results composed of only 5 temperatures, 150 °C, 
300 °C, 450 °C, 600 °C, and 750 °C [12], while Magargee, 
et al.’s data was based on 4 temperatures of 25 °C, 74 °C, 
249 °C, and 435 °C [23]. So it is highly probable that the 
data resolution in these studies was not sufficient to ac-
curately reveal the softening trend.

In this study, we conducted tests at 16 different tem-
peratures over a temperature range of 23-1200 °C. Cheng 
and Nemat-Nasser [10] reported flow stresses from 8 
temperatures between -196 °C and 725 °C, and described 
a physics based model which considered the athermal 
long range, and thermally activated short range bar-
riers for dislocation motion together with evolution of 
the core atmosphere, and interaction of dislocation and 
point defects. As demonstrated in Figure 6b, our ther-
mal softening observations were in good agreement with 
Cheng and Nemat-Nasser’s data [9] as well as the phys-
ical model [10], even as their flow stresses were slightly 
smaller than most literature sources (Table 2). Further, 
this model is exceedingly complicated with about 14 ma-
terial constants and requires an iterative processing step 
for dynamic strain aging. Also, this model can predict 
flow stresses only over low temperatures below the trans-
formation temperature. Use of such models is extreme-
ly difficult in machining simulations which for practical 
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DSA(T*) = 1 + 1.65T* - 5.1T*2           (5)

Figure 9 shows the softening trend at the same 4 dif-
ferent strains can be described with the prediction from 
the combination of the two factors, f(T*) and DSA(T*). 
So, the modified Johnson-Cook equation we propose is:

( ) ( )
0

* *( ,  ,  )     ( )  1    ( )  pn
p p p

p

T A B C ln f T DSA T
ε

σ ε ε ε
ε

 
 = + +  

  







  (6)

Model parameters
In the determination of the parameters of this mod-

ified Johnson-Cook model, the least square method was 
employed over the entire range of quasi-static and the 
dynamic experimental data with same number of data 
points utilized in each stress-strain curve. Through mul-
tiple parameter optimization, the following parameters 
were found to give a good fit with R2 = 0.991, applicable 
over these conditions: (a) Temperatures between 23 °C 
and 1200 °C; (b) Strain rates of 8 × 10-5 s-1 to 3500 s-1; 
and (c) Plastic strains of 0.05 to 0.6. The reference strain 

softening is described by two linear lines, one with a larg-
er slope for the α phase field below 882 °C, and one with 
smaller slope for the β phase field above 882 °C. The flow 
stress-temperature data from the tests outside the dynam-
ic strain aging range was used to fit this linear function. 
Figure 8 compares the experimental data at different plastic 
strains (0.1, 0.15, 0.2, 0.25) with the thermal softening trend 
predicted by thus fitted first term, f(T*):

f(T*) = 1 - 1.55T* (T < 882 °C) = 0.21 - 0.21T* (T > 882 °C)    (4)

It can be observed that the dynamic strain aging effect 
causes the experimental flow stresses to be stronger in 
the temperature range of 23-500 °C (T* ~ 0-0.35). In Fig-
ure 8, this effect is revealed as a ‘bump’ above the linear 
prediction line. Further, it can be observed that the DSA 
‘bump’ is unaffected by strain, i.e. the extent of the devi-
ation appears similar in all the four graphs. Hence a sim-
ple polynomial correction factor can be applied to the 
flow stresses in the temperature range of 23 °C to 500 °C:
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Figure 8: Comparison of experimental data, normalized flow stresses at plastic strains of - 0.1, 0.15, 0.2, 0.25 with thermal 
softening trend predicted by modification term f(T*) in Equation 4. 
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focus is particularly on thermal softening behavior, i.e. 
the variation of flow stresses with temperature. The room 
temperature flow stress and low temperature softening 
was similar to existing literature, including the presence 
of dynamic strain aging in the temperature range of 23-
500 °C. High temperature data indicated that allotrop-
ic transformation also causes a sharp deviation from a 
monotonic softening trend. The transformation from 
hcp to bcc crystal structure at 882 °C had a twofold effect, 
a sharp drop in the flow stress and a shift in the soften-
ing rates. A combination of two modification factors are 
proposed to replace the usual term in the Johnson-Cook 
model and this modified model was shown to effectively 
capture this flow stress trend.

rate for the J-C model was taken to be 1 s-1. These John-
son-Cook model parameters are listed in Table 3.

( ) ( )
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p p p
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Figure 10 demonstrates that the flow stresses from 
the 16 high temperature dynamic, and the 3 room tem-
perature quasi-static tests, could be well described by this 
modified model in Table 3.

Conclusion
This paper explores the dynamic mechanical response 

of commercially pure titanium (Grade-2) material at very 
high temperatures much beyond existing literature. The 
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Figure 9: Comparison of experimental data, normalized flow stresses at plastic strains of - 0.1, 0.15, 0.2, 0.25 with thermal 
softening trend predicted by a combination of modification terms f(T*) and DSA(T*) in Equation 4 and Equation 5.

Table 3: Modified Johnson-Cook model’s parameters.

T A (MPa) B (MPa) n C f(T*) DSA(T*)
RT-500 °C 390 815 0.3 0.0187 1-1.55T* 1 + 1.65T*-5.1T*2

500 °C-882 °C 390 815 0.3 0.0187 1-1.55T* 1
> 882 °C 390 815 0.3 0.0187 0.21-0.21T* 1
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